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SUMMARY 


The Phase-I MAPPS program started in 1973, amidst a growing concern 
on the need for and the lack of such a program. Being of a long-range 
nature, the MAPPS is currently at the conclusion of its initial Phase II. 

The primary program effort focused on the formulation and implement- 
ation of various modeling, analysis, design, and optimization methodologies 
for power processing equipment and systems. The effort can be divided into 
four major categories: 

• Control -dependent performance modeling and analysis. 

§ Control circuit design. 

• Power circuit design and optimization. 

• System configuration study and performance simulation. 

The methodologies associated with each category were elaborated, so 
that a user with the proper background can proceed to follow the descrip- 
tion and adapt the methodology to solve problems at hand. In addition to 
this tutorial fulfillment, those program efforts with general appeals to 
a multiple of perspective users were reduced into application-oriented 
subprograms, thus fulfilling as well the utility goal of the MAPPS program. 

The program thus provided the engineering tools for conducting an 
analytically-based, cost-effective design of power processors, 
effecting ultimately the performance improvements and the cost savings 
for future NASA/military power processing development programs. 


1 . DEFINITION OF COMMONLY-USED TERMS 


Certain modeling and analysis terminologies are defined here to avoid later 
ambiguity, as they are frequently used throughout the report: 

Components. Electronic parts such as magnetics, capacitors, semi- 
conductors, etc. 


Circuit: 


A combination of electronic components to perform given 
functions. Examples are input filters, feedback ampli- 
fiers, etc. 


Equipment: 


System: 


A collection of circuit functions to achieve certain 
specified input/output compatibilities. Examples are 
line regulators, dc-to-dc converters. A power processing 
equipment can be divided into the power circuit and the 
control circuit; the former processes the power flow from 
input to output, while the latter controls the power flow. 

A combination of multiple equipment aimed to fulfill certain 
power processing requirements in a given application. 


Performance: Steady state or transient behavior of an equipment or system. 

There are two general performance categories: the control - 

dependent performance and the power-dependent performance. 

The control -dependent performances are those closely related 
to the control -circuit design for a given power circuit. They 
include: 


f 




Stability of control loop 

Attenuation of source sinusoidal disturbances 

(audiosusceptibility) 

Response to load sinusoidal disturbances 
(output impedance) 

Response to step line disturbances 
Response to step load disturbances 


Design: 
Model 1 ng : 


Simulation: 


Design 

Optimization 


The power-dependent performances are those closely related 
to the power-circuit design for a given control scheme. 
They include: 

t Source EMI 

• Output Ripple 

t Input/output power and voltage levels 

• Weight 

• Loss 

Conceive a scheme for the equipment or system to meet a 
given set of performance requirements. 

Provide an adoptable representation of an equipment or 
system to facilitate performance evaluation or design 
implementation. 

To portray the time-domain performance of a given design. 
Its utility becomes most significant when multiple non- 
linearities render analysis impractical. 

To design the equipment or system and concurrently mini- 
mizing a defined quantity such as weight, loss, or a 
performance criterion. 


2. INTRODUCTION 


Electronic power processing is a complex field encompassing power and control 
electronics, magnetics, semiconductors, and nonlinear feedback control. How- 
ever, due to the industry's preoccupation with hardware production, the 
technology development has been hampered by a lack of vigorous and cost-effective 
modeling, analysis, simulation, and design optimization techniques. Consequently, 
heavy reliance on empirical and intuitive methods as well as breadboard trial 
and error has been necessary in power processing development. Needless to say, 
such inadequacies inevitably lead to penalties in performance, reliability, 
weight/efficiency, and cost. In view of the following factors: 

(1) The forthcoming use of considerably higher levels of power in 
future power processors, 

(2) The prevailing trend of equipment standardization which must rely 
on analysis-based design and predictable performance, 

(3) The ever-increasing sensitivity to equipment development cost, 

the empirical and trial approaches will become increasingly impractical. The 
need for a power processing modeling and analysis program thus cannot be 
over-emphasized. The overall objective of such a program, then, is to provide 
the useful engineering tools to reduce the design, analysis/simulation, and 
design optimization time, and consequently the development time and cost, in 
achieving the required performances. for power processing equipment and systems. 

To fulfill such an objective, a program entitled "Modeling and Analysis of 
Power Processing System (MAPPS)", was initiated in 1973. Phase I of the 
program addressed the formulation of a methodology for the MAPPS approaches [1]. 
Subsequently, the program entered Phase II in 1975. Since then, certain selected 
approaches have been implemented through computer-based design, analysis, and 
optimization subprograms. To provide the basic coordination of various sub- 
programs, the framework of an expandable Data Management Program is also com- 
pleted. Being of long range nature, the program is currently at the conclusion 
of the initial Phase II. 
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Since the inception of the MAPPS program, TRW Defense and Space Systems Group 
has been working in unison with Dr. R.D. Middlebrook of the California Institute 
of Technology in a joint industry-university program effort. Sponsored by a 
subcontract from TRW to CalTech and supported by Dr. Cuk of CalTech, Or. Middle- 
brook's major contribution has been in the modeling of various nonlinear dc-to-dc 
converter power stages based on a unified state-space averaging technique. 

Details of the modeling and the significant results obtained by CalTech are 
published separately in a companion NASA Contractor Report, NASA CR-135174. 

This report volume, NASA CR-135173, summarized the analytical /numerical details 
of modeling, analysis, simulation, and optimization techniques pertaining to 
the conception of all subprograms generated at TRW in the MAPPS program. The 
report also contains narrative of softwares constituting the basic Data 
Management Program. For conciseness and clarity, certain minute details in 
mathematical derivations and computer programming are reserved for presentation 
in the Appendices at the end of the report. Prior to the conclusion, the 
report also includes an overview of MAPPS' present capability and its future 
expectation, supplemented by a follow-on program outline for the immediate 
next phase. 


3. INTRODUCTION TO MAJOR MAPPS SUBPROGRAMS 


Engineering tools on power processing design, analysis/simulation and 
optimization are provided in five major MAPPS subprograms, designated as the 
following: 

• I Performance Analysis Subprogram 

• Control Design Subprogram 

• : Design Optimization Subprogram 

e System Analysis Subprogram 

• Component Library Subprogram 

3.1 PERFORMANCE ANALYSIS SUBPROGRAM (PAS) 

The utility of the PAS is to allow one to predict, for a given equipment 
design, all control -dependent performance characteristics listed in Section 1. 

A major difficulty in such analytical predictions lies in the nonlinear oper- 
ation inherent in the power stage of all switching regulators. Generally there 
may be as many as three time intervals within each cycle of switching operation 
the power transistor on-time interval during which the output inductor MMF 
ascends, the off-time interval during which the MMF descends, and if the de- 
scending MMF diminishes to zero, the rist of the off time interval when the 
MMF stays essentially at zero before the next cycle is initiated. Even though 
the power stage is linear for each time interval, the combination of all dif- 
ferent linear circuits for the purpose of analyzing a complete cycle of swi- 
tching-regulator operation becomes a complicated piecewise-1 inear analysis 
problem. 

As stated in Section 1, the performances closeley associated with the 
analysis and simulation are stability, audiosusceptibility, output impedance, 
and large-signal step transient responses. Except when dealing with the last 
performance category, the nature of all other disturbances is that the regu- 
lator can be regarded as a time-invarient system without a significant loss 
in analytical accuracy. In other words, the nonlinear system can be linear- 
ized about its equilibrium state to obtain a linear analytical model for 
small-signal performance evaluations. For the last category concerning 
transient response, the generally varying duty cycle subsequent to a step 
line and load change represents a time-varying nonlinear system. For a 
proactical, higher-order system, its performance evaluation is invariably 
limited to tactics closely identified with simulation techniques. 



Basic approaches for conducting performance analysis/simulation differ 
primarily in their methods of linearizing the nonlinear operation. They are 
classified as follows: 

(1 ) Discrete Time Domain Anlaysis 

Since a switching regulator inherently contains an analog-to- 
discrete time conversion, it is only natural that the regulator can 
be more accurately analyzed through the discrete time-domain equa- 
tions in vector form. Newton's iteration is then used to reach the 
regulator equilibrium state. The system is then linearized about 
this equilibrium state to arrive at a linear, small -signal discrete 
time model. The entire closed-loop regulator is thus modeled as a 
single entity rather than separating it into different control 
blocks. The stability is studied by examining the eigenvalues of 
the linearized system. The analysis can be extended, through 
z-transform, to determine frequency-related performance character- 
istics such as audiosusceptibility. The modeling and analysis ap- 
proach makes extensive use of digital computers, thus making auto- 
mation in regulator analysis possible. The application of this 
approach to switching regulator was performed at TRW. [2,3] 

(2) Impulse Function Frequency Domain Analysis 

The approach is capable of describing accurately a nonlinear 
system under periodical structural changes. It is based on the 
fact that when a regulator is subjected to a small disturbance, 
its duty cycle is perturbed. Such a perturbed duty cycle signal 
can be regarded as an impulse train when the perturbation is 
vanishingly small. Through mathematical manipulation, a linearized 
discrete impulse response function is then generated for the non- 
linear power stage in closed form at the discrete sampling instant. 

By neglecting the minute details of the waveforms between samples 
and studying only the macroscopic performance, an equivalent con- 
tinuous linear impulse response is then obtained for the power 
stage. This approach was originated from the University of Toulouse, 
France and the European Space Agency [4,5], and supplemented by TRW [6] 


(3) Average Time Domain Analysis 

As far as the nonlinear power stage is concerned, the 
average time-domain approach also starts with the exact time- 
domain description. However, instead of treating the complete 
regulator as a single entity as the aforedescribed discrete time- 
domain approach, the average method divides the regulator into 
separate functional blocks and treats them as individual analyti- 
cal entities. In general, these entities include the power stage* 
the analog signal processor for error detection and amplification, 
and the cjigital signal processor for converting the amplified 
analog error to discrete-time interval. Based on a practical 
assumption that the regulator-output switching ripple is small, 
the model then averages the exact state-space description of the 
respective power stages corresponding to distinct time intervals 
over a single period of operation. The culmination of the aver- 
aging process is an equivalent linear circuit power-stage repre- 
sentation about a quiescent operating point. The power stage model 
is then combined with, the linear analog signal processor and the 
linearized digital signal processor (usually through describing 
function technique) to perform the small-signal analysis for a 
complete regulator. Infused by an earlier topological deduction 
[7], the evaluation of the averaging approach has been the contri- 
bution of CalTech [8,9]. 

(4) Discrete Time Domain Simulation 

The previously described methods are applicable only to 
small -signal analysis. The reason for such restrictions stems 
from the fact that the system modeling is linearized about the 
equilibrium state for a given operating duty cycle. When a large 
disturbance is introduced, the duty cycle varies during the entire 
transient until a new equilibrium is reached. The time-variant 
operation thus renders the aforedescribed small -signal analysis 
powerless. In addition, other nonlinearities, such as those pro- 
vided by protection circuits and saturation effects of the ampli- 
fier or magnetics, often are significant during large-signal 
transients. For example, all these nonlinearities are present 
during the regulator start-up process. A separate simulation 
task is thus needed. 



The simulation is based on the discrete time domain model 
previously described. The technique utilizes the recurrent dis- 
crete time-domain analytical expressions, and propagates the 
recurrence through Fortran computation of state transition matrices 
and predetermined threshold boundary conditions. This simulation 
approach has been practiced frequently at TRW [2]. 

Techniques for all four approaches were well established in 
the MAPPS program. Their respective utility for a given application 
depends on the analysis objective, the desired accuracy, the control 
circuit type, the nature of the disturbance, and perhaps more influ- 
ential than most, the analyst's own modeling preferrence. Detailed 
discussion on each approach, supplemented by specific analysis ex- 
amples, will be given in this report. 

. CONTROL DESIGN SUBPROGRAM (CDS.) 

As stated previously, a power processing equipment is composed of 
of a power circuit handling the power flow and a control circuit re- 
gulating the power flow. A regulator's static and dynamic performances 
are effected, to a large extent, by the quality of its control circuit. 

The control design is thus instrumental in determining those external 
characteristics that are previously classified as control dependent. 

For a given power circuit design, different control designs mani- 
fest themselves in various schemes of analog and digital signal proces- 
sors. For most regulators, the design of the power sthge and the digital 
signal processor is dictated by requirements other than control -dependent 
performances. For example. Input/output isolation and source/Toad voltage 
compatibility frequently determine the power-stage selection, while the 
requirements of frequency constraint and the EMC consideration quite 
often impose the need for a constant-frequency digital signal processor. 
Consequently, the analog-signal processor generally holds the most lever- 
age in determining the quality of the regulator control circuit. 

The function of the Control Design Subprogram, therefore, is to 
utilize the power stage and the digital signal processor conceived else- 
where and to determine the design of the analog-signal processor in 
order to meet a set of specified control -dependent performance require- 
ments. By necessity^ the creation of such subprograms must rely on certain 
well-defined amplification and compensation configurations central to the 


design of analog signal processors. In the MAPPS program, analog signal 
processors of the following two categories are considered: 

• Conventional Single-Loop Control 

• Advanced Multiple-Loop Control [10,11] 

Examples of control circuit design are demonstrated. 

3-3 lEJ^GOfTIMIZATION SUBPROGRAMS (DOS) 

Unlike the previous two control -circuit oriented subprograms, the DOS 
concerns itself primarily with the power circuit. In a power converter, the 
number of variables to be designed invariably exceeds that of the constraints 
linking the variables to various performance requirements. Consequently, 
after the design constraints are defined, there exists virtually an infinite 
set of design solutions. The essence of the design optimization, .therefore, 
is to pinpoint a set of design variables to meet all given constraints, and 
concurrently to achieve the optimization of a specific converter characteristic 
deemed particularly desirable. The characteristic can be the converter weight, 
loss, or any other physical ly-realizable entity. One of the unique features 
of the design optimization is that the converter switching frequency becomes 
a parameter to be designed through the optimization process, which is differ- 
ent from most other approaches in which the switching frequency is predetermined 
either intuitively or empirically. 

Continued rapid growth by applied optimization as a scientific discipline 
has been fostered by the application of optimization theory and the high-speed 
computer developments. In converter design, it follows naturally that the 
key in implementing the optimization approach rests on the availability of 
suitable mathematical and computer techniques. A general optimization tech- 
nique is the method of Lagrange Multipliers [12]. When applied to simple 
converter problems, the method usually yields closed-form optimized solutions. 
Several applications applied to the optimum inductor and transformer designs 
were demonstrated in this program. 

Most larger problems arising from practical converter applications are 
sufficiently complicated to defy closed-form solutions. To identify an opti- 
mum design, one has to resort to nonlinear programming algorithms which provide 
fast convergence to optimum numerical solutions from an educated guess of an 
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initial set of input design parameters. The “nonlinear" programming, as 
opposed to the well -developed “linear" programming, arises from the fact that 
most converter applications involving energy storage are simply based on 
formulations of highly nonlinear design constraints and optimization criteria. 
The principles and practices to effect convengence vary with each nonlinear 
programming. Methods based on penalty function [13] and general gredient [14] 
are among the more popular ones. In this program* the Sequential Unconstrained 
Minimization Technique (SUMT) based on the penalty-function approach was used, 
and optimization up to a complete step-down switching-regulator power circuit 
was demonstrated, [15,16] 

3.4 SYSTEM ANALYSIS SUBPROGRAM (SAS)‘ 

The SAS‘s represent extensions of the aforedescribed PAS's and DOS's 
from the equipment to the system level. The SAS's rely on DOS techniques as 
the basic tool for identifying the optimum system configuration, and on PAS 
techniques to address the dynamic system performances under large-signal 
disturbances. An obvious constraint in pursuing the SAS is the awesome 
analytical/numerical effort generally required to analyze or design a system 
of even only moderate complexity. The progresses of SAS thus must be geared 
to those already made in the more fundamentaT DOS's and PAS's. 

‘'In this report, two examples of reasonable complexity were successfully 
demonstrated: one dealing with the weight optimization of a source-converter 
system, the Vther dealing with the dynamic response of a 12th order switching- 
re gu la tor- inverter system. However, one must not let such limited success 
obscure the proper perspective - a truly useful SAS capable of allowing a more 
"scientific" system configuration design/analysis by minimizing the need for 
subjective bias from the system and equipment designers is still in its in- 
fancy. Long-range effort of considerably more intensity will be needed before 
truly prevalent SAS's can be developed for practical system analysis and 
design. 

3.5 COMPONENT LIBRARY SUBPROGRAM (CLS) 

The CLS, when completed, represents the arrays of useful data that are 
sufficient to completely characterize the rating and the behavior of various 


types of eomponents commonly used in equipment design. The data is to be 
stored according to the following basic categories: 

I • j 

I : i 

! i 

b Res|istors: Carbon, Film, Wire-Wound, Precision 

t Capacitors: Foil and Solid Tantalum, Ceramic 

« Cores: Linear, square-loop, ferrite 

• Diodes: Power, Signal, HV, Schottky 

• Transistors: Power Switching, General Purpose 

• Conductors: Solid, Litz 

t IC's: Digital, Analog 

In this report, components in the first three categories are partially 
comprised and stored. The structure of the data set was also implemented 
to facilitate random inquiries and to assume efficient retrieval, updating, 
and delete. 

3.6 data management PROGRAMS (DMP) 

The DMP provides the needed coordination between the various subprograms 
and the users. In the designing the DMP, three critical considerations were 
observed: 

f Ease of use 

• Ease of modification and internal flexibility 

• Portability from one computer host system to another 

By observing these considerations in the DMP design, the user's effort may 
be concentrated on the analysis/design/optimization problem at hand, rather 
than on the administrative details of invoking the MAPPS system capabilities. 

The normal use of the MAPPS involves interactive conversation between 
the MAPPS System and the user. The user begins by signing on and requests 
the MAPPS system be loaded and executed. A conversation then begins between 
the user and an executive routine through which the user instructs the system 
to attach certain external files and to perform specific analytic functions. 
Upon completion of the input cycle, the DMP will proceed to execute and sat- 
isfy the user's requests. 


The user will be able to invoke various subprograms of analysis, design, 
and optimization. If intermediate results require a decision by the user, 
interactive conversation will again take place. During the course of an 
interactive session, the user may display results, store results, or retrieve 
previously stored results from the component library or the data base. The 
coordinated data management system is accomplished through the development 
of appropriate control and communication routines. 

3.7 CONCLUSION TO SECTION 3 

In this section, the major power processing subprograms and the data 
management program coordinating these subprogrtms were briefly discussed. 

From the foregoing descriptions, the MAPPS system present or future cap- 
abilities include the following major categories: 

• Switching regulator control -dependent performance analysis through 
the Performance Analysis Subprogram. 

• Basic control -circuit design to meet control -dependent performance 

requirements through the Control Design Subprogram. \ 

• Detailed optimum power circuit design to meet given power-dependent \ 
performance requirements through the Design Optimization Subprogram. 


• Identification of optimum systems configuration and large-signal system 
disturbance propagation through the System Analysis Subprogram. 

• Retrieve best-fit components per user's instruction through the 
Component Library Subprogram. 

e Coordinate between various subprograms and the user through a Data 
Management Program, aimed primarily for ease of use. 

Each of these categories will be discussed in detail in the following 
sections. 


4. PERFORMANCE ANALYSIS SUBPROGRAMS (PAS) 

4.1 GENERAL DESCRIPTION 

In this section, the approach and the scope of the analytical tasks 
are described. From the utility viewpoint, the PAS is regarded as both 
application and tutorial. The application aspect will be fulfilled by the 
creation of analysis and simulation subprograms based on certain preselected 
power/control circuit configurations. However, due to the large converter 
varieties of different power and control schemes, the function of the MAPPS 
program in terms of performance analysis/simulation must also be suffic- 
iently tutorial so that a prospective beneficiary of the MAPPS program can 
follow the analytical methodology established in the PAS, and adapt the neces- 
sary analysis procedures to his specific applications. 

The discussion starts with the nonlinear operation in switching regulators, 
to be followed by the description of different methodologies of linearization. 
Analysis methods including discrete time domain, impulse function frequency 
domain, and average time domain, are presented, , and specific examples are 
given to illustrate each method. In addition, the discrete time domain analy- 
sis is extended to perform the discrete time domain simulation. Future PAS 
emphasis and expectation are also advanced. 

4.2 NONLINEAR SWITCHING REGULATORS 

Swi tching Regulator Block-Diagram Representation 

To facilitate discussion, switching regulators can be characterized by 
the three basic functions shown in Figure 1: the power stage, the analog signal 
processor, and the digital signal processor. The power stage processes the 
power from input to output. The three basic power stages are shown here as 
buck, boost, and buck boost. They can operate either in continuous or dis- 
continuous inductor current conduction modes. The analog-signal and digital- 
signal processors combine to regulate the power flow from input to output. An 
analog signal is derived from the power stage output, which is processed to : 
deliver a discrete-time Interval at the digital-signal processor output to 
achieve the required on-off control of the power switch in the power stage. 

The discrete-time voltage or current pulses thus generated are averaged by a 
low pass filtbr in the power stage to restore an analog signal at the power 

stage output, thus completing the switching-regulator control loop. 
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Figure 1 A Switching Regulator Basic Functional Block Diagram 






!!pn1ineanties in Switching Reaulatnr-; 

‘’•2-2-1 Basic Nonli nearity In the Power 

Continuous and discontinuous conductions are sketched In Figure 2 
using the buck-boost power stage as an example. In Figure 2(A) for con- 
tinuous conduction, the MMF ascends in the Input winding during T when 
the power switch Is ON and the diode Is OFF. and descends In tL output 
winding when the power switch Is OFF and the diode is ON. The MMF thus 
never vanishes in the output inductor. In Figure 2(B) for discontinuous 
conduction, tho MMF asconds durina T in fho inn * • j* 

zero MMF rh= k • • "’"dinB starting from 

zero MMF at the beginning of T,,. and descends during Tp, In the output 

wind ng. reaching zero WF at the end of Tp,. An additional time T„ 

«ists when both the power switch and the diode are OFF, during whIcO the 

remains zero in both input/output windings, and the load current Is 
supplied by the output filter capacitor. 

From the foregoing description, topologies of the buck-boost power 
stage correspond to Tq,, Tp,. and Tp, are Illustrated In Figure 3. The 

tl’mrL7 linear for each 

interval, the combination of all different linear circuits for the 

purpose or modeling a complete cycle of switching-regulator operation be- 

piecewise-1 inear nonlinear analysis problem. 

Nonlinearity in ^teAna lffl- and Dioltal-Alanai 

to-dllr disturbance Is propagated In the analog-slgnal- 

tion d(t) of ’J"®'""''®'"””"’ °"® Interested In how the duty-cycle varia- 

an« d • I r sinusoidal disturl 

ObvL 7 r processed error at the analog-signal processor output 

a d f 7 ‘'’® “"’P’dtd enalytical transfer function of such 

not “ the function would have to Include components 

well^aTth Pet also Its higher harmonics as 

we 1 as the beat frequencies of the disturbance frequency and the regulator 

w tc,, ,,equency. Thus a single frequency Input results In an ou^^t of 

multiple frequencies - an inherent characteristic of nonlinear circuit oper- 







4.2. 2. 3 Other Significant Nonlinearities and Analytical Complications 

In addition to the inherent nonlinearities previously described in the 
basic power stages and signal processors, other nonlinearities and compli- 
cations include the following: 

(1 ) The Effect of Input Til ter 

The complication provided by the input filter can be vividly 
demonstrated by Figure 3. Being an integral part of the power 
stage during Tq^i in Figure 3(A), its presence vanishes in either 
Figure 3(B) or Figure 3(C), causing complications in the modeling 
of a linearized power stage for analysis purpose. 

(2) Nonlinearities during Dynamic Operations 

Certain nonlinearities ignored in the analysis of small-signal 
disturbance propagation become highly significant when a large- 
signal disturbance is introduced. They include filter inductor 
nonlinear flux-MMF relations, error-amplifier saturation, and 
the control asserted by certain protection circuits (e.g., peak 
current limiting) that are functional only during severe trans- 
ient operations. For example, these nonlinearities are all 
present during the regulator start-up. 

Having identified all major nonlinearities, the different methodol- 
ogies of treating these nonlinearities, which result in different 
analysis/simulation approaches, will be discussed next. 


4.3 LINEARIZATION METHODOLOGY 


In this section, the analytical basis fundamental to all methodologies 
is presented. Methodologies resulting from different approximations made 
in the linearization process are then described. A concise comparison of 
all methodologies is provided. 

4.3.1 Common Analytical Basis for All Methodologies 

A common starting point for switching-regulator analysis is the iden- 
tification of a state vector and an input vector lU. The (nxl) vector ^ 
contains all the system state variables, while the (mxl) vector is assoc- 
iated with regulator input voltage, the reference, the saturation drop of 
semiconductors, etc. For continuous conduction shown in Figure 2{A), the 
system representation is: 

A ” FI _X + G1 ^ during Tqj^ (1) 

X = F2 )( + G2 lU during Tp^ (2) 

The (nxn) matrices FI and F2 and the (Nxm) matrices G1 and G2 are constant 
matrices composed of various circuit and input parameters. In discontinuous- 
conduction operation an additional equation: 

^ = F3 X + G3 ^ during Tp 2 (3) 


is added to complete the system representation. The state trajectory during 
one switching period of propagation is illustrated in Figure 4, where the 
time instants at which switching action occur in steady-state operation are: 



^k+1 * ^k+2 

ik+1 .k+2 

Cl , 

.k+1 .k+2 

^2 * ^2 


The initiation of T^m 

ON 

The initiation of Tp.j 
The initiation of Tpg 


interval 

interval 

interval 


Each of the linear systems of equations (1) to (3) admits a closed form 
solution of the form: 

X(tb = X(t|^+T^„) = *1 (tJ^) X(t|^) + U (4) 
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= <^>2(Tp^) X(Tf) + D2(Tp^) U 

(5) 

= X(t^+Tp2) = (})3(T^2) Klg) + D3(Tp2) ^ 

(6) 

where 



(7) 

Oi(T) = e'"’^ [ /V"5 js ]Gi, 1 = 1. 2, 3 

(8) 

The discrete state transition equation for the converter in a romni r 

X(tj^^l) = 4, X (t,^) + D U 

■ (9) 

W time instants at the beoinninq 

tor the continuous-conduction operation thp * anw n * • 
become: ^Heracion, the <p and D matrices 

of the kjyi^ 
ition equations 
in eq. (9) 

♦ = *2(Tf,) ♦l(T^„) 

(10) 

D = ♦2{T^,) DI(tJi^) + D2(qh^) 

(11) 

For the discontinuous-conduction operation, 


♦ = *3(T^3) *2(T^j) 

° " *3(1^3) ♦2(Tp, ) Dldgj^) + *3(T^^) D2(Tpj) 

(12) 

+ 03(7^3) 

(13) 
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X ■ • k k k 

Time intervals Tqj^^, Tp^ and Tp 2 are determined through threshold 

conditions. For continuous operation, the two threshold conditions needed 
• k k 

to determine and Tp^ are the control -loop error and the implemented 


duty-cycle control method, which can be respectively expressed as: 

El [ X(T|^). 4 . Tf, ] = 0 (14) 

E 2 [X(tk), 4’ 4 ] = 0 05) 

In discontinuous operation, a third condition is added which detects the 
time instant at which the inductor MMF is reduced to zero: 

?1 CX(T^). 4»Tf1* 4^ = 0 (16) 

^ Tqj^. Tpp Tp2 ] = 0 (17) 

[ X(t|^), Tqi^, Tp^, Tp2 ] = 0 (18) 


Equations (9) to (18) thus represent exactly the nonlinear switching regulator 
system. Starting with an initial state, the equations can be used to compute 
recursively the state vector for all succeeding time instants exactly with- 
out any approximation. 

Notice that in this analysis method, the complete switching-regulator 
power and control circuits are treated as a single entity in the formula- 
tion of equations ( 1 ) to (3). There is no deliberate division among the 
power stage, the analog- and the digital -signal processors. 

Direct application of this exact analytical basis for time-domain 
simulation is rather straight forward from a theoretical viewpoint. How- 
ever, the numerical complexity involved and the need for a more readily- 
defined means of assessing the various control -dependent performances 
such as stability and audiosusceptibility have provided the impetus for 
many methods of linearization and approximation to branch out from this 
common basis. These methods are described next. 
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4.3.2 Discrete Time Domain Analysis Description 

The discrete time domain analysis starts essentially with the common 
analytical basis described in the previous section. The entire regulator 
is treated as a single entity. Subsequent to the formulation of equation 
(9) and all the attendant threshold conditions, the following steps are 
followed to facilitate the control -dependent performance evaluation: 

(1 ) Numerically Seek the Equilibrium State : 

In steady state, eq. (9) can be written as: 

X* = $ X* + DU (19) 

The $ and D matrices can be computed for a given T^j^, Tp^ , and Tpp. 

Using the initial approximations for T^^, Tp^ , and Tp 2 obtained from given 
system input/output conditions (19), and substituting them into eqs. (9) 
to (18) as appropriate, an approximate steady state is obtained. Using 
X* as an initial setting, Newton's iteration method is employed to solve 
for the equilibrium state, during which eqs. (9) to (18) are computed con- 
tinuously in the iteration process until a certain specified state-matching 

condition is satisfied. For example, the condition can be defined such 
that: 


V 'Vi) - X,- (‘k> 

(20) 

when e is an arbitrarily small number. 


(2) Linearize the Discrete Time Svstem 


Equation (9) is nonlinear because the matrix $ is a function of the 
time intervals Tqj^, Tp^ , and Tp 2 , which are all functions of the system 
state X(tj^) by virtue of the attendant threshold condition (14) to (18). 
The nonlinear equation is rewritten as: 

X<Vl) = f U(tk). u , Tp,, Tp2 ] 

(21) 

For a constant equation (21) is linearized about X* as: 

= If 1 « 1 (tfc) 

X* 

(22) 

where 

u/ - 

X* 

(23) 


is a (nmn) matrix. The partial differentiation 3f/aX can be performed 
analytically if the problem is simple. Otherwise, it must be computed 
numerically through the difference quotients. 

(3) Stability Analysis 

Once the matrix 'i' is conceived for the linearized system, its eigen- 
values are evaluated. The linearized system, as represented by eq. (22), 
is stable if and only if all the eigenvalues of H* are absolutely less 
then unity, 

I X| 1 < 1 i = 1, • • • • n (24) 

Changes of eigenvalues as a function of system parameters can be plotted 
in the complex Z-plane. Locations of eigenvalues in the Z-plane indicate 
not only the stability but also the system transient behavior, i.e., 
damping and rapidity of response. 

(4) Audio Susceptibility Analysis 

The audiosusceptibility analysis deals with how a small sinusoidal 
disturbance of the dc supply voltage affects the regulated output voltage 
Eq. The audiosusceptibility of the regulator is, in essence, the regulator' 
closed-loop input-to-output transfer function. If becomes time-varyipg» 
but sufficiently slow so that the input voltage can be considered essent- 
ially constant over a switching period, then eq. (21) can be linearized 
about the previously-defined equilibrium state and the nominal dc input 
voltage Ej as: 

5X(t|^^.^) = 'i'6 X(t|^) + r 6 e.(t,^) (25) 

where 


and 


Ei(t,) - E, / (27) 

/ 

/ 

/ 

/ 




r = 


3ej 


1 * 

’ X*. E, 


(26) 
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that is, the time varying (t) now contains a dc component Ej plus a 

small ac component 6e- (t). The output voltage E^ can be expressed as 

E^(t^) = C X(t|^) (28) 

where C is a constant (Ixn) row matrix. Applying Z- transform to 
eq. (25), one has: 


5X(Z) = (IZ - ¥)"^ r S e.(Z) (29) 

The frequency-domain audiosusceptibility transfer function can be derived 
after replacing Z by and combining eqs. (28) and (29), 

5e.(jw)/E Ex 6e (jw) 6x(jw) 

" 6e . ( jwT/Ej Eq 6x(jw) 6e. 



C (le - 4>) 



4.3.3 Impulse-Function Analysis Description 


(30) 


In this analysis, the three general control blocks shown in Figure 1 
are treated as three separate entities. During one cycle of switching 
operations as illustrated in Figure 2(B), the regulator power stage can be 
represented by equations (1) to (3) of the previous section, namely: 


X = FI X + 

G1 

U 

during Tp.j 

(31) 

X = F2 X + 

G2 

U 

during Tpg 

(32) 

X = F3 X + 

G3 

U 

during Tg^ 

(33) 


The difference between equations (31) to (33) and equations (1) to (3) 
of the previous section is that the F's, the G's and the X now only contain 
power stage parameters. When the regulator is subjected to a small disturbance, 
the duty-cycle signal d(t) is modified as d(t)+Ad(t), shown as Figure 5. 

Such a perturbed duty-cycle signal can be idealized as an impulse trains when 
the perturbation is vanishingly small. 




A Iin 6 ari 26 cl discrete impulse response, which characterizes the 
small-signal behavior of the power stage about its equilibrium state, 
can be obtained if the output-voltage perturbation ^^p^^k+n^ ® 

Ad(t|^) at the cycle can be computed after n cycles of operation. 

The sampling rate is the switching frequency 1/Tp. Analytically, one 
wishes to express the discrete impulse response g(nTp) in a closed form 
as power-stage circuit parameters and operating conditions: 


g(nTp) 


AV^(t 


k+n 


) 


At, 


(34) 


Let the state trajectories for steady state and perturbed state be 
illustrated in Figure 6 as solid and dotted curve respectively. The 
instants of switching are denoted by a superscript "o" for the steady 
state, and by a superscript for perturbed state. For a small duty- 
cycle perturbation at Kth cycle from t° to t*, the perturbed state after 
one cycle of propagation is X* (t°^.^). Using the closed-form solution 
of equations (31) to (33) which are similarly in form to those expressed / 
in equations (4) to (6) of the previous section, one can then express / 

X. (tj^^l) in terms of the tj^. Since the output voltage can be expressed 
as: 

(35) 


C X 


When C is a constant row matrix, the 9 (nTp) in e;Tuation (34) can be 
obtained through the following vector differentiation 

CdX*(tP. V / 

g(nT ) - (36) 

P dtk / 


Equation (36) can be shown to be the following: 

g(nTp) = C$'^(Tp) B 


were 


(37) 

(38) 


B = {F3-F1) X° (t“) + (G3-G1) U 

Equation (37) thus characterizes the small-signal behavior of the 
regulator power stage exactly at the sampling Instants following a duty- 
cycle Perturbation Ad(t). 

/To forsake the details between samples, an equivalent continuous linear 

impulse response g(t) can be obtained simply by substituting t = nT in 
aquation (34). , P 


Such a transform is made plausible by the low-pass filter inherent 
in most regulator power stages. The continuous linear response g(t) 
thus characterizes the small-signal , low-frequency behavior of the regulator, 
up to one-half of the switching frequency. Once g(t) is obtained, the 
corresponding frequency-domain transfer function S(s) follows. 

The key to this linearization method is therefore, equation (34), which 
linearizes the nonlinear system by considering a saml 1-signal disturbance 
about its equilibrium state, thus allowing the exact portrayal of the 
regulator's small-signal behavior at the discrete sampling instant. The 
simplification based on a much shorter switching period in relation to the 
output-filter time constant is then invoked to extend the response from 
discrete to continuous. 

The foregoing presentation summarizes the essence of the impulse- 
response frequency-domain analysis for the power-stage linearization. 

Details of mathematical manipulations and matrix formulations for both 
continuous and discontinuous conduction operations will be presented 
later. 

The power-stage frequency- domain transfer function G(s) is then 
complemented by the linear transfer function of the analog signal processor 
and the describing function of the digital -signal processor. The entire 
regulator is represented in block-diagram form, from which the regulator's 
control -dependent performances can be analyzed. \ 

4.3.4 Average Time Domain Analysis Description 

The objective of averaging is to make a continuous System model out 
of the piecewise-1 inear discrete system. There exists various averaging 
techniques combining the piece-wise linear switching intervals. One is the 
"circuit-averaging approach [7, 17], in which equivalent circuits of 
switched power stages operating in the continuous conduction mode are derived 
based on the effect of the duty cyXje d(t) and [l-d(t)] on the power stage 
parameters. Other methods consist i"i3 generating the perturbation of the 
average current injected into the outjJ^t circuit. In conjunction with the 
output-circuit transfer function, the oisturbance in the output voltage 
caused by a corresponding disturbance in the average current is then obtained 
[ 18,191 


While the circuit-averaging method relies more on equivalence of 
circuit topology rather than analysis, it nevertheless provides not only 
the duty-cycle-to-output-voltage transfer function as does the current 
averaging method, biit it also provides the converter input-to-output- 
voltage transfer function, which is essential in evaluating the behavior 
of disturbance propagation involving the regulator input. Such important 
behaviors include the audiosusceptibility and the effect of input filter 
on. the stability and other control -dependent performances. 

To retain this advantage of enabling these dual transfer functions 
and to provide a unified analytical basis for both continuous and discontin- 
uous-conduction operations, the "state-space a,veraging" method was advanced 
by Caltech investigators , sponsored by a subcontract from TRW [8,9,20]. 

Details of this method are published in a companion report volume, NASA 
CR-135172. 

Similar to the previous approach described in Section 4.3.3, the 
method treats the power stage as an entity by iteself, in addition to the 
analog and digital -equal processors. The analysis starts with the formulation 
of basic equations (31), (32), (33) and (35), which contains only power-stage 
parameters. 

The objective of state-space averaging is to replace the state-space 
description of the piece-wise linear switched intervals of the switching 
cycle Tp by a single state-space description which represents approximately 
the behavior of the regulator across the entire period Tp. Using the 
continuous conduction case for example, equations (31) and (33) are averaged 
by summing the equation for intervals T^^ and Tp^ multiplied by d^ and 62 
respectively, when the d's are identified in Figure 2 (A). The basic averaged 
state-space model over a single period Tp becomes: 

X = (diF^+d2F2)XMdi6T+d2G2)U 

y = (d-jC^ + d2C2) X (40) 

Justification of this approximation is provided in Referene [8], i.e., 
it corresponds to that of approximation of the fundamental matrix e ^^=1+At+... 
by its first-order linear term. It also coincides with the fact that the 
output-filter resonant frequency is much lower than the switching frequency. 
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Once equations (39) and (40) are obtained, either analytical or 
circuit averaging can be carried out to realize the averaged model. The 
analytical realization starts by assuming d-j and dg to be constant such 

d^ = D and dg =0' = 1-D, then the following linear system holds: 

X = FX + G U (41 ) 

I=CX (42) 

where 


F = 

G = 
C = 


diFi + 


^ 1^1 ^ ^ 2^2 
^ 1^1 ^ *^ 2^2 



(43) 


Perturbations u = U + u is then introduced to the linear system 
represented by equations (41) and (42) to cause x = X + x and 

A 

Y = '{' + y. Separation of the ac transfer function from the steady-state 
dc component gives: 

X = F X + G u ( 44 ) 

y = C X (45) 

The line voltage transfer function thus becomes: 

y (s) = C (si - F) G (46) 

u (s) 


The time-varying duty-cycle is then expressed as d = D + d, with the 
corresponding perturbation x=X + x, y=Y + y, and u = U + u. ' 
Substituting these variations into equations (39) and (40), and making the 
approximations that u/U «1, d/D «1 , x/X «1 , one has the following model 


dc model: 
ac model : 


X = -F"^G U , -cA-^G U 

x = Fx + GU + [(F^ - Fg) X + (G^-Gg) U] d 
y = C X + (C^ -C 2 ) X d 


(47) 

(48) 


It is demonstrated C8*Pj that through Laplace transform, these equations 
can be used to arrive at a common Canonical Model for all switching regulators 


The model offers a powerful design tool, as the input filters or 
other linear circuits are easily incorporated with the model and various 
control -dependent performances of different converters are readily 
compared. Expressed slightly different than the original form [8,9], ' 
the canonical dual-input (line and control) transfer function model for 
the buck, boost, and the two-winding buck-boost power stages are given in 
Figure 7. With the dual input from line and control disturbance properly 
defined, it is rather straight forward to incorporate the source variation 
as well as the control signal perturbation from the output of the digital 
signal processor to conduct the control -dependent performance analysis. 

With the power stage modelled and with the linear analog signal 
processor routinely analyzed, the digital signal processor remains as the 
only non-linear block. Consistent with the low-pass nature of the output 
filter in relation to the switching frequency, the digital-signal processor 
is linearized through the describing-function technique. The technique is 
briefly discussed next. 

Assuming the input to the digital signal processor is: 

(t) = A Sin wt ( 49 ) 

and then output of the digital signal processor, d(t), can be expressed 
by its Fourier series: 

d(t) = D + a^Sin ut + b^Cos wt + . . . (50) 

By definition, the describing function of the digital signal processor is: 



Thus, by neglecting the higher harmonics of d(t) and seeking only its 
fundamental component, the non-linear digital signal processor is represented 
by a linear describing function, with gain (a,^+b,^)^*^ and phase 
tan'Vh-i/a-i ) . ‘ 

The representati on can be combined kith the canonical power-stage 
model and the linear analog signal processor to characterize the behavior of 
a complete switching regulator. 
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1 
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I 
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"s 
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D = Duty Cycle 
V = Output Voltage 
L = Output Inductor 
N = Primary Turns 
P 

N = Secondary Turn: 


R = Output Load Resi stance 
R^ = Inductor Winding Resistance 

Zp = Output Impedance of Input Filter 

Hp = Input Fiiter Forward Transfer F unction 


Figure 7 Dual input transfer function for three basic cower stagias. 















































4.3.5 Discrete Time Domain Simulation Description 

Switching regulator linear models derived from the afore-described 
techniqeus are applicable to small -signal analysis only. The reason for 
such a restriction stems from the fact that both the power stage and the 
digital signal processor are linearized about the system equilibrium 
state for a given fixed duty cycle d(t) = D. When a large-signal disturb- 
ance is introduced, either through a large step change in line or in 
load, the duty cycle varies during the entire transient until the new 
equilibrium state is reached. The time-variant duty cycle renders the 
small -signal models powerless. 

Another restriction on the previously described techniques is that 
they cannot handle the transition between the continuous and discontinuous 
conduction in a given analytical effort. However, a large signal transient 
(e.g. a step load change) often can cause the pre-and post-transient 
states to be in different conduction modes. Such a transition again renders 
the small -signal model powerless. 

In addition, other control input signals such as those provided by the 
peak current sensor, the saturation effect of the power stage inductors as 
well as the analog-signal -processor operational amplifier, may play 
important roles in large signal transients. Such non-linearifies* in a 
higher-order time-varying practical regulator system, can only be effec- 
tively taken into account through computer simulation. 

There are many established simulation programs based on either 
topology input (ECAP, SCETPRE, SPICE) or block input (CSMP). Although 
it may not be necessarily evident from the user's viewpoint, these 
programs are based directly on the time-domain equations that are gen- 
eratetl^ either from the input topology by the computer, or by the user. 
Consequently, the exact discrete time-domain system equations, presented 
previously in equations (1) to (18) prior to any linearization effort, 
serve conveniently as the natural basis for conducting the discrete time- 
domain simulation. An advantage of employing these formulated equations 
for simulation is its cost-effectiveness due to the following reasons: 

1) The state transition is already formulated in matrices form 
thus saving computer compilation time. 


2) For each switched interval within one operating cycle, the 
system is linear. Thus, a large fraction of the time 
period (including unity) can be specified as the step 
interval of calculation during steady-state or transient 
operations. Otherwise, because of the low system damping 
and the switching discontinuity, very small integration 
steps may be needed. 

3) In certain simple cases, the constant state transition 
matrices ♦ and D can be evaluated in closed form, thus, 
allowing the steady-state to be converged to much more 
rapidly. 

Consequently, based on equations (4), (5) and (6), the system state 
can be propagated by the state transition matrix ♦l(T) and the input 
matrix D1(T) until the time period has elapsed due to the threshold 
condition (14), where T< is the time period used in each computation. 

Subsequently, a new state transition matrix $2(T) and input matrix D2(T) 
are employed to propagate the system state. If the system operation 
dictates a zero-conduction interval, matrices $3(T) and D3(T) 3 re invoked 
until the of the next cycle starts. If discontinuous conduction is 
not encountered, $3 and D3 are by-passed, and from *2 and D2 the system 
propagates back to $1 and Dl. It is through this propagation that long- 
duration transient and steady-state operations are simulated. 

4.3.6 Methodology Comparisons 

Having presented the major analysis/simulation methodologies, a 
sumnary comparison is in order. These methods all start with the piecer 
wise linear state-space system formulation and their closed-form solution 
in terms of state transition and input matrices. They differ only by the 
means through which the linearization of the nonlinear system is achieved. 

In the discrete time domain analysis, the system equilibrium state is 
numerically evaluated and linearization about the equilibrium is achieved 
by performing the partial differentiation 3f/a^ numerically (or analytically 



in the equilibrium state. The linearization treats the complete switching 
regulator as a single entity. For most practical applications, a digital 
computer is used to carry out the detailed numerical analysis. 


In the impulse-response analysis, the nonlinear power stage is 
linearized about its equilibrium state by idealizing a perturbed duty- 
cycle signal Atj^ as an impulse train, and by calculating the correspond- 
ing output-voltage perturbation AV^ The linearized power stage 

model, g(ntQ) characterizes the small-signal behavior of the regulator 
exactly at the discrete sampling instant at a sampling rate 1/Tp. 

Assuming the system response is much slower than the sampling rate, the 
continuous time-domain is achieved simply by letting nTp = t, from which the 
frequency domain transfer function G(s) follows through s = joit. A 
closed-form d(t)-to-AVQ power-stage transfer function is thus obtained by 
invoking a simplifying assumption at the end of a complicated derivation. 

Additional frequency-domain transfer functions are needed for the analog 
and digital signal processors to facilitate the complete regulator control- 
loop analysis. 

In the average time-domain analysis, the simplifying assumption for 
the power stage is made at the outset of the derivation. An averaged 
state-space representation for a complete switching period Tp is 
formulated by simply summing the state-space representation of the individual 
switched interval T. properly weighed by the corresponding time ratio T^./Tp. 
Linearization is accomplished through simple perturbation of the averaged 
representation. Small -sigrTal power-stage models can be obtained either in 
analytical form or in circuit form. Again, transfer functions for analog 
and digital-signal processors, are needed to complete the control-loop 
modeling and analysis. 

No linearization is needed in the discrete timefsdomain simulation, as 
the disturbance in the nonlinear system is allowed to simply propagate through 
the state-transition matrices corresponding to one switched interval until a 
specific threshold condition for that interval is reached, upon which the 
disturbance propagates to the next switched interval of different state-transition 
matrices. 

A concise comparison of the merits and limitations for each of these ana- 
lytical approaches is given in Table 1. These approaches, along with analysis 
examples, will be presented next. 
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Table 1: Merits and Limitations of Analytical Approaches 


ANALYTICAL 

APPROACH 

MERITS 

LIMITATIONS 

DISCRETE 
TIME DOMAIN 
ANALYSIS 

• Most accurate small -si gna 
stability analysis 

t Can treat both conduction 
in a single computer 
subprogram 

• No need to separate a re- 
gulator into functional 
blocks. 

t Leads directly to discrete 
time domain simulation. 

a Basically a numerical ap^- 
proach. No closed-form 
.insight can be gained. 

a A circuit topology change 
would require new equation 
formulation. 

a No convenient test verifi- 
cation (e.g., Bode Plot) 
for stability analysis. 

IMPULSE 

RESPONSE 

ANALYSIS 

• Seem to provide a more 
accurate power-stage tran* 
sfer function at high 
frequencies (>10% of 
switching frequency ) than 
the average time-domain 
analysis. 

a Need to separate regulator 
into functional blocks. 

a Closed-form power-stage 
representation does not 
incorporate input filter 
easily. 

a No input line disturbance 
transfer function is 
available. 

AVERAGE 
TIME DOMAIN 
ANALYSIS 

• Gain insight readily to 
enhance control loop de- 
sign. 

» Performance analysis 
skill resides in most 
designers. 

• More cost-effective for 
complex system with 
multiple outputs. 

• Provide both line and 
control transfer functions 
thus allowing the power 
stage model to be incor- 

, porated in a larger 
system. 

a Analytical results lose 
accuracy beyond 15-20% 
of switching frequency'. 

May not be entirely satis- 
factory for multiple-loop 
regulators with high band- 
width. 

a Need to separate a regulator 
into functional blocks, thus 
necessitating the derivation 
of describing function for 
digital -signal processors. 

DISCRETE 
TIME DOMAIN 
SIMULATION 

f The only approach that 
can handle large-signal 
disturbance such as re- 
gulator start-up and 
sudden line/load changes 

a Simulation effort gains 
no insight when not support- 
ed by analysis. 



4.4 DISCRETE TIME DOMAIN ANALYSIS AND EXAMPLES 

In this section, a step-by-step analytical procedure for performino the 
discrete ti.e do«in analysis is first outlined. Several exaMel a* pive„ 

the merits and limitations of this particular analytical approach. 

Step-by-ste o Analytical Procedure 

The following five basic steps are involved with the discrete-time 
domain stability analysis: o'screte time 

Step 1 : state space system representation 

Step 2 : Nonlinear discrete state transition representation 

Step 3: Solution of equilibrium state 

Step 4: Linearization about equilibrium 

Steps: Eigenvalue stability analysis. 

Tp IS the time interval of one switching period. JWip where 

Example 1 StahiH tu Analvsii of a m„ih„i- , 

oower^ "®9ulator with input E, and output E^ is shown in Figure 8 The 

1nductrL“aL “• 

resistance R 1 r i «5> load 

^ ° ^“''*’*'0'' control loops Loop 

eraL a :: ::r"o7*TooTr ’■* 

serves two ft- ^ sensing the ac voltage across the inductor [10,11] 

comb nes with the dc error to serve as the composite smell -signal amplifier 
input. It also produces a large-signal triangular ramp by intLat I hi 

Steady State rectangular inductor voUi^no t.,- ^ ^ tegrating the 

threshold lev#*! f a + + ^ intersecting the 

threshold level E^, actuates the Digital Signal Processor (DSP) which in 

turn controls the on-off of power switrh n t 4 .u- 

such that fho +• T Q- In this example^ the control is 

n7edT “ 1" ” containing cSpicitor cfu 

needed to improve the dynamic response of the regulator 







4. 4. 2.1 State Space System Representation 

It is apparent from Figure 8 that the system has three states: the 
output voltage e^, the inductor current i, and the output voltage e^ of 
the integrator amplifier. 

di _ 1 


dt L 


<®i - ®o - "o 




(52) 

(53) 


c _ 1 0 

dt ■ TT " rTIT 
0 L 0 


(54) 


Differentiating e^ in equation (53) and substituting (52) and (54) into 
(53) yields 

r 1 , > 1 M r wl 1 

r 1 


The input voltage e. is defined as 


"i = 


E^. during T 


on 


^0 ‘‘‘"■’"3 


The integrator amplifier output voltage e is: 

c 


■ •/ [¥7 


(Eo-e„) - 


■R 'o' 


- cf «o] 


dt 


(56) 


('i/) 


Thus, 


i Jjl ^\e . h. e 


-^e 
R3C^ “"R R^C., ®i 


Substituting (55) into (58), and defining 


(58) 


"l = ®o* 


^2 ~ ^ * 


^3 = ®c 


(59) 
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Equation (60) can now be written in compact form as: 


X = F X + G u 


(60) 


(61) 


(62) 


(63) 


(64) 
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where F and G are the respective matrices iji'^60). This equation is the 
state-space system representation of the regulator shown in Figure 8. 

4. 4. 2, 2 Nonlinear Discrete State Transition Representation 
The solution to (64) is given by: 

x(t) = x(tg) + _/*■ G u (t)()t (65) 

*0 ' 

Or, since lu is piecewise constant, 

T 

x(tk+T) = ^ V ® ^^dS],G u^ (tk) (66) 

0 

where o £ T < tk^,-j - tk 

^(t) = u(tk) = constant, tk 1 1 < tk^.-j 

Define the following matrices: 

$(T) = e'"'^ , 

.1 

D(T) = J G 

0 

Equation (66) becomes 

x(tk+T) = 1>(T) x(tk) + D(T) u(tk) (68) 

The value of u.(tk) depends on the state of the switch Q at time t^. Note 
that matrices $ and D are only functions of the time step T whose maximum 
permissible value is either T^^ or T^^^, depending on the state of the 
switch at tk* 



Defining 




0 

Er 


and 


u, = 


L J 


(69) 


It follows from (68) that 


D(T^^f) . D(T„„) u, (70) 

|> 

where is a function of x(tj^) described implicitly by the threshold 
condition: 


‘^31 ‘^32^^off^ ^3^^k^ * ^32^^off^^R ^ 

Note that given any initial state >^(tQ), equations (70) and (71) can be 

used to compute recursively the state vector >L(t|^) for all future time 

instances t^. Note that this discrete state transition representation 
^ k 

is nonlinear, due to the dependence of on the state x(t|^) via (71). 
4. 4. 2. 3 Solution of Equilibrium State 


The approximate solution is employed as an initial set toward solving 
for the exact state through Newton's iteration method. The approxmate 
time intervals, T^^ and T^^^, can be easily determined through regulator 
volt-second balance in the output inductor and the input/output energy 
equilibrium [21]. In the approximate steady state, equation (70) can be 
written as 


X* = $ X* + D(u_) (72) 

where the $ and D matrices can be computed for a given set of T and 

on 

Tq^^. If the matrix (I - $) is non-singular, equation (72) alone is 
sufficient to solve for: 

X* = (I - $)“^D u 


(73) 


However, (I - $) is singular in many cases, and eqs, (71) and (72) are 
required to solve for x*. With this x* as the initial setting, equations 

(71) and (72) are iterately computed until a certain specified matching 
condition is met. The condition can be defined as 


I [ x^(t|^+^) - x^.(t|^) V 

i=l 


or 

I = x,(t|^) I < e ^ (75) 

where e is an arbitrarily small positive number. 

4. 4. 2. 4 Linearization About Equilibrium 

Regarding stability of the discrete time nonlinear system, one may 
consider two approaches: (1) Determine stability-in-the-large, and (2) Determine 
stability of the equilibrium solution. Attempts of relating stability-in-the 
'large to the contraction mapping/fixed point theorem [22] to solving eqs. (70) 
and (71) were unsuccessful, so had attempts of using the second method of 
, Liapunov [23, 24]. Establishing the stability-in-the-large is therefore 
reserved as an effort for digital simulation. Of more importance at the 
moment is to establish stability of the equilibrium solution, which will be 
accomplished by linearization about the equilibrium state x*. Let 

5 2 L(tj^) = >i(t|^) - 2 ^* and E. = E^.* = constant, (76) 

then, 

= 'i' 5 x(tj^) (.77) 

where 

^ i t ] I (78) 

X* 
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The above partial derivative is computed numerically by using different 
quotients. Let 



) X (t,^) + D(T^„) u. 


( 79 ) 


Then, 


9i 

ix 


f,(x^ AX,) - f,(x^) f,(x| + 4X3) - f,(x*) 


AXn 


AX. 


(80) 


f3(x| + AX^) - f3(x*) 


AX- 


fa(x^ + AX3) - f3(x|) 
AX- 


The increments Ax. were taken as 1% of the value of x., i.e. , 
J • J 


Ax^ = 0.01 j x^f 


(81) 


4.4. 2. 5 Eigenvalue Stability Analysis 

The system is stable if all eigenvalues x. of ¥ in eq. (78) are absolutely 
less than unity. The eigenvalues are evaluated by a digital computer, and 
changes in the eigenvalues as a function of system parameters can be plotted 
in a complex plane. The eigenvalues correspond to the roots of the system. 
Existing relationships between root locations inside the unit circle and corres- 
ponding system response times and damping are well known from Z-transform 
analysis of linear discrete time system. [25,26] 

For nominal regulator parameters as listed in Table 2, one expects to 
obtain three real and positive eigenvalues less than unity, since it is known 
from the actual regulator breadboard tests that the system was stable, and 
that the transient decay after a disturbance nonoscillatorily. Computer re- 
sults ascertained the stability, where the three eigenvalues obtained are 
shown as follows: 


Table 2 Nominal Regulator Parameters 


Symbol 

Parameter 

Units 

Value 


Supply Voltage 

volts 

30 

■^R 

Reference (Desired Output) Voltage 

volts 

20 


Integrator Threshold 

volts 

8 

''o 

Inductor Series Resistance 

ohms 

0.015 


Part of Output Voltage Divider 

ohms 

28.7K 

R2 

Part of Output Voltage Divider 

ohms 

13. 5K 


Op-amp DC Input Resistor 

ohms 

.lOK 

"4 

Op-amp AC Input Resistor 

ohms 

lOOK 

"5 

Series-Equivalent Resistance of C^ 

ohms 

0.077 


Load 

ohms 

10. 


Output Filter Capacitor 

vF 

300 


Op-arnp Feedback Capacitor 

pF. 

2200 

Cg 

Lead Compensation Capacitor 

pF 

0.022 

Lo 

Output Filter Inductor/Transformer 

pH 

250 

n 

Transformer Turns Rate 

— 

0..65 

^ON 

On Time 

ys 

30 



= 4.1176E-01 + jO 


Xg = 9-5654E-01 + jO 
X 3 = 1.9027E-15 + jO 

Note that x^ is for all practical purposes equal to zero. This is because 
the incremental voltage 5e^ can be shown to be essentially a linear com- 
bination of 6 i and 6 e^. The zero eigenvalue should, therefore, cause 
no concern, as it is clearly less than unity. 

Since the objective of this example is to demonstrate the basic analy 
tical steps from state-space system formulation to eigenvalue stability 
analysis, other related analytical topics developed in the MAPPS program 
for the regulator shown in Figure 8 are not presented here. These topics 
include the following: 

t The analytical determination of $ and D matrices in closed- 
form. 

• The root loci of the linearized system as a function of 
key system parameters. 

• The calculation of audio susceptibility analysis through 
Z-transform. 

0 The transient behavior caused by supply-voltage step changes. 

Analytical presentation on these topics can be found in Appendix A [2], 
which becomes an integral part of this report. 


4.4.3 Example 2 - Stability and Audiosusceptibility of a Boost Regulator 

Operating in Discontinuous Conduction Mode . 

In this example, the same analytical procedure illustrated in Example 1 
is applied to a different power circuit (boost regulator) operating in a 
different conduction mode (discontinuous), thus helping to demonstrate the 
unified nature of the discrete time-domain analysis. The analysis and the 
significant results are elaborated in Appendix B, which becomes an integral 
part of this report. 

An interesting note concerning the stability result is that one eigenvalue 
is equal to zero for discontinuous-conduction operation. The zero eigenvalue 
indicates that the order of the system is reduced by one, which confirms 
findings elsewhere [5, 6]. The phenomenon can also be explained from a 
circuit viewpoint. The inductor current is always reduced to zero after a 
small perturbation; it therefore, can no longer constitute a state variable 
since its secondary condition is no longer free. 

An audiosusceptibility analysis is also performed in this example. The 
performance is found to be a function of the regulator loading; it improves 
as the load becomes lighter. This phenomenon is quite different from the 
continuous-conduction operation, where the audio performance is essentially 
independent of the load. 

4.4.4 Example 3 - A Buck Regulator Discrete Time-Domain Analysis 

Subprogram Containing Both Continuous and Discontinuous 

Conduction Modes . 

Either through light-load operation or through design intent, the 
discontinuous-conduction is generally an inevitable mode of operation. It 
is thus desirable to have an analytical approach, through which a composite 
computer program can be developed to incorporate both continuous and discontin- 
uous conductions. The objective can be achieved through the afore-described 
discrete time-domain analysis. The objective of this example is to demonstrate 
the practicality and the utility of such a program. 

4.4,4. 1 Continuous Conduction Mode Analysis 

Using the analytical procedure outlined previously, analysis of a con- 
stant-frequency buck regulator operating in continuous conduction is given in 
Appendix C. 


The regulator used for analysis is the sameone shown in Figure 8, 
except that for this example a constant-frequency instead of constant-T 

oil 

duty cycle control is used. The nominal circuit parameters are identical 
to those given in Table 2, With a constant period of 30 microseconds. 

4. 4. 4. 2 Discontinuous Conduction Mode Analysis 

Analysis of discontinuous conduction mode is presented in Appendix D 
for the same circuit operating at lighter load condition. 

4.4.4. 3 A Composite Computer Program 

A computer program, "MBUCK", combining the composite analysis presented 
in Appendices C and D is generated. The complete program listing is given 
in Appendix E. 

For a given line and load condition, the main program first detects the 
inductor-current conduction mode. The appropriate subroutine for the operat 
ing mode is then entered for numerical computations. The following features 
of this program are noted: 

• The program is able to handle automatically the transition 
between the two operating modes due to a large step load 
transients. 

• The program numerically identifies the "jump" phenomenon 
frequently observed in regulator breadboard performance 
when an unstable constant-frequency continuous-conduction 
operation (when duty cycle is above 0.5) suddenly becomes 
stable when a line/load change results in a discontinuous 
conduction. Nuinerically, the phenomenon manifests itself 
by a sudden change of one eigenvalue from |x|>l to x=o. 

§ The audio susceptibility and line transients can also be 
analyzed for both operating modes. 


4. 4. 4. 4 Define Users Interface Requirements 

The philosophy here is to make the program “easy to use" by minimizing 
the necessary knowledge a user needs to know to run the program, and at the 
same time, maintaining the programming flexibility. The user interface is 
therefore the conversational type presented in "Question and "Answer" form. 
A sample of the conversation types is presented here: 


L GET..MBUCK. 

C RUMXj I=MBUCK 
t LGD 

EHTER-STOP'TD DISCONTINUE PF(S» OTHERIaUSE "NO" 
•? N 

DO YOU I•IHNT TO CHRNbE "PfiRRM"? Ci DR N> 

? N 

DO YOU WRNT TO CHRNGE "COMP"? <V OR N> 

N 

DO YOU WRNT hRN,EUST'T' <Y DR N> 

N 

DO YOU WRNT STREILITY RHRLYSIS? <Y DR N> 

? N 

DO YOU MRNT PDDT LOCUS RNRLYSIS? -CY DR N> 

? N 

DO YOU I.•IRN^ RUDIO RNRLYSrS'? vYjN;) 

■ 

DO fOU '..iRNl TPRN-ilENT RNRLYSIS? •;,Yi»N> 


Statement (1) enables the user to continuously perform the analysis of 
the "MBUCK" program. Statement (2) allows a user to Input various circuit 
parameter values or change certain values used in the previous run. The 
user also* has the option to change computational parameters in Statement (3), 
such as certain convergence error or maximum number of iterations to achieve 
a convergent solution. In Statement (4), a user can ask a list of all the 
parameter values entered into or stored in the Statements (2) and (3). State- 
ments (5) through (8) allow a user to access various performance analyses such 
as stability, root-locus, audiosusceptibil ity and transient response. The 
user can respond to these questions simply by typing Y for Yes and N for No. 


( 1 ) 

( 2 ) 

(3) 

(4J 

(5) 

C6-) 

0 } 

( 8 ) 


4.4.5 Summary Remarks on Discrete Time-Doniain Analysis 

The foregoing examples have deomonst rated certain inherent merits and 
limitations concerning the discrete time-domain analysis: 

t For a given design, it provides the most accurate small - 
signal stability analysis through eigenvalue calculations. 

• The root loci of eignevalues as a function of a certain 
control parameter give a vivid account of the dependence 

t Of stability on that parameter, although the numerical para- 
metric display can seldom match the insight gained through 
anaTyticall-6 derived closed-form relationships. 

• By treating the complete regulator as a single entity, it 
is particularly applicable for high-bandwidth multiple- 
loop controlled regulators in which the power stage, the 
analog signal processor,- and the digital signal processor 
are intimately related without distinct functional divisions. 

• It treats both inductor-current conduction modes readily in a 
single analysis program. However, a design change, particu- 
larly a change involving the addition or re-orientation of 

a state variable, would reqire the reform of the entire non- 
linear system formulation. Consequently, it is perhaps best 
suited for regulators where the design has been standardized. 

• It leads directly into a cost-effective discrete-time domain 

simulation, which can handle the stability-in-the-large. 


4.5 IMPULSE-FUNCTION ANALYSIS AND EXAMPLES 

X 

X 

As described previously in Section 4.3.3, impulse-function techniques / 

can be employed to derive accurate models for buck, boost, and buck-boost 
regulator power stages operating in continuous and discontinuous inductor- 
current conductions. In this section, a discontinuous-conduction buck 
regulator power stage is used to demonstrate the methodology of the impulse- 
function analysis, from which the analysis is generalized to include all 
three power stages in both modes of operation. A numerical example is then 
given for a complete regulator including analog- and digital-signal pro- 
cessors as separate entities. Summary remarks are made to conclude the 
section. 

4.5.1 Example 1 - Discontinuous-Conduction Buck Regulator Power Stage 
Modeling Based on Impulse-Function Analysis 

Three circuit topologies are presented in each operating cycle. 

Figure ’9(A) to 9(C) correspond to the , T^^ and interval, respec- 
tively. A duty cycle control signal d(t) and the corresponding input 

j 

v«4ta4?,e to the output filter are shown in Figure 10(A) and 10(B). 

Each Tqj^ is initiated by a constant-frequency clock, and the signal d(t) 
only controls the time interval Note that Vp(t) during is the 

time-dependent output voltage v^, which is not treated as a constant in 
the time-domain analysis. 


The buck regulator power stage has two state variables, i, and v, 

k ^ 
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Equations (82) to (84) are represented by (85) to (87), respectively 
for matrix representation. 


( 83 ) 


1 


0 


(84)' 


i = n X 

X = F2 X 

X = F3 X + G3 Ej 

where , FI ■ F3 4 F 


(85) 

( 86 ) 
(87) 
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Figure 10 Duty Cycle Signal and Voltage Applied to Output Filter 


Consider the small signal behavior of the converter about its equilib- 
rium state is the same as a linear system. When the converter is subjected 
to a small disturbance, the duty cycle signal d{t) is modified as d(t)+Ad(t) 
shown In Figure 5. Such a perturbed duty cycle signal can be idealized as a 
impulse train when the perturbation is sufficiently small. Since the small 
signal behavior of the converter is considered linear, the discrete impulse 
response of the linear system is equivalent to that of the continuous system. 

The discrete-time-domain model for the power stage can be derived if the 

1 / 

state of the system subjected to a small perturbation at the end of can be 

computed after n cycles of propagation. This concept can be elaborated by 
the state trajectories, shown in Figure 6. The superscripts "o" and 
represent the steady state and the perturbed state, respectively. For a small 
disturbance at tj^, the perturbed state after one cycle of propagation is 
represented as )^(t||^l). 

The first step toward developing the discrete-time-domain model is to 

find: 


dtj 


^ g(-) 


( 88 ) 


To do so, the solution of the pi ecewise-1 inear system equations (85) to (87) 
are given as the following: 


xnt“i) = 

.ut“, - 

tjj) X*(t*,^) 

(89) 

X*(t^2) = 

ml, - 

tji) X*(tJi) 

(90) 


ml,) 





} I ^ ' <l>3(-S)dS G3 E. 

(91) 



J 

*k2 



where ti for 1 = 1. 2, 3 are the state transition matrices. Applying 
the chain rule, equation (88) can be written as: 

dX*(t°,l) dX*(t°,i) dX*(t°2) (32) 

i\ " dX*(t°2) dX*(<i) 

Equation (92) can be computed by performing each individual differentiation. 

The result is presented here. 

.3(4) 02(4) [H(F1-F2)X(4) ] 

01(4) ¥i 

The condition which determines the time instant <, is when the inductor current 
X.J reduces to zero, i.e.. 

Cl X(t*i) = 0 


where 


Cl = [1 0] 

The following expression can be simplified. 
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Equation { 93 \ then becomes 


dX*(t° ) 

- - d t* = ) ,2(T° ) 


tl(Tp,) G3Ej 


( 95 ) 


The transition matrices «3(Tg„), tZdpj) and «l(Tp,) are computed 


FI 


Let 


where 


«(Tp) 4 * 3 ( t °^) tzcr^j) 

%^F 2 ■ “(^ 0 N*''' fi ) 


'11 


♦l 2 

*21 

*22 


and 


♦l(T^,) 


= e 


4 e‘® 


^11 

L ^21 




12 


'’22 J 


i>ll <^12' 


P21 


^22 


^12 ^21 

= sin u)Tq|^ sin wT 


FI 


^12 . _n “■*"^50 

" sin u)T° +COS oiT° ) 


a+f 


= “■^N^cosiuTg^) -|1 sin 0 , 1 °^ 

« ( 


(96) 


sin «.Tg^+cosu,Tg^){-^ sin u.T°,+cos .«T° ) 


'ON- 


■^0 

^22 + a(TQ,^+Tp^ )/Tp 


The eigenvalues of the matrix shown in (96) are computed 


^1,2 “ * 2 ~ j^'l>ii'i>22"'^12‘^2l’^‘^ll'^‘**22^^^^ 

However, due to the nature of the problem 

'^ll'^22“‘^12‘^21 “ ° 

Therefore, 

^1 2 ” ” (*1*1 1 '*’4>22 ^ 


( 97 ) 


This is a very Interesting finding.,, It says that the power stage in 
discontinuous operation behaves as a first order system even though there 
exists two energy storage elements. 


The perturbed state after n cycles of propagation can be expressed as 


dX*(t°,„) _ dX*(tg,„) 








(98) 


Since: 




dX*(t|^|i_,) “ »2(Tp2) 




Employing (95) and (99) , equation (98) can be reduced to: 


(99) 


dX*(t°^ ) 

- ' k+n' _ wt \n « c 

dt* - S Ej 


( 100 ) 


It can be shown that: 
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Since 


V = C X 
0 - 


where 


C 4 ^12^ 


«s\ 


Rs+Rl 


(102) 


The impulse response of the linearized discrete system can be 
represented by 


g(nTp) 4 
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= C «(Tp)'’ Gj E, 


. ‘'11*11*‘'12*21 ^1 ^[-a+ Y ^n(t,,+t-„)]nTo (103) 
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In order to approximate the above discrete linear system by a continuous 
linear system one can substitute t = nT into (103). 

*11 ■^'*’22 *-0 ^ 
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Taking Laplace Transformation of the linear system (104), the fre- 
quency-domain transfer function becomes: 

Sp'5) = TfHw^ ' 

where 6 and a' functions of the switching frequency, the steady state 
T°n and Tp^ the input voltage, and practically all power-stage circuit 
parameters. Despite the physical presence of both L and C, the power 
stage behaves as a single-order system, with varying gain and phase. 

4.5.2 Impulse-Function Analysis Extended to Other Power Stages With 
Continuous and Discontinuous Conduction Modes 

The analysis outlined in the previous section is extended to include 
the three most-commonly used converter power stages: the buck, the boost, 

and the buck-boost, operating with either continuous or discontinuous con- 
duction. The duty-cycle-to-output-voltage discrete time domain models are 
then transformed into frequency-domain transfer functions representing the 
small-signal low-frequency characteristics of the regulators. The analy- 
tical details of this effort is presented in Appendix F. Conclusions of 
the significant importance include the following: 

t All three regulator power stages behave as first-order systems 
in discontinuous conduction, as contrary to second-order system 
in condinuous conduction. The transition between the two oper- 
ating modes is abrupt. 

• In discontinuous conduction, the gain and the corner frequency 
are both functions of the input voltage, the load, all power 
stage parameters, the switching frequency, and the on-off time 
intervals. In continuous conduction, however, the gain is only 
related to the input voltage and the duty cycle, and the corner 
frequency is dominated by the duty cycle and the output filter. 


f The continuous-conduction boost and buck-boost regulators have 
only one conditional zero in the right half plane, which is 
a function of the switching period. This is different from 
results previously obtained through "circuit averaging" [7], 
where each of the two regulators has a positive zero that is 
independent of the switching period. 

• The gain and phase of the power-stage transfer function differ 
significantly from those obtained through the "averaging" model. 
Experimental data are closer to the impulse-function analytical 
result than the "averaging" counterpart. 

4.5.3 Example of a Complete Buck Regulator Analysis 


A buck regulator, shown in Figure 11, is designed to operate in 
the continuous conduction under normal -to-heavy load and in the dis- 
continuous conduction under light load. The regulator output is com- 
pared with a reference voltage Ej^, the error signal is then sent through 
a lead-lag compensation network and an amplifier, both represented by 
G^. The frequency domain model of the converter is shown in Figure 12, 

The transfer function G thus represents that of the analog signal 
processor, its characteristic is: 



193.3 


(l+jf/20)(l+jf/1225) 

{l+jf/0.3)(l+jf/3263) 


(no) 


The digital signal processor, as illustrated in Figure 13, compares the 
error signal Vg(t) with a fixed ramp A(t), where 

A(t) = A^(t-nT^), nT^ £ t £ (n+l)T^ (111) 

4 

where A^ = 6.25 x 10 volts per second is the slope of the ramp. The 
output of the digital signal processor is a unity pulse train, with its 
pulse duration governed by 

d(t) = 1 if A(t)<Vg(t) 

= 0 . if A(t) ^ Vg(t) 

The digital signal processor has been characterized by the describing 








function in Reference [7], and is found to be; 

^ ( 112 ) 

Due to the circuit implementation, there is a delay from the signal 
d(t) to the power switch. For convenience, this delay is included 
as part of the digital -signal -processor characteristic. The transfer 
function of the entire digital signal processor is therefore repre- 
sented as 


= J_ pjWTd 




(113) 


The power stage transfer function for a continuous-conduction 
buck regulator has been derived in Appendix E as: 

1 + T S 

Gd(s) = E, — ® 
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where 


T- = Rj-C 

a So 
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The power stage transfer function for a discontinuous-conduction buck 
regulator has been derived previously in equation (109). 

The combination of equations (109), (110), and (113) thus protrays 
the entire regulator in discontinuous-conduction operation, while that 

of (114), (110), and (113) protrays the same regulator in continuous- 
conduction. 


The circuit parameters for the power stage are: L = ImH, 

0 

= 455yF, = 0.034 ohms, = 50ys, Ej = 40V. The time delay 

Tj is 8ys. The load resistance is taken as 6.7 ohms and 150 ohms for 
the continuous- and discontinuous-conduction, respectively. 

Figure 14 shows the Bode plot of the regulator in continuous- 
conduction. The second-order effect of the output filter is apparent. 
Excellent agreements exist between analytical and experimental results. 

Figure 15 shows the Bode plot of the regulator in discontinuous- 
conduction, from which the first-order effect of the output filter is 
verified. The first-order corner frequency is a function of all power- 
stage parameters, the load, and the T^^ and Tp.j intervals. The ESR of 
capacitor C^, is noted here for its significant effect on determining 
the low-frequency corner (< lOHz) of the first-order system. This is 
in contrast to the second-order system in continuous-conduction oper- 
ation, where the effect of ESR only becomes significant in high-frequency 
range (> 5kHz). 

Also observed in Figure 15 is the fact that the phase lag is at 
most 90° and the corner frequency is usually low. Therefore, only a 
gain compensation of the error amplifier is needed to improve the trans- 
ient response for the inherently-stable system. 

Furthermore, the analysis has predicted an abrupt reduction of system 
order when the inductor-current conduction emerges from continuous to 
discontinuous. This prediction was verified by measuring the open-loop 
crossover frequency of the regulator with a gradually diminishing load. 

As shown in Table 3, the crossover frequency remains essentially un- 
changed as long as continuous conduction is maintained. When the load 
is reduced to about 90 to 100 ohms, the regulator begins to operate in 
between the two conduction modes affected by the disturbance of the small 
signals injected for measurement purpose. A very significant reduction 
of the crossover frequency can be seen when the load is between 90 and 
100 ohms. Further decrease in load only results in a gradual reduction 
of the crossover frequency. 







Table 3 


Open-Loop Crossover Frequency as a Function of Load Resistance 


Load Resistance 
(Ohms) 

10-70 

80 

90 

100 

110 

120 

130 

Crossover 

Frequency 

(Hz) 

1650 

1600 

1450 

450 

250 

215 

205 


4.5.4 Summary Remarks on Impulse Function Analysis 

The foregoing presentation and example have demonstrated the follow- 
ing points regarding the impulse-function analysis: 

(1) The power-stage closed-form representations suitable for frequency- 
domain stability analysis are obtained from very complicated model- 
ing; the simplifying assumption of a much slower system response in 
relation to the sampling rate is being applied only at the last step 
of derivation. 

(2) Starting with a highly complex mathematical manipulation without ' 
approximation, the derivation does not include the input filter due 
to the formidable analytical task involved. Its utility to analyz- 
ing the stability of a practical regulator with input filter is 
therefore inhibited. 

(3) The impulse-function formulation for duty-cycle perturbation cannot 
be followed for the small -signal perturbation in the input line. 
There is thus no input-to-output transfer function for the line 
disturbance. 
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4.6 AVERAGE TIME DOMAIN ANALYSIS AND EXAMPLES 

As stated in Section 4.3.4, the objective of averaging is to make a con- 
tinuous model out of the piecewise-1 inear discrete system. Through the approxi- 
mation of the matrix e^^ = I + At+«“ by its first-order linear term, linear 
system representation shown in equations (4l) to (43) are obtained at the outset 
of the analysis. The basic feature of a switching regulator, that the output 
ripple is always negligibly small compared to the dc average output, is there- 
fore: properly utilized at the beginning for reducing the complexity in the 
power^stage analysis. Due to this simplification, the standard perturbation 
processes are applicable to both the duty-cycle control signal and the line 
input signal, thus enabling the derivation of the dual -input transfer function 
for the power stage. The culmination of this derivation is an equivalent 
linear circuit valid for small -signal line and control variations superimposed 
upon a dc operating point. The equivalent circuit is a canonical model con- 
taining the essential properties of any given switching regulator. 

The average time-domain analysis is developed at CalTech, which represents 
the university part of the MAPPS joint industry-university team. Details of 
the analysis and the significant results are presented in NASA CR-135174, which 
is a separate but companion volume to this report, NASA CR-135173. No elab- 
oration about the method itself is therefore needed here. Instead, certain 
application aspects of the average time domain analysis are addressed. 

Starting with the control -block formation of the dual -input transfer function, 
its application to a single-loop controlled buck regulator is given as an 
example. 

4.6.1 Power Stage Dual -Input Transfer Function 

The power stage transfer function, including an input filter, will be 
analyzed by using a dual -input describing function based on the averaging 
technique presented previously. The dual inputs presented to the power stage 
are two external forcing functions: the source voltage and the duty-cycle 
control signal d(t) derived from the digital signal processors. 


The canonical power-stage model for the buck, the boost, and the buck- 
boost regulators, as originally derived in Reference 8 for continuous con- 
duction mode (See Appendix I), is reproduced in Figure 10 for convenience. 
Let 


Hp = forward gain of the input filter from its input to output, 
Zp = output impedance of the input filter. 


The canonical model including the input filter can be developed through 
the self-explanatory sequence depicted in Figure 17(A) to (C). Notice the 

A. A 

duty-cycle perturbation d and the input-line perturbation Vg are properly 
separated in Figure 17 (C), in which: 



for buck and boost regulators 


and 


Z = (Nj/Np)% 

H - (VNp)'^V 


For two-winding buck-boost regulator with primary 
winding Np and secondary winding N^. 


From Figure 17 (C), the canonical dual -input transfer function model for all 
three regulator power stages in continuous-conduction mode can be obtained, and 
was presented previously as Figure 7. In the following examples, this model 
is used for the stability analysis of a single-loop controlled buck regulator. 


4 , 6 .2 Single-Loop Controlled Buck Regulator Stability Analysis 

The buck regulator used previously in Section 4.5.3 to demonstrate the 
impulse function analysis is again used here, with the exception that a two- 
stage input filter is added. The control blocks of the regulator is shown 
in Figure 18. The dual-input describing-function representation of the regu- 
lator is given in Figure 19(A). Based on this diagram, the open-loop transfer 
function of the regulator can be calculated as: 

G(s) = FpG^G^Gjj (115) 

The calculated result is given in Figure 19(B). The accuracy of the model 
is supported by measurement correlations, also shown in Figure 19(B). 
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Canonical Circuit Models for Three 
Basic Power Stages 
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Figure Single-Loop Controlled Buck Regulator with an Input Filter 
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Figure 19(A) Dual-Input Describing Function Representation of the Regulator 











4.6.3 Discontinuous Conduction Operation 

The state-space and circuit averaging methods presented for the continuous- 
conduction case can be modified to account for the discontinuous operation. The 
differences are not only that) now there are three different configurations 
within each switching period, but also that instantaneous inductor current is 
restricted in its behavior. As shown in Figure 2(B), it starts at zero at 
the beginning of the switching period, and falls to zero again sometime before 
the period has expired. 

Like the continuous conduction, the culmination of the discontinuous- 
conduction modeling is again a canonical circuit model for three basic power 
stages, whose fixed topology is of course different. Modeling details and 
significant results are provided by Reference [9] . which is included in this 
report as Appendix J. As in the continuous conduction case, the work has 
been performed by CalTech. 

Using a slightly-modified block-diagram format in relation to that given 
in Reference [9] , the dual -input transfer functions for basic power stages 
operating in discontinuous conduction are given in Figure 20. In conjunction 
with its continuous-conduction counterpart shown previously in Figure 7, they 
provide powerful tools for conducting regulator analysis for most-commonly 
used power stages Ir^cluding line-disturbance propagations and input-filter 
effects on the regulator loop performances. 
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Figure 20 Dual Input Transfer Function 

for Discontinuous Conduction Operation 














4.6.4 Surnnary Remarks on the Average Time-Domain Analysis 
Several observations can be made from this example; 


(1) From Figure 19, the audiosusceptibility performance can be 


derived as: 


(116) 


g 



Calculated audiosusceptibility based on equation (116) was found to be in 
very good agreement with the corresponding measurement. 


(2) For the buck regulator, the block Fp in Figure 19 can be shown to be: 



= I„D { -Z, 



(117) 


A necessary condition to avoid system instability due to the input-filter 
interaction is to maintain Fp positive. In other words, the output impe- 
dance of the input filter, Zp, should always be smaller than the small -signal 
negative impedance, (Vj/I^D), of the regulator. 

(3) The duty-cycly D is present in blocks Fp,Fp, and Fj. Consequently, 
the corner frequency and the damping exhibited by the Bode plot should be 
affected the line input voltage that determines D for a regulated output 
voltage. This observation was verified both analytically as experimentally. 

(4) Different input-and output-filter configurations, including multiple 
regulator outputs each with its own complex output filter, can be easily in- 
corporated into the dual input block diagram of Figure 19. While the example 
deals with continuous-conduction only, the canonical dual -input transfer fun- 
ction model can be extended to the discontinuous-conduction as well. 

The model is therefore a powerful tool for conducting the control -dependent 
performance analysis of all switching-regulators. 


4.7. DISCRETE TIME DOMAIN SIMULATION AND EXAMPLES 

Since the small -signal analytical techniques previously described are 
no longer applicable for large-signal analysis, and yet the large-signal 
performance is often a vital part of the hardware design requirement, the 
significance of the discrete time domain simulation becomes self-evident. 

The most-often encountered simulation effort involves step line 
transient, step load transient, and regulator/converter starting. Speci- 
fically, large-signal simulation applies when one of the following conditions 
arises: 

t The large input-filter oscillation as a result of large step line 
or load change would cause a slowly- varying voltage at the input of 
the power stage. The consequent slow-varying duty cycle controlled 
by the loop to maintain output-voltage regulation requires the 
large signal analysis. 

• Large step line/load changes may result in two differenct inductor- 
current conduction modes for the pre- and post-transient steady state. 

• During converter starting and sudden output fault, the protection 
circuit becomes effective and the operation amplifier experiences 
saturation. 

Two simulation examples, all based on the propagation through exact 
discrete time-domain system representations presented previously in equations 
(1) to (18), are given to illustrate the particular simulation approach 
undertaken in the MAPPS program. The first example simulate a buck-regu’lator 
transient response du'e to a step line change. The objective here is to show 
that for certain low-order regulator systems, the state transition matrix 
$ (T) and the input matrix D (T) may be derived in closed-form, thus greatly 
improving the cost-effectiveness of the computer simulation. The second ex- 
ample simulate the start-up of a boost regulator, during which power-transistor 
peak-current limiting and operational -amplifier saturation are inevitably 
encountered. 


4.7.1. Example 1 , Step line-change Response of a Buck Regulator 

The continuous-conduction buck regulator circuit to be simulated has been 
given in Figure 8. The duty-cycle control is assumed to be constant - Tq^^. 

The state vector .the input vector U^, the F and 6 matrices, and matrices 
<!> (T) and the D (T), have all been identified previously in Section 4.4 as 
Equations (59) to (68). The analytical determination of the $ and D matrices 
is achieved th.rough the application of the Cayley-Hamil ton theorem. [27] 

Details of/the derivation can be found at the end of Appendix A. 

Note that with T = Constant in $ (T) and D (T), $ (T) and D (T) become 
constant matrices which need be computed only once. This can be done tor 
the regulator "on" period with T = (or integer submultiples of T^^ 
if data points in-between are desired). Defining 

^ ' Constant, 

D (Tqn) = Constant 
equation (68) becomes 

X (t^ . Ton) = *N " '’n ^ 

Off time Tqpp is generally not constant, being a variable determined by 
the control -signal error. Using the closed-form expressions for $ (T) and 
D (T), Tgpp can be solved for implicity or by linearization about a nominal 
value. If the nominal value of Tgpp is denoted by 

Tgpp = nominal Tgpp 

then, just as before, one can define and precompute the constant matrices 

$ (Tgpp) = $p = constant, D (Tgpp) = Dp = constant 

which may then be used in equation (68) for partial state propagation during 
the "off" period. The application of these observations wil I speed up digital 
computation considerably. The time step T can be specified as a fraction 
(including unity) of the constant Tgj^ and the nominal Tgpp periods. 


(118) 

(119) 


Thus, using the closed-fonn solution of ♦ and D, the three system states 

e , i, and e , can be propagated by constant stats transition matrices until 
0 c 

either the fixed, known Tqj^^ has elapsed, or, with the switch off, until the 
unknown iQpp has been transgressed. In the latter case, after exceeding the 
specified threshold, iterative linearization on the propagation time T, which 
appears as a parameter in the expression for the closed-form solution, is used 
to determine the exact time when e has reached the threshold. 

A flow chart of the simulation program is given in Appendix H. The 
program, written in FORTRAN IV, was exercised with several runs, one of which 
is included here as Figure 21. The figure illustrates the output-vol tage 
response to a step voltage change at the regulator input from 30V to 40V for 
a load resistance of 10 ohms. The simulated response was found in excellent 
agreement with laboratory test data. The simulated run time is 3.5 milliseconds, 
and the number of data points per each switched period is five (5). The central 
processor time used for this simulation is only 17.9 seconds, which vividly 
demonstrates the cost-effectiveness rendered by the use of closed-form solu- 
tions. For most runs, the cost of plotting exceeds the central processor cost 
of running the simulation. A rule of thumb is that most runs, inclusive 
plotting and time-share terminal usage, will cost about $1.50 per run. 

4.7.2 Example 2 Start-up Transient of a Boost Regulator 

A boost regulator with input voltage Ej and load Rj^ is shown in Figure 22. 
Two switches, SI and S2, represent the power transistor and power diode, re- 
spectively. The state variables of the system are: 

v^ = voltage across output capacitor C^. 

i = current through energy-storage inductor L^. 

= voltage at the junction of compensation network R5-C2 

6q = the integrator-amplifier output voltage. 










Three possible modes of operation are illustrated in Figure 23. They are: 


(1) The power transistor is ON, and the diode is OFF. This interval 
has been designated previously as Tg^^. 

(2) The power transistor is OFF, and the diode is ON. This interval 
has been designated as Tp.j. 


(3) Both the transistor and the diode are OFF. This interval has been 
designated as Tpg. 

The continuous-conduction case includes only the first two operating modes, 
while the discontinuous-conduction includes all three modes. The system in 
this example is designed to operate in discontinuous conduction during steady 
state. However, during transients excursions into the continuous conduction 
are possible. Each of these intervals admits the following closed-form 
solutions: 


X (t!f) = X (t^+Tlf) = $^(t![) X (t,^) + D^(T!f) U (121) 
X (t^) = X it^ + T^) = $ 2 (^ 2 ) X (t^) + D2(T^) U (122) 
X (Vi) = X (t^ + T^) = $3(T^) X (t^) + D3(T^) U (123) 


where 4> afid D have been identified in equation (67), and the various time 

intervals and time instances are defined in Figure 23. The time interval T^ 

is a function of the system state X (t. ), the threshold condition, or the peak 

current limiter. The time interval T, is a function of the system state 
|> ^ 

X (ti), the inductor current, or the period Tr, of regulator switching. The 

— I I, " k k\ 

time interval T 3 is the difference between Tp and (T-j + T 2 ). Details con-r 

cerning tha $ and D matrices in Equations (121) to (123) are presented in 

Appendix S. 
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Figure 23 Possible Modes of Boost Regulator Operation 
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Digital simulation of the regulator is based on equations (121) to (123). 
The step T in each computation is specified as a fraction of the steady-state 
values of the corresponding time intervals T., i = 1,2,3. Thus, using the 
closed-form solutions, the system state can be propagated by $ (T) and D^Cr) 
until the time period has elapsed due to one of the aforementioned threshold 
boundries. Subsequently, o^d) and D^(T) are used to continue the propagation 
If the inductor current vanishes prior to the end of one switching period, 

^ 3 ( 1 ) and 03 ^) are invoked until the end of the clock period, and the system 
engages in discontinuous-conduction operation. However, if the switching 
period elapses before a zero inductor current is reached, continuous-conduction 
prevails, and <i> 3 (T) and 03 ( 1 ) will not be introduced. 

The flow chart and the computer program are not included here for concise- 
ness. The program was exercised with several runs. Two runs, one for step 

load transient response, the other for regulator command-on start up, are 
presented here. 

Figure 24 illustrates the output-voltage transient during a step change 
of load from 50 ohms to 25 ohms. An undershoot of 0.25V is observed, which 
recovers to its nominal output in about 3 milli-seconds. The response is 
found in good agreement with the test result. 

Figure 25 shows the inductor-current transient during the regulator 
startup. Upon commanded on, the current rises to the pre-set peak current 
^m^t, followed by an off time interval which lasts the rest of the switching 
period. The peak-current limiting operation persists for two more cycles 
.before entering a continuous conduction mode when the rising output voltage 
causes the inductor current to diminish more during T^^ than to rise during 
Tq^. The current eventually reaches the discontinuous conduction as dic- 
tated by the intended steady-state operation. Again, excellent agreement was 
obtained between the simulation and the actual hardware performance. 

Summary Remarks on Time-Domain Simulation 
The utility of time-domain simulation lies in its unique capability to 
handle multiple nonlinearities arising from the propagation of large-signal 
disturbances. While there exist many different topological and/or block- 
oriented simulation approaches, the particular discrete time-domain formulation 
used in the MAPPS program, as illustrated in the examples given, is inherently 
basic to all the seemingly-different simulation programs such as ECAP, SCEPTRE, 
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SPICE, CSMP, etc. Consequently, instead of making the simulation program so 
generalized as to conciliate with the convenience of a great many of perspec- 
tive users, thus making the program inevitably cost ineffective, the particular 
approach used in the MAPPS program and embodied in these examples utilizes 
the inherent piecewise linearity and threshold boundry of a switching regulator, 
and conceives an approach specifically adapted to the cyclic nature of the 
switching regulators. Compared with other more generalized approach, the 
cost-effectiveness of the simulation is improved, often more than an order 
of magnitude. This cost-effectiveness is expected to enhance the utility of 
the simulation, particularly for more complicated, higher-order regulator 
systems. 

Since different regulator circuits have different topologies, duty-cycle 
control laws, and operating constraints during transients, the simulation is 
best suited for, although not limited to, regulator circuits. for which the 
designs'have been fairly well standardized. 


E0UT tl/ElLTSa - 










4.8 SUMMARY^ FUTURE EMPHASIS AND EXPECTATION 

In Section 4, the nonlinearities in the switching regulators were 
identified, from which the various analytical methods based on different 
linearization techniques were advanced. The discussion centers on four 
major analysis/simulation categories: 

• Discrete time domain analysis 

• Impulse function analysis 

• Average time domain analysis 

• Discrete time domain simulation 

Merits and limitations of these approaches were pointed out, and illustrated 
by analysis/simulation examples as practical. 

Being the most accurate method for assessing the small-signal stability, 
emphasis on the discrete time-domain analysis will be continued in the future. 

The intent will be to create three subprograms, one for each of the three 
basic power stages (buck, boost, and buck-boost). Each subprogram will include 
both continuous- and discontinuous-conduction operations as well as the various 
duty-cycle control schemes including constant frequency. The multiple-loop 
control circuit described in certain previous examples will be used in the 
subprogram due to its standardization appeal. In conducting the analysis, 
special attention will be paid to describing clearly the formulation of 
analytical procedure and the details of achieving cost-effective computer 
iteration, so that any user with a proper background can follow the step-by- 
step description, and adapt the analysis to the circuit of his own choice. 

Although minor differences do exist, the impulse-function analysis and 
the average time domain analysis both provide the basic power-stage 
duty-cycle-to-regulator-output transfer function. However, by retaining in the 
analysis the discrete nature of the regulator until essentially the very last 
analytical step, the impulse-function analysis, thus, does not concern itself with 
the small -signal 1 ine-to-output-vol tage perturbation . 

The average time-domain analysis, on the other hand, forsakes the discrete 
nature of the regulator almost at the outset of the analysis, and therefore 
manages to address both the duty-cycle-to-output and line-to-output perturbations. 
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Since the input-fiUer-regulator interaction and the audiosusceptibility 
perforniance are of great significance to regulator designers, future e..- 
phasis is inclined toward the averaging approach. Other incentives for the 
continued pursuit of the average approach include the following: 

• Being essentially a linear circuit analysis, the approach is 
applicable to many designers whose background may not be sufficient 
to perform, or even to comprehend, the more mathematically sophi- 
sticated discrete approach. 

• By treating the complete regulator as a single entity, the discrete 
approach is most suitable to perform an accurate analysis of a re- 
gulator with a standardized power- and control -circuit configuration. 
While standardization is a goal to be diligently pursued by 
government/industrial concerns, the degree to which designs will 

be standardized, and the ultimate standardized configuration, are 
not clear at the present time. For the time being, the average 
time domain analysis can accomodate more readily the numerous 
varieties of analog signal processors than its discrete counterpart. 

. For higher-order regulators (e.g., those with multiple outputs, each 
having complex loadings), the average approach is more cost-effective 
in terms of the required computer time in conducting the control - 
dependent performance analysis. 

The discrete-time domain simulation is a natural product of discrete 
time domain analysis. The analytical involvement is straightforward, and the 
major effort is to implement the computer iteration routine for cost effect- 
iveness. Performance simulation undoubtedly will continue for different 
regulators. However, advancements from modeling as the analysis viewpoint 
will probably be somewhat confined. 


90 


5. CONTROL DESIGN SUBPROGRAM 


In the previous section, various methods of conducting performance 
analysis were discussed. However, one cannot help but to note that, before 
subjecting the design to the analysis, one must have a design first. Pre- 
ferrably, the design should be based on certain well -conceived design guide- 
lines, from which the ensuing design can more or less be expected to achieve 
a given level of control -dependent performances. After all, the primary 
function of a power-processing engineer is to design in accordance with a 
given set of performance requirement, and it will be far more effective if 
the designer can proceed with the design confidently, knowing what performances 
can be expected from the design rather than having to rely on the results of 
the performance analysis to guide major design iterations. Since a regulator’s 
static and dynamic performances are effected primarily by the quality of its 
control circuit, the essence of the Control Design Subprogram is to perform 
an "analytically-based" design that will enable the regulator to meet the 
specified control -dependent performances. 

As stated previously, a regulator control circuit is composed of an 
analog signal processor and a digital signal processor. The digital signal 
processor prescribes the scheme of duty-cycle control of the power switch. 
Different duty-cycle control schemes do provide different regulator performance 
characteristics. However, their impacts are generally not of a major propor- 
tion. Furthermore, the design of digital signal processors is often dictated 
by requirements such as frequency synchronization and EMC considerations, which 
are only remotely related to the feedback control. Consequently, the other 
half of a regulator control circuit, the analog signal processor, invariably 
holds the key in determining the quality of the regulator feedback loop, which 
IS instrumental in determining the regulator external characteristics such as 
stability, audiosusceptibility, output impedance, and step line/load transient 
response. The specific function of the Control Design Subprogram, therefore, 
is to determine the design of the analog signal processor, based on a pre-.-. 
selected amplification and compensation configuration, in order to meet a 
given set of performance requirements. 
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5.1 CONTROL DESIGN APPROACH 

To gain more insight to enhance the initial parameter design, approxi- 
mate design equations and circuit characterizations expressed in closed form 
are obviously preferred even though their accuracy may not match the precise 
numerical calculations performed by a digital computer. The average time- 
domain analysis previously discussed thus becomes the leading candidate on 

which the control design can be based. 

The given power stage is characterized by a continuous small -signal 

average model, taking full advantage of the much lower ouput-filter resonant 
frequency in relation to the converter switching frequency. Describing 
function techniques are used to derive the gain/phase transfer function of 
the digital signal processors. The analog signal processor to be designe 
presents no particular difficulty for analysis, as only linear circuit 
small-signal analysis is involved. 

It should be noted that essentially the same approach is being taken ^ 
in another NASA-sponsored TRW program under Contract NAS3-20102; "Appliretion 
Handbook for a Standardized Control Module for Dc-Dc Converters", in which 
the aforedescribed approach is used to analyze the multiple-loop controlled 
regulators and to conceive design guidelines which enable the user to design 
readily the control parameters in order to meet a given sot of performance 
specifications. In fact, selected outputs of the Application Handbook will 
be integrated into the MAPPS structure as Control Design Subprograms during 
the next program phase. 

5 2 A GENERALIZED CONTROL BLOCK DIAGRAM, SINGLE VS. MULTIPLE-LOOP 

CONTROLLED REGULATORS 

A generalized control block diagram was shown in Figure 1. The three 
basic power stages, the buck, the boost, and the buck boost, can operate in 

either continuous or discontinuous-conduction. 

Depending on the digital -signal processor mechanization, different forms 
of duty-cycle control of the power switch are possible. These forms include 
constant frequency, constant on time, constant off time, bistable trigger, 
and variable frequency based on variable on time and off time. While the 
digital -signal -processor implementations proposed and in use today may appear 
numerous, they can always be reduced into two basic ingrediants: a threshold 
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level and a ramp function. The intersection of these two ingredients 
inmates the switching action of the duty-cycle control. In single-loop 
controlled switching regulators, the ramp or the threshold is derived 
from the output of the analog signal processor, which, in turn, derives 
is input from sensing the regulated quantity at the output of the power 
S age. owever, in certain more recent multiple-loop control developments 

I"'"®"*’''® ^'=>'’^''''■'’9 ^ much-improved stability performance has 

esuited ,n an extra loop sensing an additional state variable associated 
e power stage. In this implementation, the needed ramp is obtained 
ffom^processing a steady-state switching waveform inherent within the output 

Of thl"! processes the amplification and compensation 

of the ana og signal (s) sensed from the power stage. The processor presents 

no particular analytical difficulty, as only linear circuits are involv 

and merely small -Signal analysis is u 

_ y naiysis is intended. However, since it holds the 

ost leverage in determining the control -dependent performances, it naturally 

ecomes the target of the Control Design Subprogram using the a;rage tim 

analog signal processors will be addressed. ^ 

P^'esence of a second-order low-frequency output filter, the 
u 1 iza ion a high-gain and wide-bandwidth amplifier for good static and 
dynamic regulations usually results in an increasing risk of instability 
e the stability can be enhanced through various second-order pole-zero 
cancellation techniques, the cancellation becomes grossly Ineffective in the 
face of cumulative component changes due to tolerances, environments, and 

fund’d loading which is generally not 

flly defined in the regulator development stage, may completely destroy 

the elaborate pole-zero cancellation conceived for a resistive load which is 
often assumed during the regulator development. 

and PPle-zero cancellation eiieffective against component 

n. loading changes, compensation of the second-order filter should ideally 
be achieved adaptively, i.e., any change is met with a corresponding ch I 

in the compensation such that an effective pol^-zero cancellation is al 
matically maintained. Intuitively, such an achievement must involve the 

witrih inductor voltage or capacitor current associated 

e ou put filter. No adaptive compensation of the second-order filter 
is conceivable witbout utilizing its state variables for control purlosl! 
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This sensing, which is additional to the error sensed from the regulated 
quantity, is unique to the multiple-loop control. 

Before presenting examples of single- and multiple-loop analog 
signal processor designs, two clarifications are needed: 

(1) The Control Design Subprogram was not part of the original work 
plan for the MAPPS program. It was added during the course of the 
program amidst a growing inclination, on the part of both TRW and 
NASA, that the MAPPS objective could not be well served with only 
Performance Analysis Subprograms, and that the MAPPS utility 
would be diminished unless some control design subprograms could 
also be included. This inclusion was achieved at no attendant 
cost/schedule adjustment. Consequently, one would view the 
subprograms conceived here only as a prelude to a more intensive 
effort in the future. 

(2) The Control Design Subprogram, for the time being, does not perform 
the optimum control -circuit synthesis. Rather, the intention here 
is to take a fixed analog-signal-processor circuit topology, and 

to perform the detailed design of circuit parameters to meet a given 
set of control -dependent performances. 

Having made these clarifications, two control design examples are provided 
to illustrate the existing effort on the Control Design Subprogram. 


5.3 CONTROL DESIGN FOR A SINGLE-LOOP ANALOG SIGNAL PROCESSOR 

In the regulator shown in Figure 26(A), the buck power stage, the 
digital -signal processor, and the switching frequency are assumed given. 

The objective here is to perform the design for the analog-signal -processor 
block, G to achieve the following regulator control -dependent performances. 

(1) A crossover frequency at about one-tenth of the switching frequency 

(2) A phase margin of deg. at the crossover 

(3) A given dc gain 

The control block diagram of the regulator is shown in Figure 26(B), from 
which the following steps of the analog-signal processor design procedures can 
oe presented. 

5.3.1. step-by-step Design Procedures 

Step 1: Provide Bode plot for the given power stage 

and digital signal processor 

For the given example, the describing funtion of the 
digital signal processor is a constant gain without phase 
delay, and the power stage KpFp, is of second-order. As an 
example, 20 log is shown asymptotically as curve (1) 

in Figure 27. The power-stage transfer function Fp(s) is 
expressed as: 

Fp(s) - (1 + St^)/[ 1 + 5(S/c»„) + (124) 

Here is generally associated with A output capacitors, 
while c and (o)|^/2Tr) are the. damping factor and the natural 
resonant frequency of the output filter. At the intended 
crossover, the phase margin of Kj^KpFp is designated 
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step 2 


Determine the need for a lead network 

From curve (1), the crossover is about IKHz, with very poor 
phase margin. A lead netwrok is therefore needed to raise 
the crossover frequency from IKHz to 0.1 f^ ■ 2KHz, with atten 
ant phase-margin improvement. The lead compensation normally 
has the transfer function of the form: 


Mead lead 

The maximum phase-lead occurs at: 


(125) 


(126) 


and is equal to: 




90°- 2 tan “^(f 3 /f 4 )^'^ 


(127) 


Normally, one should design the maximum lead-phase at the cross 
over frequency. The three unknowns, namely, f 3 »f 4 » and K^gad’ 
should then satisfy the following three equations in order to 
meet the specified phase-margin requirement, at f^,. 


(f3f4)0-5 = O.lf^ 

90 + - 2 tan (f 3 /f 4 )°*^ 1 \ deg. 


(128) 

(129) 


where $ obtained from Step 1. The lead-network dc gain, 
has to Ltisfy the following equation in order to get the desire 
able crossover that has a maximum phase lead: 

'^lead “ "'l- TO I'SiVp ^ 


(130) 


step 3: 


Step 4; 


Step 5 




Check dc gain 

The dc gain of is compared with the given dc gain 

requirement, to see if Kj^Kp^iga^j i 


Determine the need for a lag network 

If the above inequality is not satisfied, a lag network is needed 
to increase the system dc gain. The lag-network transfer function 
normally has the form: 

p = ^ (131) 
^lag ” f-j 1 + jf/fi 

The frequency should be designed sufficiently low so as not to 
increase the system phase lag. A reasonable f 2 would be one tenth 
of the filter natural frequency, fj^ = (a)j^/2iT). 


Once f 2 is -determined, the corner frequency f-| can be derived in 
conjunction of Let 

f2 = 0.1 (1-25^)°-^ 


Vp*^lead 


^V^l^ -'^dc 


(133) 


From (132) and (133), f-, can be determined as: 

f, < f, Vp'^lead 
'dc 

Complete the design of lead-lag compensation network 
Here, 


l+jf/f2 Hjf/f3 
1+jf/f^ ‘ ‘ W7f^ 


where 


f = 0.1 f tan — 


90+4c-'1'x 


(134) 


(135) 


(136) 
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90+*c-4x,-l 


f, = 0.1 f (tan — 


(137) 


Mead = log ^[{0.01 f../f 3 )"l 09 ll^f^*^p^plat 


Step 6: 


fg = 0.1 f,^ (1-25^)°-^ 


<0.1 (Vp'^leacl'^'^dc^ ^ 

" “^lead 


(138) 


(139) 


(140) 


(141) 


Numerical design 

From the known power stage, digital signal processor, and the 
switching frequency, the values for K and f^ to f^ in equation 
(135) can be numerically determined. 


Step 7: Design of network parameters 

Once the transfer function in equation (135) is numerically 
determined, the actual networks to implement the calculated 6^ 
can vary. -Figure 28 shows a fairly-universal lead^lag compen- 
sation network, where Cl and C2 serve as lead and lag capacitor, 
respectively. Since their corner frequencies are widely apart, 
a practical approximation can be made to simplify the network 
synthesis by assuming that the lead capacitor Cl is open in the 
low-frequency range, as that the lag capacitor C2 is short in 
the high frequency range. By so doing, it becomes rather straight- 
forward to relate the design of transfer function to the net- 
work parameters shown in Figure 28. The end result is demonstrated 
in the following subprogram. 


5.3.2 Control Design Subprogram 

In this subprogram. The regulator shown in Figure 26 has the following 
parameters: L = ImH, E. =25 to 50V, C = 455yF, = 20V, \ = 0.068 ohms. 

R = 6.7 ohms, and f = 20KHz. The design requirements are to have a crossover 
frequency of 2KHz, a phase margin of 45 deg., and a room-temperature dc regula- 
tion of 0.1°/^. 
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The design equations and lead-lag synthesis discussed in the previous 
section have been programmed into the control design subprogram. Upon 
logging in, the user will be presented with a summary of all the parameter 
inputs. Upon user's instruction, the subprogram will proceed to perform 
the design analysis, from which the unknowns K-j , ^4 

equation (135) are identified, and the RC networks in the analog-signal 
processor properly designed. To verify that the design indeed meets the 
specified requirements, the user has the option of requesting an analysis of 
the regulator open-loop frequency response based on the finished design. A 
computer printout illustrating these features is given in Figure 29. 

Notice that the computer cost of all the design-synthesis-analysis per- 
formed for this example is only $ .81, a negligible amount when compared to 
hours and perhaps days of engineering time that otherwise may be required to 
accomplish the same. 



Figure 28 A Commonly-Used Lead-Lag Network 
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Figure 29 A Sample Printout of Control Design Subprogram 


5.4 CONTROL DESIGN FOR A MULTIPLE-LOOP ANALOG SIGNAL PROCESSOR 

In this example, a particular multiple-loop analog-signal processor 
feature concerning the adaptive compensation of the output-filter change 
is examined. The most often used frequency-domain representation is 
through Bode plot of the open-loop transfer function, In a conventional 
single-loop system, the transfer function is the same regardless of the 
location at which an analyst chooses to mentally or physically open the 
loop. This 'freedom no longer holds for a multiple-loop controlled system. 
Opening the loop at different locations generally calls for different in- 
terpretation of analytical results. It is entirely possible for a multiple- 
loop design to exhibit essentially a -6db/octave slope when the open-loop 
transfer function is analyzed at a certain location, while concurrently the 
transfer function viewing from another location would suggest a highly- 
oscillatory system. In a multiple-loop design, one must therefore be careful 
in the selection and the interpretation of the loop opening. 

5,4.1 A Multiple-Loop Controlled Buck Regulator 

The buck regulator was shown in Figure 8. Input voltage E^. , power 
switch 0, diode D, inductor L with winding resistance Rj^, capacitor C with 
an equivalent series resistance R^, and load Rq, constitute the basic buck 
regulator. For clarity, no input filter is included in the power stage. 

The reason for choosing the buck regulator is also for clarity. Since the 
primary objective here is to identify the adaptive compensation of the 
analog-signal processor, the buck regulator serves the purpose with the 
least analytical complication, as its equivalent output filter is known to 
be independent of the operating duty cycle. 
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5.4.2 A Multiple-Loop Controlled Buck Regulat or Block Dlagr.?.nL 

From the small-signal viewpoint, the power processor shown in Figure 
.8 can be separated into three parts shown in Figure 30A, B, and C. Start- 
ing at point A of Figure 8 ' and tracing clockwise, the output filter and 
load is illustrated in Figure 30A. Voltages e-^ and 62 represent the 
filter output voltage and the inductor voltage respectively, which are 
source signals for loop I and II. These two voltages are applied to the 
integrator amplifier as depicted in Figure 28B. resulting in an integrator- 
amplifier output voltage e^. A sinusoidal voltage perturbation of unity 
peak amplitude at point B will cause a corresponding pulse tram at 
point A, with identical pluse amplitude and on-time T^, but with 
varying intervals for off-time T^. The pulse train contains a fundamental 
component with peak amplitude K and with a frequency identical to that 
of the sinusoidal perturbation. The factor Kp is defined as the gam from 
B to A clockwise. The graphical representation of the aforedescnbed 
mechanism is shown in Figure 30C. 

In Figure 30A, it can be shown that, 


Fi(s) 


_ ^ 
' ^A 


(i 




1^1^ R+R ~ 


(142) 


F,(s) 


SNL [1+SC (R+R^)] 


(Rl-R) H ^ [(Rl-R,- 1^) 4] -S^LC (^) 

\ L 


(143) 


by: 


In Figure 30B, output e^ of the integrator is related to e^ and 62 


qe, -e -e„ ®l“®q"®r , ^2 ®g ^r ^ ^ 

sc, (e^-e^V ^ 


(144) 


Also, On is related to e by amplifier gain K, 




(146) 
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Combining (144) and (145) to eliminate e^, one has 
SC^ q e. , SC 


®1 ^l+SC^Rg ^ ^ R 4 ' ^ 




1 l+SC^Rg R4 


"b CkRj + + V-^ 


046) 


Let Fg^, Fg^ , and Fg^ to represent 3eg/3e^, 3eg/3e^, and seg/Se^r respec- 
tively, 


Br 


1 ^^2 1 
0“ + SC, + ' ■ cr b ~~ ^ 

R3 1 1 

^ ^ __ 


047) 


B1 




B2 


HSCjRj R3 

+ ^ + 
R4 

SCg 

g 

j. 

l+SC^Rg 

^3 

SC2 ^ 1 

+ L- + 

l+SC2Rg R3 

«4 


1 

R4 

-( 



048) 


(149) 
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Having identified the contribution of e-| , e^j and e^ to eg, the power pro- 
cessor control can be represented by the block diagram shown in Figure 28D. 
The five frequency-dependent blocks F^ , Fg-j, Fg2> and Fg^, are expressed 
in (142), (143), (147), (148), and (149). The block Kp relates the inte- 
grator output to the voltage pulse train at the input of output filter, 
i.e., the pulses across free-wheeling diode D in Figure 30. The content of 
Kp will be analyzed in Appendix K. 
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rt. * 


Reference [n] identified point (3) in Fig. 300 as the proper breaking 
point for stability study, then, upon making the following reasonable 
assumptions 


K > > 1 

(1 + K) > > C 2 
R > > 

R > > 


ami substituting ( 142 ), ( 143 ), (148), and (149) into (147), one obtains: 


( -KgR,\ . R 

R^){(HSR^C)[HSC2{R5t_)] . S(HSCR)(ltSC2R5) 

^ (150) 

{l+S[(R^tR^)C t + s\c}(l+SC2R5)(lts ) 


Equation(150) can reveal the autocompensation of the 
if for the time being one regards C 2 as negligibly small, 
(150) is reduced to: 

KgR^ 

-1 ' ^ 

''4'- 


de^ 

de^ 


R 3 +R 4 




5 NR 3 LC 


gR/ 




{1 t S[(R^+R|_) C + ^] t S^LC) (1 + 


LC parameters 
Then, equation 


0511 


One can note from equation (151 ) that if the factor (NR^/gR.) is designed 
so that 

NR 3 

052) 

then, equation (151 j is further simplified to 


KgR, 


de^ 

d^ 


R 3 +R 4 


[ 1 + s (R C + t) + s^LC ] 


KC ’ 

{1 ts [(R^aR^) CtL j.s^Lc} 


(.153) 
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From equation (153), the adaptive compensation of LC becomes clear, as 
both the numerator and denominator contain the s\c term. Both L and C can 
therefore vary extensively without materially effecting the open-loop trans- 
fer function. Consequently, in most designs where a unity (NR,/GR.) is 
observed, the (dcg/de^) from A to B clockwise consists ideally a gain of 
KGR^/(R 3 +R^) and a first-order corner frequency (R 3 +R 4 )/ 27 tKC,R 3 R. . 

It IS also noted that equation (153) only represents the transfer function 
from point A clockwise to point B. To complete the loop, the characteristics 
Kp from B clockwise to A must be derived. 

The discussion thus comples the stability aspect of the particular 
multiple-loop control with emphasis on the adaptive compensation of the 
output-filter parameters. The contribution of the additional ac loop is 
apparent from equation (151). if one diminishes its effect by letting N ap- 
It 1s also noted that equation (153) is based on an assumption of a 
negligibly small C2 i„ equation (150). In reality, C2 is not negligibly small 
and It tends to detract somewhat the control from achieving the intehded adap-’ 

ive compensation. For a more detailed discussion, the reader is referred to 
reference [11]. 

and ‘'-pl'-loop Concept and its design, analysis, 

ica ion are currently the subjects of another NASA program, NAS3-20102 
This example, therefore, only attempts to show one particular aspect of its 
control -related design. Upon completing NAS3-20I02, the results obtained 

therein will be incorporated into the MAPPS as Control Design Subprogram for 
the multiple-loop control. 


5.5 FUTURE EMPHASES 


Future emphases on the Control Design Subprograms are expected to 
include the following: 

t To treat all three basic power stages including the input filter, 
and to integrate the given power stage and digital signal processor 
with certain commonly-used single-loop analog-signal processor imple 
mentations, an example of which was given in Section 5.3. 

t To include other small-signal control -dependent performance 
requirements such as sudiosusceptibility. 

• To incorporate the work performed under NAS3-20102 for the afore- ' 
mentioned multi pie- loop control into the MAPPS system. 
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6. DESIGN OPTIMIZATION SUBPROGRAMS 


The design of a regulator converter generally involves four ingredients, 

shown in Figure 31(A). First, a set of performance requirements , r=(r^ r^), 

is given to guide the design. Second, there are design constants , k=(l<i...k^), 
which are known to a designer either through manufacturer specifications, 
common sense, or designer's own experience. The objective of the design is 
to identify numerically all the design variables x=(x.j . . .x^) , which are the 
unknowns prior to the initiation of the design. Performance requirements, 
design constants, and design variables, are related together through design 
constraints g-(x,k,r)=0. The constraints include analytical and/or empirical 

J 

relations that must be satisfied compositely by the other three aforementioned 
ingredients. 

A common characteristic of the regulator-converter design is that the 
number of design variables (x-j...x^) exceeds that of the constraints 
g.(x,k,r)=0. Consequently, there exists infinite sets of x,...x ) to satisfy 

vJ III 

g.=0, due to the inequality n>j. The fact that there usually exists multiple 

vl 

regulator-converter design alternatives all satisfying the same set o' per- 
formance requirements only serves to underscore the projection of such in 
inequality. 

Design optimization is illustrated in Figure 31(B). Comparing with 
Figure 31(A), an optimization criterion as a function of design variable x's 
and design constants k's is added to the entire design process. The essence 
of the design optimization, therefore, is to pinpoint a set of design vari- 
ables to ' meet all constraints g.=0 and requirements r, and concurrently, 

sj 

optimizes a certain converter characteristic, f(x,k), deemed particularly 
desirable. The characteristic can be the converter weight, loss, or any 
other physically realizable entity associated with a converter. 

In this section, a general design optimization methodology is outlined, 
and a practical design optimization approach is adopted. The approach is 
implemented through techniques involving the Lagrange Multipliers and the 
Nonlinear Programming, each supplemented by practical optimization appli- 
cations. Improvements needed to further the course of design optimization 
are also related. 

6.1 STATE-OF-THE-ART DESIGN APPROACH 

Before venturing into more detailed design optimization aspects it is 
perhaps worthwhile to review the satate-of-the-art in power converter design. 

It contains the following major sequences: 



o 

D • 


n > j. 



Infinite sets of (Xp ... x^) to satisfy g.=0 


Figure 31(A) Design Ingredients 




Design Optimization Objective: To pinpoint the single set of 

(Xp . . x^) that satisfies gj=0, and 

optimizes f(x,k)o 


Figure 31(B) Design Optimization Ingredients 




1) The designer obtains all specified converter requirements 
prescribed by someone presumably knowledgeable. Based on the 
nature of these requirements, the the designer selects a basic 
p owe r- ci rc u i t co n f i g ur a t i on . 

Buck 

Boost 

Buck Boost 
Serie, Inverter 
Parallel Inverter, etc. 

2) The designers previous experience and occasionally a given specified 
performance requirement are called upon to elect from the control - 
circuit configurations that include: 

Constant frequency, variable on/off time 
Constant on time, variable off time 
Constant off time, variable on time 
Constant hysteresis, bang-bang control 
Variable frequency, variable on/off time 

3) The designer then starts the power-circuit design by empirically 

or intuitively picking a power- converter switching frequency. Along 
wth the ^qwer-dependent performance requirements listed in Section 1, 
the designer proceeds to obtain semi-conductor choices, input/output 
filter parameters, and design details of transformer and inductors. 

Based on a designer's often-profusely-arbi trary subjective judgement, 
crude weight-loss analysis is made, with occasional feeble attempt 
for piecemeal weight on loss optimization. The same process is 
repeated for different switching frequencies before- completing a 
preliminary power circuit design. Despite the time-consuming iterations, 
optimization of the overall power circuit is seldom achieved. 

4) Due to non-linearities in the power stage and in the digital signal 
processor, the design of the control circuit for a given power circuit 
to meet the control -dependent performance requirements is presently 
beyond the capability of the majority of the converter designers. 
Compliance with requirements is usually achieved by "bench design" of 
breadboard-component parameters, and assured through elaborate testing. 

Against this background, one major thrust of this MAPPS program is in the 

area of control-related modeling, analysis and design, as has been presented in 
sections- 4 and 5. 
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Undoubtedly, these efforts will be advanced in the future to form the 
basis of analytically-based design guidelines which, when complemented with 
standardization of control -dircuit configurations, will culminate in a com- 
plete control -circuit design meeting all performance requirements. For the 
time being, however, the preponderant regulator-converter designs are by no 
means analytically based. 

6.2 A GENERAL DESIGN OPTIMIZATION METHODOLOGY 

Simply stated, the design optimization task is to minimize and objective 
function f(x,k), subjected to design constraints gj{x,k,r) = 0. 

Here, x = (x-ijX^, ...x^)"^ is a n-dimensional vector representing power 
and control circuit parameters to be designed. Examples of x are values of R,L, 
and C, the switching frequency, and the design details of magnetic components 
including core area, mean core length, permeability, wire size, number of turns, 
and turns ratio of multiple-winding magnetics. 

The k's represent various constants related to component characteristics . 
Examples include winding and core densities, winding resistivity, window fill 
factor of the core, winding pitch factor (i.e., the ratio of the mean length 
of one-turn winding to the core circumference), transistor and diode conduction 
and switching characteristics, core-loss parameters, intended maximum operating 
flux density of given magnetics, and ESR as well as energy-storage characteris- 
tics of filter capacitors. 

The r's are performance requirements to be met by the optimum design. 
Power-dependent requirements include input/output voltages, output power, 
maximum weight, minimum efficiency, source EMI, and maximum output ripple. 
Control -dependent requirements include regulator stability, minimum audio- 
susceptibility rejection, and maximum output impedance. 

The function f(x,k) represents the converter optimization criterion. 
Examples include the total weight, the total loss, the figure of merit of a 
specific design, a particular control -oriented performance, or any selected 
design quantity such as rel iability and cost. The criterion generally can be 
expressed as a function of the x's and the k's. 

Equations g-(x,k,r) = 0 represent a total of "j" constraints. Examples 
of these equations include the relationship of an efficiency requirement to the 
sum of copper loss, core loss, semiconductor conduction and switching losses, 
and the loss in the capacitor ESR, the relationship of source EMI to the input- 
filter design parameters, the switching frequency, and the input/output voltage 
and current levels. 


Equations g^. = 0 allow all performance requirements "r" and all 
component constants "k" to be integrated into governing the design of all 
variables "x". Consequentlyj, solutions acquired for equations g^ = 0 to 
minimize the objective function f(x,k) would represent a detailed optimum 
design, down to the component level, in accordance with the performance 
requirements and the optimization criterion specified. 

Thus, a general design optimization methodology is to analytically 
portray gj = 0 for all control -dependent and power-dependent performance 
requirements. In conjunction with the defined optimization criterion 
f(x,k), computer techniques are then applied to seek out the x's that would 
satisfy g^ = 0 and concurrently minimize f(x,k). 

Comparing this methodology to the present state-of-the-art design, the 
following notes can be made: 

1) Both tasks start by obtaining requirements and selecting basic power- 
and control circuit configurations. 

2) The switching frequency, which is fundamental to the power-circuit 
design, is selected in the general optimization methodology consistent 
with the optimization criterion. Unlike the state-of-the-art piece- 
meal design, the methodology acquires all design variables, including 
those prescribing detailed magnetics design, in an inclusive manner. 
Interdependences between various variables in different converter 
functions (e.g., input filter and output filter) are thus inherently 
preserved. 

3) The methodology would eliminate the need for excessive "bench design" 

of control -ci rcuit variables. It will also reduce the role of converter 
testing to that of verification only, rather than its current role of 
being the major vehicle through which compatibility between converter 
requirements and capabilities can be demonstrated. 

6.3 A PRACTICAL DESIGN OPTIMIZATION APPROACH 

While the aforedescribed general methodology represents the ultimate in 
converter design, its actual implementation is presently not without major 
difficulties. To begin with, it is realized that the well -developed computer 
linear programming techniques are inapplicable to converter optimization due to 
the nonlinear nature of the converter problems involved. As a result, the key 
to a successful design optimization of a complicated converter is to secure a 
nonlinear programming algorithm that enables optimum numerical solutions to be 
reached, with fast convergence, from an initial guess of the solutions. 
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Since the effectiveness of any nonlinear programming technique is 
invariably affected by the global and local properties of the multi- 
dimensional design problem, the unfortunate consequence is that there 
IS no uniformly good method on which an algorithm can be based to handle 
optimization problems as complicated as those involved with the design of 
a complete reguUtor-converter. Naturally, the likelihood of securing an 
applicable nonlinear programming routine improves as the number, the non- 
linearity. and the complexity of the nonlinear constraints diminish. 

Some of the most nonlinear and complex constraints are those describing 
the control -dependent performance requirements. Stability, audiosusceptibility, 
and output-impedance characteristics involve all power- and control-circuit 
RLC parameters as well as the converter switching frequency. Furthermore, the 
characteristics themselves are frequency dependent via s-transform or z- 
transform, thus compounding the complexity of the control -dependent performance 
design constraints. Based on experiences gained to date on the application of' 
various nonlinear programming routines, the chance for a successful inclusion of 
all control-dependent performance constraints in an overall power-converter 
design optimization is extremely slim in the foreseeable future. 

To realize a practical approach within the demonstrated capability of non- 
linear programming, one is. for the time being, forced to forsake the control- 
circuits, and to concentrate instead on the design optimization of the converter 
power circuit. The scope of the optimization criteria is reduced to include 

only those related to power-dependent performance characteristics, such as 
weight and losses . 

Admittedly, the practical approach is less meritorious in relation to the 

general methodology. However, its utility is still significant for the following 
reasons: 

• The prevailing trend toward converters designed for higher power 
places increasing emphasis on loss and weight optimizations. 

• Sensitivity to program cost and space/military equipment standardiza- 
tion encourages analysis-based designs to reduce weight, loss, and 
cost penalties resulting from suboptimum designs and developments. 

• For a given power- and control-circuit configuration, converter 
design experience has indicated that, once the power-circuit 
parameters are properly designed, generally it is possible to 
design compatible converter control -circuit parameters to meet 
stability and other control -dependent performance requirements. 


Thus, while the inclusion of control -dependent constraints 
in an overall converter design optimization represents an 
increase in the optimization effort, it is not likely to 
alter the weight-loss optimization results obtained from 
considering power-circuit related constraints alone. The 
results obtained from power-circuit optimization are, 
therefore, both practical and meaningful. 

• Comparing to the number of control -circuit configurations 

proposed and in use to date, there are relatively few commonly- 
used power-circuit configurations. The utility of the power 
circuit design optimization is thus widespread and well-defined. 

Consequently, given the limited nonlinear-programming capability 
currently demonstrable, a practical and useful design optimization approach 
can be formulated, which consists of the following two major steps: 

1) Design the power-circuit parameters to achieve the weight-loss 
optimization of a given power circuit configuration that will 
meet all power-dependent performance requirements . 

2) Based on the power circuit parameters thus obtained, guidelines 
to design detailed control -circuit parameters to meet specified 
control -dependent performance requirements are then used to ful- 
fill the design of a complete power converter. This step does 
not involve the use of a nonlinear programming routine. Design 
guidelines for control -circuit parameters will be conceived 
analytically based on the Control Design Subprogram currently in 
progress, and should become practical in the near future, 

At present, the generation of design guidelines mentioned in step (2) 
appears to be the likely major thrust of near-term power-converter modeling and 
analysis. Undoubtedly, many significant contributions are forthcoming from 
industry/university/government research effort, both here and abroad. The 
emphasis of the design optimization here is placed on step (1). It is hoped 
that the work reported here will provide the needed complement for results 
emerging from the step (2) effort. Together they are expected to shape the 
standardized power-converter design approach in the foreseeable future. 

In the following sections, the methodology implementation of the step (1) 
design optimization is discussed. 
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6.4 IMPLEMENTATION OF DESIGN OPTIMIZATION 

Continued rapid growth by applied optimization as a scientific discipline 
has been fostered by the application of optimization theory and the high-speed 
computer developments. In power converter design, it follows naturally that 
the key in implementing the design optimization rests on the availability 
of suitable mathematical and computer techniques. 

6.4.1 A General Mathematical Approach Based on Lagrange Multiples 

Quite amenable to generalization, optimization theory in terms of 
Lagrange Multipliers [12] provides a practical method in seeking an extremum 
for the objective function f(x, k), subjecting to a total of ''j*' constraints. 

(x,k,r) * 0, X = (XpX 2 — (154) . 

The method forms a function F, where 

F = f + IhjQj (155) 

Here, the h^.'s are Lagrange Multipliers independent of x's. For "F" to have 
an extremum, the requirement^is 

= 0, i = 1,2,— n (156) 

From g^ = 0 and 3F/3X. = 0, a total of (j+n) equations are available to solve n 
variables and "j" Lagrange Multipliers. Applications of this method to simple 
converter optimization problems occasionally yield analytical optimum solutions 
Cl5j, However, when the problem transcends the simple component level , the 
method becomes impractical in yielding the optimum design in closed form. 


6.4.2 Nonlinear Pr ogramming Techniques 

Most larger problems arising from practical power converter applications 

are sufficiently complicated to defy closed-form solutions. To identi y nu- 
merically an optimum design, one has to resort to nonlinear programming 
algorithms to provide fast convergence to opimum solutions from a reasona 
set of input parameters. From the numerous existing methods of nonlinear 
programming, two popular ones were selected to test their 
converter optimization: the method of reduced gredient [14], and the metho 

of penalty functions [13]. The particular codes used to “ 

approaches are, respectively, the Generalized Reduced Gredient (GRE) and the 
Sequential Unconstrained Minimization Technique (SUMT) [13,29]. e e 
iveness of each code depends greatly on the global and local properties o 
the particular multi -dimensional problem to which the method is app le . . 

dependency makes it difficult to compare objectively the general merits o 
different algorithms. Based solely on our application experience to date, 
both codes handle simple-to-moderately-simple optimization problems equally 
well However, the SUMT code seems to have been most effective in ac leving 
convergence for complex and highly nonlinear converter optimization problems. 

At this juncture, a note is in order to clarify the meaning of the 
penalty function. A penalty function is one, which, when added to the 
original objective function f(x,k) to form a penalized objective 
f (x,k), will detract from achieving a minimum objective when an associated 
cSnsiraint within g,(x,k,r)-0 is not satisfied. The particular penalty 
function used in thi SUMT code is the quadratic for of g^, which gives. 


J 9 

f = f + c £ [g J 

P 1 J 


(157) 


Here, c is the weighting coefficient when a minimum of fp is desired. It is 
apparent from this equation that the constrained minimum of f(x,k) subjecte 
to constraints g,=0 is identical to the unconstrained minimum of 
V approaches infinity. The SUMT code thus accomodates the initial c , the 
conditions under which "c" is to be increased, and the criterion of bypassing 
the increasing “c" when the intended minimization has run its course. 
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6.5 APPLICATION EXAMPLES BASED ON THE METHOD OF LAGRANGE MULTIPLIERS 


Inductor Pesi 9 n Optimization 

In this example, a simple inductor design optimization is used to 
illustrate the application of the Lagrange Multipliers. Quite often in 
actual inductor design, the designer wishes to identify a core to achieve 
a certain inductance and to accomodate all windings for which the conductor 
size of each turn has been predetermined empirically or intuitively on a 
circular-mil-per ampere basis. In this case, one is not interested in an 
optimum design strictly from an overall weight-loss viewpoint. All that is 
wanted is the selection of a core that is just right; it is neither too small 
to accomodate physically all the windings nor is it too large to cause an 
excessive surplus in its electromagnetic capability in relation to that 
demanded by the specific inductor application. 

In this example, the following design parameters are needed: 

Known Constants ”k " 

A^: Predetermined cross-sectional area of one-turn conductor 
Saturation flux density of the core 

D^: Conductor Density , 

Iron core density 

F^: Ratio of one-turn conductor average length to core circumference 

proportion of core window actually occupied by the conductor 
when the window is filled. 

Given Requirements "r " 

L: Inductance needed 

Ip: Peak current in the inductor winding 

Unknown Variables "x" 

A: Core sectional area 

N: Number of turns 

Z: Mean length of core 

' p: Permeability of core 


Constraint Equations 



Two constraints are used to formulate the design, 
core flux capability is utilized: 


First, all magnetic 


BjNA-LIp = 0 (158) 

Next, all window area of the core is occupied: 

(NA^/nF^)’^^ - (2/Zn) + (a'/^/2) = 0 (159) 


In deriving (159), a core with a square sectional area A is assumed so that , 
the circumference of the core becomes 4A®’^. 

Objective Function "f(x,k) " 

In this example, one wishes to minimize the inductor weight W, which can 
be expressed as: 


W = f(x,k) = conductor weight + core weight 

= 4F^D A NA^'^ + D.AZ (160) 

Having formulated the problem, it is recalled that the task here is to find 
solutions for the x's so that W of equation (160) is minimized, and concurrently 
equation (158) and (159) are satisfied. 

Substituting x.j for A^*^, Xg for N^’^, and x^ for Z, equations (146) to 
(148) become, respectively, 

Ql(x,k,r)=^B^ X2 Xi “LIp==0 (161) 

g 2 (x,k,r) = (Aj,/hF^)°-^X 2 - (x 3 / 2 n) + (x^/2) =0 (162) 

f(x,k) = 4F^D^A^X2 ^x, + D.x^^X 3 (163) 


064) 


- (x^/ 2 n) + Xj/ 2 ] 

if = ^ - hj/a 

1^ = 8'^c‘>c\''i^ 2 - - h2(fl^/iF|^)05 

9F 2 

8X3 ■ ^1^1 + ^2/211 = 0 


= 0 


0 


(165) 

(166) 
(167) 


it::: r:oT:r: t:T’ .-ve 

u^tor aesign. The relevant ones are: 

0.5 

S 


where 


A = x,^ = (-4-) ( , 

N = = 3 ( ^ jO-® j-1 

c s 

7 V , LIpA -1/2 1/2 

Z - X 3 = (2v1-n) ( ^ ) (s , s 

s^'^W 6 


RF F,,D 

s = ( 1 ^-^) ., 


(168) 

(169) 

(170) 


(171) 

... ri“r.r""“- '“ “ •“ "■*• " ». 

. ■ n./« I !i \ , -'" s'" 

nF|^ ^ ^ S (s +1 ) 

LI A -1/2 

^ S C6F,F, . ^ ,73) 

« “ "' *. «. " ■«. 

in square meter, Z Is in meter W is in m equations, A is 

Turn-«eter. To converter t.e ^er^atiiitv I^sTLT::: 


f- 


is divided by a factor texIO’^ 

VS. the volt-second content 'of tb^lrTir 
equations are perfectly applicahlA t ^ ^foredescribed 

cectangular-ioop core materials Wh ‘i-^nsfonners using 

^O- 072 ) for permeability ;neith 

tangular-BH-loop cores. applicable nor needed for rec- 

To demonstrate the utilitv of fhoc 

starts are assumed for the molypermallov^'^^T^"^’ ^oHowing con- 

ypermalloy-powder-core inductor: 

^vi = 0.4 


2.0 

0.35 Weber/meter^ 


°c ' 8900 kg/i,i8 


°i 


= 7800 kg/„,i 


Using these constants and makino the 
engineering units, then, with L expresseT'''“"' 

-• O^eTt?::,;: ^P ’-n -Peres. 


A 


2.8x10-'* (LipA^) 
1/2 


1/2 


" = ’03 (LIp/A^) 


^ ' 0.18 (to ) 

P 


1/4 


w = 6.1 I, 


-5/4 -1/4 3/4 


W 


0-001 (LI.A ) 
P c^ 


3/4 


cm 

turns 

cm 

Gauss/Oersted 

grams 


074} 
(175) 
0 76) 
077} 
078} 


Notice that once L. I and A 

inductor weiaht is x T . ^ ^te known from requirements cn^..-^. 

determined from eo ilrni specified, the 

designing the inductor. ^ '"‘'’“t the need for actually 
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6‘5.2 Other Design Optimization Examples Using Lagrange Multipliers 

Following similar procedures outlined in Section 5.5.1, for an inductor, 
closed-form optimum solutions were obtained for the following designs: 

• Optimum-weight inductor or transformer, with the loss in 
the magnetics given as a constraint. 

• Optimum-loss inductor or transformer, with the weight of 
the magnetics given as a constraint. 


6. 5. 2.1 Optimum Weight Design for a Given Loss 

This example deals with the design of an inductor to be used in an 
input filter carrying a direct current, and therefore incurring negligible 
iron losses. The allowed copper loss for the inductor is given as a 
constraint. 

Known Constants "k" 


P = Copper loss allowed 
p = Conductor resistivity 

^s* ^c’ ^i ’ ^c* previous example. 

Given Requirements "V" 

Ip - Maximum direct current in the inductor winding 
L = Inductance needed at Ip 


Unknown Variables "X" 


= The conductor size is now unknown 
A, N, Z, and y are identical to the previous example. 


Constraint 


Equations 



The copper loss of the inductor is: 

’’ ■ ''c = 0 

The other two constrains are identical to eqs. (158) and (159). 
Objective Function ''f(x,k)" 


(179) 


To optimize the weight, the weight equation is identical to eq. (160). 


Based on these formulations, mathematical manipulations produce the 
following closed-form solutions: 


A = 16/ ^ cc 






N = (V 16 ) S 


I„V\V5 


Z = T 


m 


4v 1/5 lliS , 1/5 


(^) 


(180) 

(181) 

(182) 

(183) 


(184) 


n^D.^D Vf 2 \ '^5 /pF^DdJ/\2/5-4/5 ^ 

W = II — i S + 161 — S-TjS-l 1 st 


B. 


l ) 


|6 T 12 , 

i^) 


(185) 


where 


S = (°A) ^ 

V D F., / \ D F, 

'■ c N ' \ c I 


3 


/ ^ Pj p \ 

\fA 

' W c SC' 


,yn 

1/10 3/5 4r 

S +4 


^ + 96F 
W 


(186) 


Us% / 


1/5 -2/5 

S 


T 


(187) 


Several significant characteristics exposed by these equations are: 

(1) For a given core material, the minimum weight expressed in eq. (185) 
can be directly calculated from the given L, Ip, and loss limit P, 
without attending to the design details of the^inductor. This 
feature should find great utility in parametric weight-loss trade- 
off analysis. 

(2) Equation (185) prescribes one, and only one, optimum weight 
design for a given loss. Varying the conductor-to-core proportion 
in an alternate design would only result in a heavier inductor. 

Again using powder core as an example, for which the following parameters 
are assigned: 


CO 

(/> 

II 

0.35 

W/m^ , 

“c 

= 8900 kg/m^ 

- 

0.42 

» 

p 

= 1.724 X 10"^ ohm-meter 

F = 

C 

1.9 

y 


= 7800 kg/m^ 


Substituting these parameters into (180) to (187), and making necessary 
engineering-unit conversions, one has: 


A 

N 

Z 

Ac 

y 

W 


xpt, fc t/ J 

0.00076 ( ) 

cm 

(188) 

37.6 ( 

Lp2 1/5 
I 3 ^ 

turns 

(189) 

0.21 ( 

IpV 1/5 

cm 

(190) 

2.68 ( 

1/5 

-S- > 

cir. mils 

(191) 

15.6 ( 

Ip^L 1/5 

"V) 

P'^ 

gauss/oersted 

(192) 

0.0022 

Ip’^L® 1/5 

(-V-) 

P’^ 

grams 

(193) 


In these equations. Ip is in amperes, L is in microhenries, and P is in Watts. 



6. 5. 2. 2 Optimum- Weight Design for a Given Weight 

In addition to the two constraints shown as eqs. (158) and (159) con- 
cerning the flux capability and the full window, a third constraint is the 
weight limit W, where 


W 


4F^D^N A 
c c c 


D.AZ = 0 


(194) 


The objective function to be optimized is the loss P, 

P = 4Ip^p F^N A^/2 / A^ (195) 

Performing similar manipulations as the last example, the following closed- 
form solutions can be obtained: 


where 


A 

N 


Z = 


y = 


P = 


w 3/2 „-2 


LI, 


= 0/B J 


„2/3 

( ^ ) (2M - 5nD.M‘2) ^ ) 

25D/k ^ 


1/3 


(1/D.) [ - (S/40)(2M-5nD.M“^) ] W 

( D~ ) - (t§)(’ - -D^ ) ] ^ 
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5nD.^S 


1/3 


S = 


1 + ^ + ( 1 + — ) 


°i 




(196) 

(197) 

(198) 

(199) 

( 200 ) 

(?:oi) 

( 202 ) 

(203) 
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Notice the "+" sign in eq. (203). Only that which produces positive Z, 
P, and \i will be chosen. Again using the powder core for example with 
identical numerical values for F^, F^, d^, d . . and p specified for 

the previous example, one can obtain the following concise design equa- 
tions; 


A = 0.045 


W 


2/3 


LI, 


N = 0.635 ( -^3 ) 


Z = 1.617 


y = 7100 ( 


W 


,1/3 


) 


cm 


turns 


cm 


gauss/oersted 


Ip^L 

L^I 

P = 4.12 X 10 ® ( -gyj- ) watts 


W 


Ac = 8881 ( 


w4/3 

Llr, 


) 


cir. mils 


(204) 

(205) 

(206) 

(207) 

(208) 
(209) 


Here, L is in microhenries. Ip is in amperes, and W is in grams. Notice 
that from eqs. (204) and (206) with D. = 7.8 grams/cm^. 


D.AZ = 0.57W 


( 210 ) 


Thus, for an optimum-loss inductor, the core weight (D^.AZ) should be about 
57 percent of the total inductor weight. 
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6.5.3. Design Optimization Subprograms Based on Closed-Form Solutions 

While the examples given indeed provide the closed-form optimum design* 
calculations of core dimensions, conductor sizes, weight, etc. still are 
rather tiresome when different core and conductor materials are involved. 
Consequently, the three sets of general closed-form solutions for the three 
previous examples in terms of *F^»F^,p,Bg,Ip,L,P, and W are implemented 
respectively into three user-oriented computer subprograms, completed with 
user instruction, input request, input summary printout, and the optimum 
design results. 

For example, upon executing the subprogram concerning optimum weight 
inductor design for a given loss, the computer will print out the following 
user instructions: 


r RUNXjI = ir)tiaS£>b 

THE OBJECTIVE OF THI5 PROGRftM IS TO PERFORM AM 
OPTIMUM HEIGHT UlDUCTOR DESIGM FOR fl GIVEM LOSS. 

TO users: PLEASE REf® THE FOLLOW I MG STATEMENT; 

CAREFULLY BEFORE EXECUTING THE PROGRAM. 

THE NEEDED INPUT PARAMETERS ARE THE FOLLOWING: 

DC : CONDUCTOR DENSITY IN GRAMS/CUBIC CM. 

IF NOT GIVEN BY THE USER, DC IS SET 
fiT S.9 BY DEFAULT. 

DI : CORE DENSITY IN GRAMS^'CUEIC CM. 

IF NOT GIVEN BY THE USER, DI IS SET 
RT ?.S BY DEFAULT. 

FC. : RATIO OF AVERAGE ONE TURN LENGTH TO THE 
COPE CIRCUMFERENCE. 

IF NOT GIVENjFC IS SET AT £. BY DEFAULT. 
rW : PATIO OF CONDUCTOR AREA TO WINDOW AREA. 

IF NOT GIVEN, FW IS SET AT ,4 BY DEFAULT. 

RHO: CONDUCTOR RESISTIVITY IN DHM-METEP , IF 

NOT GIVEti, RHO IS SET AT 1 .724E-8 BY DEFAULT. 
P : DESIGNED POWER LOSS IN WATTS. 

BC : MAXIMUM FLUX DENSITY' IN KILDGAUSSE3 . 

IP : PEAL INDUCTOR CURRENT IN AMPERES. 

L : DESGNED INDUCTANCE IN MICROHENRIES. 

PLEASE GIVE INPUT DATA FOR L,IP,ES,AND P BELOW. 

PLEASE ALSO GIVE INDIVIDUAL INPUT DATA FOR DC,DI, 
FC,FW,RND RHO IF ANY OF DEFAULTED SETTINGS IS 
NOT DESIRED. 

NO INPUT IS NEEDED IF DEFAULTED SETTINGS ARE U;bD. 

FDR ANSWERS AT THE END OF THE RUN, 

A IS CORE AREA, Z IS MEAN CORE LENGTH, 

N IS NUMBER OF TURNS, U IS PERMEABILITY, 

AZ IS PRODUCT OF A AND Z,AC IS CONDUCTOR AREA PER 
TURN'W IS OPTIMUM INDUCTOR WEIGHT FOR A GIVEN P. 


Subsequently, the computer requests input data from the user With regard 

to D ,D. ,F ,F ,p,P,B ,I , and L, For the first five parameters, the inherent 
cicwsp o O p 

values set by the subprogram are 8.9 g/cm , 7.8 g/cm , 2.0, 0.4, and 1.724x10”° 
ohm-meter, respectively, representing the commonly-used copper density, core 
density, pitch factor, fill factor, and copper resistivity. These values can 
be supplanted by a user's own design numbers. However, if no user inputs with 
regard to these parameters are received, the subprogram will acknowledge user's 
default by utilizing the inherently-set values. The power loss P, peak current 
Ip, and the inductance L at Ip are, of course, individually assigned by the 
user for specific applications. 

In this example, the user needs a 200-yH inductor carrying a peak current 

I of 4.5 amperes and utilizing a flux density B of 3.5 kilogauss (e.g., a 
P s 

powder core). The loss allowed by the user is 0.699 watts. For D »D.,F.,F , 

C I c w * 

and p, the user defaults the input; those set inherently by the subprogram 
will be used. The user thus responds to the computer input request by typing 
the following: 


? L=£00. .lF-4.5,B3=3.5sP=Q.6991* 


Upon completing the input data, the computer will print a summary of 
assigned input parameters including the defaulted ones: 


■{E 

DC 

DI 

FC 

Fl.l 

RHn 

P 

BS 

IP 

L 




= ?.Sf 

= a . cu 

4.0E-01.. 

— 1 . 7a4E~ ds > 

- C.991E-CU? 


3 . 5 ) 

= 4 . 5 ; 

= a.0E+0£; 
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The optimum design values are then computed by the subprogram and 
delivered as outputs: 


fl - £..?39E-01 
2 = 6.391E+00 
H = .3.66tE+0l 
LI = 1.094E+0E 
P2= 4.435E+00 
RC= £.419E+03 
W = C..085E+01 


SQLIRRE CENTIME PERS 

CENTIMETERS 

TURNS 

GRUSS^'OERSTED 
CUBIC CENTIMF"’^R 
CIRCULRR MIL. 

GRRMS 


Based on the calculated A,Z,vi, and A^, a compatible design using the 
commercially-available components is either core 55930 of Magnetics, Inc., 
or core A930157-2 of Arnold Engineering, with a wire size of #17 AW6. Such 
a design guarantees a loss limt around 0.7W as specified. From the printout, 
the total inductor core-and-winding weight is about 61 grams. 

The cost for this design session is $0.51. This compares favorably to 
hours of laborious and suboptimum design iterations needed by an experienced 
designer using the long-hand approach. 

Similar subprograms are conceived for the other two examples previously 
described. Details regarding these user-oriented subprograms are shown in 
Appendix L, in which the computer input program and a sample run are included 
for each of the following design optimization: 

INDOS 1: Optimum-weight inductor with wire size predetermined. 

INDOS 2: Optimum-weight inductor with a given loss constraint. 

INDOS 3: Optimum-loss inductor with a given weight constraint. 


'ftEOGlNAt 
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6.6 APPLICAriON EXAMPLES BASED ON NONLINEAR PROGRAMMING TECHNIQUES 
Input F ilter Design Optimization 

The optimum-weight designs for two different input-filter configurations 
are compared. A conventional LC filter is shown in Figure 32(A). where R is 
the winding resistance of L. Another configuration, shown in Figure 32{B), 
is a two-stage filter [30], in which R1 and R2 are winding resistances of 
LI and L2, R3 is the lumped sum of ESR of Cl and a much higher external 
resistance added in series with Cl, and C2 is a high-quality capacitor (e.g., 
polycarbonate type) with a negligible ESR. The advantage of the two-stage 
finer from a performance viewpoint is that while a high efficiency can be 
maintained as C2 handles most of the switching current, the resonant peak- 
ing of the entire filter is being controlled by the external resistance R3 
in the first stage. The resistance Incurs negligible losses, as negligible . 
current flows in Cl during normal operations. 

The known constraints, given requirements, unknown variables, constraint 
equations, and the objective function are formulated for both filters. Being 
a much more complicated problem, closed-form solutions for the two-stage 
filter are unattainable.. 

Parameters LI, L2, Cl, R1 , R2, and R3 along with the design of magnetics, 
are therefore numerically determined by invoking the SUMT nonlinear program- 
ming routine. Detailed formulations and significant numerical results can 
be found in Appendix M. One aspect worth noting here is the higher optimum 
weight of the two-stage filter in relation to its single-stage counterpart 
when they are designed to meet identical peaking, attenuation, and efficiency 
requirements. For given attenuation requirement, the weight difference will 

increase with a lower allowance on either the resonant peaking or the power 
loss. 



6.6.2 np.lon Optlmlzatlc n .f . Complete Converter_Powgj:.Cl^ 

This example deals with optimization on a vastly-expanded sea e 
optimimum weight design for a complete buck converter power 
in Figure 33, which includes a two-stage input filter. 

Le. R1 to R3 are winding resistances of LI to L3. respectively. The 
input filter is composed of L1-C1-R4-L2-C2. with L3-C3 being the output filter, 
and RC being the ESR of C3. Counting in addition the area A, turns , en 
Z, and conductor area AC required to completely define each inductor, and in- 
cluding the switching frequency F, a total of twenty-three van a 
involved. These variables, along with design constraints that intlude 
kney, source current ripple, output voltage ripple, input filter resonance, 
full utilization of inductor window areas, and no inductor saturation, are 
presented in Table 4. Most constraints are complicated nonlinear funct o , 
of the aforementioned variables; the most complicated one being equation 
of Table 4, which includes copper losses, semiconductor conduction losses, 
capacitor dissipations, and frequency-dependent core losses and semiconductor 
switching losses. The objective of the optimum design is to solve for 
variables, with the intent to satisfy each constraint, and concurrently 
minimize the optimization criterion - the total weight of copper iron, 
and the capacitors. Notice in particular the switching frequency 
is not a pre-set value; its optimum selection is an integral part of t e 
total converter design. 

The known constants, given requirements, unknown variables, constraint 
equations, and the objective function for these problems are presented next. 


6 . 6 . 2 . 1 Known Constants 

The following known constants are assumed. 

F .• Pitch factor for L-, where i=l,2,3 

Cl ' 

F .• Winding factor for L., where i=l,2,3 
wi ^ 

p: Common resistivity for L-, where i=l,2,3 


n..: Core density for L., where i-1,2,3 

n * 




TaSle 4. Design Optimization Summary 


Variables 


Components 


LI L2 L3 R1 R2 R3 R4 Cl C2 C3 


Core Cross-sectional area 

Number of turns 

Area per turn of conductor 

Mean length of core 

Inductance needed 

Winding & external resistance' 

Capacitance needed 

Switching frequency 


Requirements 

Pjj = Output power 
e = Minimum efficiency required 
E^. = Input voltage range 
S = Frequency-dependent source ripple 
= Output voltage 
r = Output ripple 

Pg = Maximum input-filter resonant peaking 
Full window 
No inductor saturation 



Constraints 

Pp(1-e)/e = (input filter loss) 

+(transistor and diode losses) 
+(output filter loss) 

S = fi(Ll,L2.L3,Cl,C2.R4.F.Pp,E.,Eg) 

r = f2(L3.C3,RC,F,E..E^) 

Pg= f3(Cl.C2,L1,L2,R4) 
f4{ACk,Nk.Zk,Ak) = 0, k=l,2,3 
f<-{Nk,Ak,Lk,P„.E.) =0. k=l,2,3 

•j 0 I 


Optimization Criterion 


Weight W = Iron weight + Copoer weight + capacitor weight 
= f7rz (Ak-Zk)] + fg( ZCk-Nk- Ak) + fg(zCk) 




D . : Conductor density for L., where i=l,2,3 

U 1 I 

Bg-: Saturation flux density for L^. , where i=l,2,3 

^cpi’ microfarad for C^- , where i=l,2,3 

Vst* Collector-emitter drop when Q conducts 
Base-emitter forward drop of Q 


Transistor switching rise time 


Transistor switching fall time 
V^: Forward diode drop 


T^^: Diode turn-on time 


T^^: Diode turn-off time 


T^^: Diode recovery time 


Og(F): Frequency-dependent core-loss factor for inductor L3, 

which processes a larger ac flux. 


6. 6. 2. 2 Given Requirements 

The given requirements are the following: 

PE: Input filter resonant peaking limit 


P^: Output power 


E^. : Input voltage 


E^: Output voltage 


s(F): Frequency-dependent source conducted interference 
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r^: Output ripple 

Sufficient core window 
No magnetics saturation 

6. 6. 2. 3 Unknown Variables ^ 

The unknown variables x = are the following: 

R^. : dc resistance for L^. , i=l,2,3 


L1,L2,C1,C2 

R4,L3,C3: Input/output filter parameters 

A^.: Cross-sectional areas of inductors L^, i=l,2,3 

Z^. : Mean length of inductors L^. , i=l,2,3 

N^: Number of turns for i =1,2,3 

A Winding areas Per turn for L., i=l,2,3 

Cl 1 

F: Switching frequency 

6. 6. 2. 4 Objective Function - 

The objective function f(x,k) in this example is the total iron, 
copper, capacitor, and semiconductor weight. Since the semiconductor weight 
can be considered as fixed, the function f(x,k) becomes: 

f(x,k) = core weight + winding weight + capacitor weight 


\ 


6. 6. 2. 5 Constraint Equations 

The constraints g^(x,k,r) = 0 include the following expressions: 

w 

Loss Constraint ' 

In this constraint, the sum of all component losses should not 
exceed the total losses allowed by the minimum efficiency requirement, or, 


Pif " ^ " '■d = ^ofi " ’’dc i ’’o 


(212) 


'’if 


= input filter copper loss 


’’c2''2V^\ 

^ \ ^ \2 / 

Transistor conduction loss 
+ base drive loss based on a forced Bets of 10 
+ turn-on switching loss 
+ turn-off switching loss 


0.5 


= 4 


(213) 


PV 


St 


O'l Vbe 

^i 


6 L^o ■ 

r <>0 

6 ho ■ 


2L3E,F 


(214) 


Diode conduction loss 
+ turn-off and recovery loss 
+ turn-on loss 
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(Ei-Eo)Vd 




E.F(T«+3T^g) 


'fd 

12 


[Eo ■ ^LjE^F J 


, ^nd [!o 

bo 


(Er^o'^o 

E^sEiE 


(215) 


ofi 


Output-filter inductor core loss 
+ output-filter inductor copper loss 
80E„ (E,-Eo)Z 3 «e (F) 


N 3 E 1 

^3 


P- ^ (Ei-Eo)Eo 


L ^0 




(216) 


p = Output filter ESR losses 
oc ^ . X ,2 


1 

= TlLl2L3EiFj 


(217) 


J nf thpse losses on the switching frequency F in 

to frequency F. 

Source EMI C onstraint 

The frequency-dependent J;: is be- 

constant peak-current allowance of a^pe^ « ^ 

low 2 kHz. and decreases logarithmically fro^ 2PHZ on. 

must be designed so that: 

'^sSirchinf freqSen™ f = 


140 


Analytically, this relation becomes: 


^2^2 L 
W V 


1/2 1 / 2 ^ 


2nF 


I 

V 1 C. / 1/2 I/ 2 V 

jo ■ C 7 *-1 ‘"1 / 


where: 


A = 


B = 


[1 + ( -f. 

^ 2000 ^ -* 

(A^ + 


HE. 


Sin 


LsFnE. 


■ *. {^) 


5 

Ei 


Cos 

0.5 


V'i ■ ^y^i / 


(218) 


(219) 

(220) 
( 221 ) 


Other Input Filter Design Constraints 


In addition to source EMI, other critical design aspects of an input 
filter include its forward resonant peaking and its output impedance, as 
they are improtant in determining the audiosusceptibility performance and 
the control -loop stability of the regulator. While these filter character- 
istics normally are not included in the regulator specification sheet, the 
includsion of the self-imposed resonance and impedance characteristic be- 
comes highly desirable in order to ensure that the optimum-weight power 
circuit design will be compatible with its companion control circuit. In 
this example, the requirement "PE" concerning the resonant peaking limit 
is imposed as a design constraint: 



( 222 ) 


Output Ripple Constraint 


The output ripple should be smaller than the corresponding requirement 
specified: 







2 




(223) 


Window Area Constraints 

All inductor windings must be accommodated within the physical confine 
of the available core window, taking into account the proper winding factor 
Thus, for inductors to L^, 



0, i = 1, 2, 3 


(224) 

(225) 

(226) 


Operating Flux Density Constraints 

The inductors must not be operated beyond the intended flux density 
levels. In this example, the intended levels are taken as the saturation 
level Since LI and ,L2 only conduct direct current. 



"EiBsi 



i = 1. 2 


(227) 

(228) 


Inductor L3 processes both dc and ac components, 



+ 


Zl^E.F ) 



(229) 


Having defined all constants, requirements, variables, objective functions, 
and constraints, the goal of this design example is to solve all variables 
to satisfy each constraints specified in eqs. (212) to (229), and con- 
currently to minimize the quantity specified in eq. (211). 

Obviously, a problem of this complexity is not amendable to closed- 
form solutions. The SUMT code is used to seek optimum solutions numer- 
ically. The program listing, containing mostly constraints and their first 
and second derivatives with respect to variables within the constraints, 
is given in Appendix N. 


Numerical ly„ the following numbers are set to represent a practical 
converter: 

Pq = Output power = lOOw 
e = 0.92 at highest E. at room temperature 
E^. = 20V to 40V 
Eo= 15V 
^ci = 

“8 

p = 1.724 X 10” ohmmeter 
= 0.25V at 8A 

V,e=0.8V 

= 0.15 X iO"® sec 
Tgf = 0.2 X 10"^ sec 
Vjj = 0.9V at 8A 

= 0.03 X 10"® sec 
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= 0.05 X 10 ^ sec 

Ve “ ^ 

(PE)^ = 2.0 

(PE)^ = 0.333 

=0.4 Weber/meter^ 

0g(F) = 0.7F°*^ 
r. = 0.01 

Rj. = 0.4 ohms (T= -30°C) 
D^.^. = 7800 kg/m^ 

Dj,^. = 8900 kg/m^ 

Kj^p^ =210 kg/farad 

*^CP2 ~ kg/farad. 

K ^2 “ 72 kg/farad 


Two sets of optimum design results are illustrated in Table 5, The 
difference between them is that design #1 assumes 4 three-times higher ESR 
for the output-filter capacitor and a five-times more stringent source EMI 
requirement than those of design #2. In each design, all RLC parameters, the 
switching frequency, the design details of all magnetics, and the minimum 
weight, are collectively achieved in a single computer run which yields a 
minimum component-weight design. 


Z1 (cm) 5.10 3,11 


A1 

(cm^) 

0.438 

0.161 

N1 

(turns) 

40 

21 

ACl 

(mm^) 

0.775 

0.51S 

Z2 

(cm) 

3.86 

2.35 

A2 

(cm^) 

0.251 

0.092 

N2 

(turns) 

22 

12 

AC2 

. Cnp^l _ 

0.756 

0.507 

Z3 

(cm) 

7.84 

5.20 

A3 

(cm^) 

0.694 

0.235 

N3 

(turns) 

56 

36 

AC3 

(mm^) 

1.9 

1.21 

LI 

(nH) 

253 

53.7 

L2 

(uH) 

84 

17.9 

L3 

(uH) 

192 

53.5 

Cl 

(pH) 

89.5 

47 

C2 

(pH) 

30.8 

10 

C3 

(pH) 

710 

325 

R1 

(mfj) 

41.5 

20.9 

R2 

(mfj) 

17.9 

9.1 

R3 

(mfi) 

25.3 

18.3 

R4 

{^) 

2.97 

0.94 


F (kHz) 22.0 43.9 

W (grams) 239.5 78.1 





Notice the impact of ESR and source EMI on the two data columns of 
Table 5. For the same loss constraints every parameter of Design #2 Is 
smaHer than Its counterpart of Design #1. The only exception Is the ana- 
lytically-determined optimum switching frequency, where the 43.9 KHz for 
Design #2 Is almost twice that of the Design #1. As a result, the combined 

magnetics and capacitor weight of Design #2 Is barely one-third of that for 
Design #1 . 

Prior to concluding this example, the following SUMT application 
experiences are stated. 


• Being primarily a research tool not specifically designed for power 
converter optimizations, a user generally needs to experiment with 
SUMT to realize its capabilities as well as its limitations. 


# To save computation time, the number of variables should be reduced 
to a minimum by combining all interdependent ones. 


Numerically, the g^'s vary over a very wide range. To avoid conditions 
where certain g^'s in the equation for f (x,k) may be so large as to 
obscure the effects of the rest of the g 's. each g must be properly 
scaled to insure that the effect of violating a given constraint is 
of the same order of magnitude as that of violating any other constraint 


• Depending on the problem involved, the initial set of guesses for 
optimum solutions can be very important in determining the rate of 
convergence. The SUMT used in various converter-optimization appli- 
cations tended to perform well in the presence of good starting guesses 
of variables for constraints whose global and local properties are 
well behaved". On the other hand, the guarantee that is "almost 
always converges" is not inherent in SUMT, nor is it expected from 
other algorithms in the forseeable future. This difficulty is the 
single most critical area when design optimizations via nonlinear 
programming techniques are attempted. 


6.7 NEEDED IMPROVEMENTS ON DESIGN OPTIMIZATION 

While a practical design optimization approach has been successfully 
demonstrated to solve specific complex problems, it is not the intenti; 

his report to paint an over-simplified picture concerning power converter 
design optimization in general. converter 

To start with, one must realize that an optimization is generally asso 
ciated with physical phenomena. Thus, the design optimization is of practical 

ue on y when there exists an accurate understanding of the physical prin- 
ciples and mathematical models upon which the design constraints and the 
esign constants all depend. Since weight and loss generally are used as 
power-converter optimization criteria, knowledge of power-device weight-loss 

eristics IS thus a prerequisite to a successful optimization Of these 
characteristics, the more important ones are: 

core-loss data as a function of the switching frequency ' 
e asymmetrical rectangular-waveform excitation. 

. The "effective resistance" of magnetic windings in high-frequency. 

high-current applications. 

* u"toTanTd' for power trans- 

nd diodes in a given magnetics-semiconductor power-circuit 

configuration, and the likely impacts exerted by the co«nly-used 

means of energy recovery of switching losses. 

These characteristics, at the present time, are insufficiently defined 
Considering that they are needed in the day-to-day design effort without 

nentTh''-°" °'’*'""'^otion. better understanding of compo- 

nent behavior must be regarded as a necessity that is long overdue Without 

urther knowledge of these characteristics, the selection of the optimum 

swi c mg frequency, which is the most important parameter in power converter 

since the optimization results are as accurate as the participating desior 
constants and constraints, the design optimization approach thus brings Ln 
sherp focus the pressing need for knowledge of these characte^Lt^r 
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are sufftZiT "'"v “Pti--ation problems 

re suff,c ently complicated to defy closed-form solutions, the availability 

oensabr fast-convergent nonlinear programming algorithms is indis- 

pensab e. However, no general-purpose algorithms can be expected to cope with 

orL'icateVco"!!"!"' Consequently, the development 

win Hbely beco. a highly specialized yet eLtU i LL^ch areT^ 

6.8 CONCLUSIONS AND FUTURE EMPHASIS 

A practical power converter design optimization approach is proposed and 
t ts implementation is discussed. Through practical engLerinrdes'gn exlm les 

rega ded°a?diffrTr*"*'' several' endeavors heretofore’ 

regarded as difficult or unattainable: 


( 1 ) 


( 2 ) 


It allows a cost-effective optimum design for a power component or 
complete power converter, down to the component level. The design 
includes the identification of the optimum switching frequency and 
detailed magnetics design parameters. Not only meeting all power- 

we'ilht sPtItItation of either the 

:rbe’ach:e;:::’ ^ -- — 

The design takes into account the Interdependent nature of the vari- 
ous functions within a power converter (e.g.. the impact of output- 

co t for?“ T/" design). The total computer 

range Which compares favorably with days of suboptimum, piecemeal. 

itirr at;::::""- """" " "" - — ‘ 


(3) It provides a fast and accurate weight-loss trade-off as well as a 
means for ready assessment of the impact of a given requirement or 
particular component characteristic on an optimum design. 


Assist th© Dowpi^ cv/c't'Am * 

morr'IciLrr"'' ^or a 
s-O-ectlJ ‘:iU“:^" ^“vn. on 

of accurate devIre'cTar^cte^nitTr"*"*^^ optimization takes the form 

These needed improvements are brlenVoutl^ed!**'’ ^«''«’“P"'o"ts. 

underscored '*brthrfIcVtL"r^^'r ^h °’’*’™"' ’'= 

that is best In a spec f i t -‘-''P-' 

being extremeiy hardware orient'd leVLTer^''* However, 

such as ’schedule" and "cost" e engrossed with necessary evils 

tasks successfully fi , Iven --'9n 

« ......™„. »,. ^l,.;:;.’*:;*',*: '?•" «”''”»*<• 

and. Improved algorithms, applied optimization h '"'h’' ‘"^'’-tPeed computers 

1n an engineering disciplines U iTI increasingly popular 

field of power converter design that the this trend in the 

dedicated. ‘'’*“'’V°P‘’""tetion effort reported here is 

efforL“‘“' “i” focus on two 

(1) To find a means to "normal i 7 p" fhzm » • 

each constraint is properly weighted 7' “"^^''Oints such that 
way. Placing Panticu7r:;l:;:;‘^^^^^ 

can be avoided, and convergences of all rn r "’"'‘^''^ints 

nvergences of all constraints become attainable. 

(2) Based on improved normaHzerinn u_ ■ 

for the buck-boost and boost power c'i>c7u sl7*'°" r " 

(B). Design equations relating varl bTe L ^’BO^e 34(A) and 

qenerafpH in ^ variables to requirements will be 

generated in a manner similar to those used in thi 
buck converter. ^ this report for the 

Having gained valuable experiences fhn 
fulfilling these emphases is hioh Ti- • ^^"'dence level of successfully 

grams will be widely utilized in the d resulting subpro- 
power converter configurations. commonly used 
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UNKNOWNS: 

Rl, R2, R3P, R3S, R4 
LI. L2, L3P. L3S 
Cl. C2, C3 

Nl, Zl. Al. ACl (For LI) 

N2. Z2, A2. AC2 (For L2) 

N3P. N3S. Z3, A3. AC3P. AC3S (For L3) 

Switching Frequency F 

N: turns. Z: core length. 

A: core area. AC: winding size 


OPTIMIZATION CRITERION: 

Minimize the Sum of: 
t Core Weight 

• Winding Weight 

• Capacitor Weight 

• Heat Sink Weight 


Figure 34(A) Design Optimization for Buck Boost Converter 



Rl, R2, R3, R4 
LI, 12, 13 
Cl, G2, C3 
Nl, Zl, Al, ACl 
N2, Z2, A2, AC2 
N3, Z3, A3, AC3 
Switching Frequency F 


Minimize the sum of: 

• Core Weight 

f Winding V'ieight 

• Capacitor Weight 

• Heat Sink Weight 


Figure 34(B) Design Optimization for Boost Power Converter 




7. SYSTEM ANALYSIS SUBPROGRAM (SAS) 


The system Analysis Subprogram is intended to extend the design opti- 
mization and performance analysis from the equipment level to the system 
level, thus providing power processing engineer with design and tradeoff 
tools. The subprogram categories thus include system configuration design 
and system performance (dynamic intra-system interactions), which represent, 
respectively, the extension of DOS and PAS. 

A complete system configuration study is^by nature, quite complex. It 
involves at least the following considerations. 

Optimum criterion: Cost, weight, reliability 

Design considerations; Payload, environment, operating cycle, 

& life requirements 

Special load equipment 

Power source and, energy storage 

Power distribution 

A system engineer is responsible for the definition and information 
collection regarding the first three items. The last two items, in con- 
junction with the power processing equipment, are the basic constituents of 
the systems analysis subprogram. 

As stated previously, an overriding constraint in conducting the system 
analysis is the prohibitive complexity and therefore, the attendent modeling 
and analysis cost including that of the computation time. By necessity, then, 
the SAS effort must follow closely those involved in DOS and PAS so that 
merely an extension of the established techniques instead of the generation 
of new dedicated techniques is needed. 

For this reason, the system analysis conducted in this MAPPS phase is 
composed of the following two efforts; 

(1) The extension of design optimization subprogram to the configuration 
design of a source-line regulator system. 


(2) The extension of performance analysis subprogram to the cost- 
effective simulation of a 12th order power processing system. 

7.1 DESIGN OPTIMIZATION OF SOURCE-LINE-REGULATOR SYSTEM 

In this example, the buck power converter shown in Figure 33 is inte- 
grated with a solar-array battery source of a known power density (kilogram/ 
watt). The converter mechanical packaging weight is also included in the 
overall design optimization. Since the converter loss is supplied from the 
power source, and since the converter packaging weight (heat sink included) 
increases with the converter losses, for a given output power it follows 

that the combined source-and-mech.ani cal -package weight becomes heavier if 
more converter loss is allowed. On the other hand, experience also indi- 
cates that the total converter component weight (magnetics and capacitors) . 
tends to diminish with more allowable losses. Consequently, for a given out- 
put power as well as a given source density and packaging density, there 
must exist an optimum converter efficiency at which the combined system weight 
including power source, converter packaging, and converter component, is at 
its minimum. The objective is to identify numerically such an optimum 
efficiency. The minimum efficiency requirement "e" used previously in 
Section 6 for component weight optimization only thus is no longer a design 
constraint. Instead, the efficiency becomes an unknown variable in this 

design. . 

Comparing this example to that of Section 6, the difference formation 

of design variables, design constants, performance requirements, and the 

objective function are as follows: 

• Efficiency "e" becomes a variable in addition to the twenty-three 
variables listed in Section 6. 

• Two more design constants, KS and KH, for source and packaging 
densities respectively (in kilograms per watt), are added to the 
twenty-eight constants. 

• Efficiency ”e" is no longer a performance requirement. All other 
requirements in Section 6, however, remain applicable to this example 


. The loss constraint used in Section 6 Is elirtneted. The sum of 
all losses, i.e., the quantity 


E P = P,, + p, + P 


if ■ ^t - ■'d * Pofi ^ Poc 


is being used In this example as part of the new objective function. 
All other constraints remain effective In this example. 

• The new objective function for this example is: 

W = Core Weight + Winding Weight 
+ Capacitor Weight + Source Weight 
+ Packaging Weight 

= E D^.A.Z, * 4 E D^X’%iN/ci 


+ T Dcpi-Cj + (p„ + EP) (Kj) 

+ (TP) (Ap) . 1 = 1,2,3 


(230) 


muir-M""! Section 6 to be a function of 

multiple factors: 

Tip = f(Ni-Ai.Aei.L 3 ,Z 3 ,F,R^), 1 = 1,2,3 

it can be seen that, after all variables are numerically identified by the 
SUMT processing, the term (tP) can be calculated to reveal the particula 
converter efficiency that will produce a minimum combined sourcr-conHc 

constint'*' values for 

constants, requirements, and formulation of constraints are identical to 

those used in Design #1 of Section 6. Two sets of optimum design results for 

nimum system weight are illustrated, in Table 7. The difference betlen 

em IS the different source density "k^" and packaging density "k," assumed 

Several impacts exerted by different Kj's and k^'s are noted: V ‘ 

* m'orlf n allows 

SS in esign #2 to achieve an optimum-weight system. The systet 


Table 7. Optimum Source-Converter System 


VARIABLES DESIGN #1 DESIGN #2 

(kg = 65 g/w, = 65 g/w)(kg = 16.3 g/w,k^ = 325 g/w) 


Z1 

(cm) 

4.98 

4.63 

A1 

(Clt|2) 

0.413 

0.360 

N1 

(turns) 

25 

35 

AC I 

(rnm^) 

1.13 

0.70 

12 

(cm) 

3.79 

3.53 

A2 

(cm^) 

0.238 

0.207 

N2 

(turns) 

14 

20 

AC2 

(mh 

1.133 

0.701 

Z3 

(cm) 

7.87 

6.87 

A3 

(cm^) 

0.395 

0.53 

N3 

(turns) 

43 

40 

AC3 

(mm^) 

2.6 

1.68 

LI 

(uH) 

154 

188 

L2 

(uH) 

51 

62.7 

L3 

(yH) 

101 

126 

Cl 

(uH) 

133 

108 

C2 

(yH) 

19 

15 

C3 

(yH) 

1346 

1075 

R1 

(mn) 

18.3 

39 

R2 

(m«) 

8.1 

17 

R3 

(mji) 

13.5 

22.5 

R4 

(«) 

0.81 

0.99 

F 

(kHz) 

22.1 

22.2 

W 

(kg) 

7.56 

2.17 

EFF. 

{%) 

94.12 

93.60 


I 
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efficiency is reduced from 94.1* of Design #1 to 93.6* of Des g 
; 94 1*. incidentally, represents nearly the maximum pos bl ef- 

fTcieni consistent with the various design constants specified. 

For a four-to-one reduction in source density, 

cnlv decreases from the approximate maximum limit by 0.5*. » 

r i ce density (including source and source conditioning) 

rr is in the proximity of that used in Design #1. 

it is not surprising that the system designer 

the highest emphasis on maximizing the converter efficiency. 

n ..,»1 VQTS DF A 12TH ORDER REGULATOR SYSTEM 
7.2 DYNAMIC PERFORMANCE ANALYSIS OF A urn 

U -c this example is to address the dynamic aspect of 
The emp asi „rticularly those involving hard nonlineari- 

the system performances. simulation based 

ties. ® “Lrrent time domain state equations described 

:rtre;v:rte^i fs^r 

r::; rrr'hroire-ve here is 

Of Simulating a large nonlinear system employ ngate ^ 

The system contains a fourth-order input filter, a f^^h oroe 
me sybuei jr.-i+py. a second-order load 

power stage including a second-stage LC fil . ^ 



( 9 ' 3 . 9 ) tn (241) Two dummy variablesj e.. 

T”“;: :r. ;r„ “.1™ 

described by equations (242) to (244). 




Input Filter 

3t^" [^I ’ \l\l ' ’ ‘‘L2^ ’ ''ci] 

1 /. . , 

3t " \ 2 ^ 

3t^^ Lj ['^Cl *^A “ ''L2^ ’ \2\2 " '^ 02 ] 

‘^''C2 _ 1_ / . . ^ 

3t Cg ^^L2 ■ ■'l3^ 

Energy Storage Inductor 

3t^ “ I3 ■ \s\3 “ 


Output Filter 


dV 


dt 


^ (i - 1 ) 


di, 


3F 


1 

L4 


Ry (in - i| A) + - R, J 


'X '‘D 'L4' ■ ’CS ''L4'L4 ” ''C5''5’'C5 


Rc 


cs 

V, 


RrcCrV i 


. '^s * '*14 . . ;;cs 

L4 ’d ' L, \4 * L, 


'Vb /, 


C~ (’l4 ■ ■*LO' 



(239) 


ar""c:7^ L4 


<;imn1ated Converter Load 


3t“" Lq ''c5 Lq 


, , "o. ''CO 

^LO> -t^^LO-t^ 


(240) 


ar“" c;: ^'lo 


ir''co^ 


(241) 


In deriving the differential equation for the control loop, Figure 
the following assumptions are made; 

1- The integrator is operating in its linear region. 

2. The control circuit has an insignificant load effect 

The first assumption is always true even during the transient step 
change of tiie input voltage or the step change of the load. The second 
assumption holds true in normal-load operation. For open-load operation, 
the result deviates slightly but still within reasonable accuracy. The 
differential equations for the control loop are: 


de 

I 

dt 


£ = - n. 




n R 

''G2 ■ O 


L3 


3*'X 


L3 


*^C5 S 1 ^ 1 A /,• . ^ 1 

^ \ ^ L4 \ 0 ^ 




1 . 1 A 1 




1 + R2 '^x '"s' ''a '^rs 


n 


''3^X 


3''X 


( 242 ) 
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where Ry^ - (R-|R 2 ^ ^ 


dt - C 4 R 5 


L4 


''C5 

V5 


''lO G.R 


4‘'5 


''C5 


^ 4*^5 


(243) 


. The output voltage is: 

« 0 = % (\4 - \ 0 ^ "" C 5 ( 244 ) 

For the three distinct operation intervals : Tq|^ >^ ’•’fv ^F2* 

dummy variables e. and are assigned different variables. For 
detailed information, please refer to [3]^ The differential equations (232) 
through (243) can be written into differential -difference equations each 
corresponding to a specified time interval, i.e., tQ^ or tQp^^ The 
differential -difference equations are shown in the following pages. The 


state variables are defined below: 
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(1) During Tq^, 


'0 = 0 




X, = - (\, 


\ = x,/c, - 


^3 “ 


X4 - X2/C2 - 


Xg X4/L2 - 


+ \) X^/L, - X2/L2 + R^X 3 /L^ + Ej/L^ 
X3/C1 

= X2/L2 - (R^ + R|_2)X3/L2 - X4/L2 
Xg/C^ 

' ^q/'-3 


Xg = - X/Cg 

h ^ ^7/^4 " V*-4 ■'■ ^C5 ^9/^4 


^8 ~ ~ 

^9 " ^C5^7/‘-0 V^O ■ *^0^ V-0 " ^Iq/^0 

^10 " vs ■ 

h] " - Ss 

x,2 = -nx^/(C3R^) - nR|_3X5/(C3Rp - R^^^x^ ( ^ /C 

- ( R^ ^ V^s " «C5,( R^ ^ + y Xg/C, 

+ x^^/(C3Rg) + Ej^/(C 3R^) + nEg/(C3R^) 
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(2) During T 


■ ''L3 


" ''Cs 


- ^ V3/h + Vh 


Xi/C^ - X3/C^ 


= Rax^/l2 + X2/4 - (v\ 2 ^V 4 - V 4 


X3/C2 - Xg/C2 


<5 = X4/L3 - (Rl3+R3+Rd)X 5/L3 - Xg/L3 + R^X7/L3 - Ep/L, 


^6 " 




^10 - V^o ■ 


hi " '^C5V^^4'^5^ ^^^4*^5^ " '^CsV^Vs^ ’ ^n/^^4'^5^ 


'■ - ^^\3 - Rs - ^ 

_ r^ + ^C 5 ( ^2 1 1 \1 

Lca^x C3 

1 / ^2 /^2 1 l\ 

S\Ri^R 2 ^ "^y '8 ^ *^C 5 R-jV 


Xn/(Sf^5^ V^S R^) + n Ep/(C 3 R^) 



0 


( 3 ) During Tp ^, 


\3 ^ ‘‘d 




i , = - ^ V-I 


Xi/Ci - Xj / C , 


(3 - R /^ x^/Lj + Xj/Lj - ( R |_ 2 + R ^) x3 / L2 - x^Lj 


X3 / C2 


Xj = 0 


<6 ' - 


X; = Xg/L^ - (R^ + R|_^ + Rcs)X7 /L4 - Xg/L^ - Rgg Xg/L^ 

Xg = X7/C5 - Xg/Cg 

Xg = Rgg Xy/Lg + Xg/Lg - (Rc5+Ro)Xg/Lg - x,g/Lj, 

*10 ' *9^^o ■ 

*11 ° '*06 *7^<'^4'^5^ *8''('^4'^5> ' '*C5*9^<'^4''5) ‘ *n/(C4R5) 

/P R 

'^12 " ^5 ( r:wz -r ■^')vCq - ( w4n- ^ + ^Vn/c 


Ri + R 2 r ^ 


9 ' ''3 


/ ^2 1 1 \ 

* %5\r^ R;*R^j*9/S^*ll/(C3R5) 

% 

+ Eg / iCgRJ . 
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The differential -difference 

the compact form 


equations presented above can be written In 


= FI X + SI U 

during Tqj^ 

(245) 

= F2 X + S2 U 

during Tp.j 

(246) 

= F3 X + S3 U 

during Tp^ 

(247) 

, = "C5 h^h- 

^C5 ^9 

(248) 


Equations (245). (246). and (247) ad.1t the 

equations (121). (122). 023) m 

12th order sysem based on tion 4 7 For clarity, the detailed 

same manner described previously m Section 4.7. 

computer program Is not Included here. 

... « and (B), illustrating 

Two sample simulation runs are g^„d^ctor current, respectively, 

the converter output voltage and --3^ ,3 the discharge of 

-e-aom,1n simulation approach. 
Th» tntal cost for both runs Is less than $ . 























7.3 CONCLUSION AND FUTURE EMPHASES 


The effort documented in this section has demonstrated the feasibility 

0 extending the performance analysis and design optimization for the equip- 
ment to the system level. ^ ^ 


The following aspects of system analysis will 
future: 


be emphasized in the 




Configuration study of source-battery-charger-discharger 

power distribution units. 


system and 


• Configuration study and anlysis of: 

Centralized vs. decentralized system 

dc vs. ac. distribution system 

dedicated system (e.g., electric propulsion) 


The basic tools for conducting these studies have been partially established 
What extent these studies can be realized depends on the intensity of 

thi "”'“ions in 


8. COMPONENT LIBRARY SUBPROGRAMS 


The component Library Subprograms (CLS) consist of the arrays of useful 
data for commonly-used components. The ,fol 1 owi ng CLS aspects are included 
in the discussion here: 

j 

• Functional relationship with other subprograms 

• Types and characteristics of components to be stored 

• Needed component characteristics study 

• Component library structures 

e Component libraries implemented. 

8.1 FUNCTIONAL RELATIONSHIP WITH OTHER SUBPROGRAMS. 

For CLS to be useful, it has to be organized and structured as to make 
all the data relating to any given component readily available to all other 
subprograms. When interrogated as to the existence of a single or a collec- 
tion of data for a given component, it will produce the required information 
readily and in a format compatible with the requirement of the individual 
subprogram. 

Specifically, the CLS relates to the other subprograms through the 
following functional requirements: 

(1) The CLS shall provide the DOS, through prescribed search criteria, 
a list of best fit components, each with the closest match of ratings 
and characteristics in relation to those identified by the DOS as the; 
optimum design. Since the equipment specifications processed by the 
DOS generally include both input-current ripple and output-vol tage 
ripple, and since these performances vary greatly with the component 
initial tolerance and environmental temperature (primarily due to 
changes in C and ESR), the optimum design generated by the DOS using 
such equipment specifications as design constraints must therefore 
consult the CLS for the worst-case component characteristics to ensure 
design integrity under all conditions. 
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(2) The CLS shall provide the PAS with both nominal and worst-case 

component characteristics to allow the PAS to obtain the following: 

t Nominal performance characteristics that are easily substantiated 
through hardware testing under nominal, room -temperature conditions. 

• Worst-case performance characteristics to ensure compatibility 
between equipment requirements and capabilities. 

8.2. TYPES AND CHARACTERISTICS OF COMPONENTS 


8.2.1 Component Types 


Component types include the following basic 
categories: 


Resistors: 

Capacitors: 

Diodes: 

Transistors: 

Cores: 

Conductors: 

IC's 


Carbon, Film Wire-Wound, Precision 

Tantalum (Foil and Solid), Film, Ceramic, High Voltage 

General Purpose, High Currents, High Voltage, Low 
Voltage Schottky. 

General Purpose, Power Switching 

Square Loop, Linear, Ferrite. 

Solid, Litz 

Digital, Analog, HTL, TTL, MOS 


8.2.2 Component Characteristics 


For each component category, the groups of data residing in a component 
data bank are comprised of sets. Each set defines a given component. Each 
set in turn is made up of subsets, the elements of each subset describing 
some pertinent property of the component in that set. For example, the 
diode group in the component data bank may consist of 40 sets, representing 
40 difference diodes. A given diode set would be comprised of a generic 
number subset, failure rate subset, voltage rating subset, etc. The subsets 
are listed as the following four major component categories: 


• Resistors 

Available resistance 
Tolerance 

Temperature coefficient 
Power rating 

Unit weight as a function of power level 

Failure rate 

Cost 

• Capacitors 

Available capacitance 
Tolerance 
DC voltage rating 
RMS current rating 

Nominal and worst-case ESR with temperature 

Case size 

Unit weight 

Failure rate 

Cost 

§ Transistors 

Generic number 

with a 10:1 base drive (nominal and min/max). 
Switching time and storage time 
Safe peak dissipation 
Voltage rating 
Current rating 

Power rating and derating with temperature 
Unit weight 
Failure rate 
Cost 
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• Magnetics 


Loss 

Cross-sectional area 
Mean length of magnetic path 
Permeability 
Core configuration 
Window area 

Saturation flux density 

Weight 

Cost 

8.3 NEEDED COMPONENT CHARACTERISTICS STUDY 

The major component characteristics needed to be addresses to those of 
magnetics, semiconductors, and capacitors. 

Magnetics 

The overriding preoccupation In most magnetics design aiming for a given 
set Of performance specifications Is to achieve either a minimum loss for a 

given weight, or a minimum weight for a given loss. Immediately, the 
following concerns can be raised: 

(1) Is there an accurate model for core loss under asymmetrical 
squarewave excitation, as a function of frequency and flux-density 
excursion for different core materials? 

(2) Is there a thorough understanding on the eddy current loss In the 
copper wire caused by flux linkage in the wire, particularly In 
high frequency, high current operations? Under what conditions Is 
the use of Litz wire mandatory to effect loss reduction? 

(3) Can one determine the adequate amount of "fly-back energy" of a 
square-loop core that Is Indlspensible In sustaining oscillation 

In so many timing and drive applications, and yet has so frequently 
been glossed over In terms of "circuit descriptions". 


Since power magnetics represent a major portion of the total equipment 
weight and significant percentage of the total equipment loss, and since 
there are still vast unknowns concerning their design and operation (parti- 
cularly acute in view of the future high power, high frequency equipment), 
it is recommended that a major effort dedicated to magnetics be expanded 
to include the following items of interest; 

• To collect, either through analysis, or more effectively through 
experiment, the pertinent core and copper loss data. The variables 
should include core materials, core and coil configurations, in- 
cluding Litz wire, and excitation waveforms, frequencies, and flux 
excursions. 

• To develop an analytical model for high-frequency transformers and 
inductors to gain better understanding in all switching and incident 
al transient phenomena. 

• To address certain commonly-encountered power processing phenomena 
closely related to the magnetics design, such as the use of "flyback 
energy to sustain oscillation, the excessive voltage spike in mag^ 
netic-semi -conductor hybrid circuits, and the "effective inductance" 
which is smaller than the designed value due to the manifestation 

of small ac core losses as a resistance shunting the inductor. 

Semiconductors 

From strictly the component viewpoint, the single semiconductor modeling 
and analysis concern is the future trend of high power. Accompanied by the 
adequate protection and derating requirement, th€ high power demand could 
conceivably exceed the voltage and/or current capabilities of transistors. 
Silicon-controlled rectifiers are presently available with single chip 
(wafer) at ratings of lOOOV IlOA rms, and 5ys turn-off. They undoubtedly^ 
can, with the help of the proper power circuit design, be utilized to their 
advantages in a great many future high power, high frequency applications. 

The tools for the weight, reliability, performance and cost tradeoffs between 


the equipment using these two types of power switches shell be developed. 
Capacitors 

Capacitors ere important in the analysis and modeling effort due to 
their impact on: (1, the output ripple caused mostly by the eju va In 
series resistance (ESR) within the capacitor. ( 2 ) the sta il he ppe 

e i: change with L amblT 

perature, and (3) the damping effect contributed by the ESR to an LC 

iilter which may have unwittingly prevented many detrimental oscillations 

or existing equipment. These effects needed to be reflected. 

8.4 COMPONENT LIBRARY STRUCTURES 

Library data structures are evn^rfaw to a. j 
access devices such as disc and drum files, (without randltL" divjces 

considered). The three basic forms of library structure are considered: 

<') SegueatiaLStruc^ Members of such a structure can only be read 
n or er and thus to read the tenth element in sequence, i" „e 

structure to implement and very conservative in the amount of space 

tt : retrieval and 

of he t “'’^cations and copyin 

Of the entire structure is often needed. A variation of a strucLre 

ind f soRoence is introduced by having a (usually) brief 

nde. Of pointers to „bers within the sequence. hese lx 
P enters can then be used to directly locate points within the 
S ructure from which sequential operation can then proceed. 

(2) Jidexe^Jln^ Members of this type of structure are located 

assT^ tV ^ ^ PPrt number) which is 

associated, m an index, with the location in the strut ul e 

".ember s) having that hey value. This index, directory or record 

ugmen t e data itself and permit immediate retrieval of items for’ 


which index keys heve been estebished. Such structures ere very 
attractive where rapid resonses to random inquiries are needed. 

While the construction of the structure and selection of index 
parameters represent a certain amount of effort, it is considered 
worthwhile in view of the potential advantages particularly suited 
for power processing component library applications. A great many 
variations of this class of structure have been developed, and some 
will warrant consideration. 

(3) Calcula ted Structures . Members of this form of structure are re- 
trieved through the calculation of pointer values which are used 
to directly locate the member. (Hashing is frequently used to 
describe this procedure). No auxiliary directories are needed 
but a problem does exist since calculated values cannot normally be 
guaranteed to be unique. Thus, the calculated location of two dif- 
ferent component parts might be identical with the result that some 
form of overflow chaining must be provided. 

This discussion is brief, but should serve to emphasize the factors to be 
considered in the important process of future file design. It is noted that 
data structures are often of a hybrid form and that those features best 
suited for each library will be used. 

At present, when a designer sets out to identify a component suitable for 
his application, he normally does so by first identifying a few most critical 
component characteristics. For example, the voltage rating, the current rating, 
and the saturation drop are generally major concerns in the selections of power 
transistors to be used in efficient switching regulators. Candidates pre- 
selected to fulfill these requirements are then evaluated for other secondary 
characteristics such as switching speed (although the preferential role of 
saturation drop and switching speed is often interchangeable), unit weight, 
case configuration, or cost, from which the final component is made. 

The computer search routine, being a replica of the designer's method- 
ology, should follow essentially the same pattern to avoid being detracted 
from the numerous minor component characteristics. Consequently, a rapid 


173 


h ,nd retrieval must be accomplished by Indexing those few characteristics 
^wMch the designer is keenly interested. This indexing will be referred 
to as the major index. Only after the identification of those components 
hibiting the needed key characteristics can further evaluation of details 
become practical. This evaluation can be achieved through a second se o 
indexing (minor index) of the remaining secondary characteristics, or. perhaps 
more efficiently, for an on-line user, by simply printing out the key an 
secondary characteristics of all components stored under the particular major 
index. In the later cases, the user then makes his on-line decision o 
final selection of component(s) . 


8.5 COMPONENT LIBRARIES COMPILED 

Data bases for the following component categories have been 

compiled: 


• Foil tantalum capacitors 

• Polycarbonate capacitor 

• Wire-wound power resistors 

• Conductor Sizes 

• Powder Cores 


Samples of the compilations are 
for these component libraries is 
Management Program. 


given in Appendix Q. The user's retrieval 
discussed in Section 9, concerning the Data 


8.6 CONCLUSION TO SECTION 8 . . . u k 

In this section, the component's functional relationship with other su - 

programs, their types and characteristics, the needed component study areas, ^ 
the library structures and the libraries compiled, are discussed. To no one s 
surprise, complete component characterization and fully-automated component 
retrieval for various modeling and analysis subprograms are costly endeavors 
beyond the means of the current MAPPS program. In the future, a limited 
component-library implementation and component retrieval based on user s 
on-line decision making, rather than automatic processing, may be a more 

practical initial step. 


9. MAPPS DATA MANAGEMENT PROGRAM 


The objective of this document is to present the design of a computer 
based system for the Modeling and Analysis of Power Processing Systems 
(MAPPS). The MAPPS System is designed for use by the Designer/ Analyst 
of Power Processing Systems. The purpose of the system is to provide 
efficient analytic tools to facilitate the design, modeling, and analysis 
of Power Processing Systems and their components. The procedure is to 
collect and/or build these tools in the form of computer programs and 
to integrate them into a coordinated data processing system. 

The various analytic functions (MAPPS Major System Functions) incorporated 
now and in the future into the MAPPS System will be maintained as distinct 
modules with distinct responsibilities. MAPPS major system functions are 
exemplified by such major modules as Design Optimization (DOS), Performance 
Analysis (PAS), Systems Analysis (SAS), Component Library Subprogram (CLS) 
and the Data Base Manager (DBM). (Please note the trailing "S" in all the 
above acronyms stands for "Subprogram".) The integration of the 
various modules into a coordinated processing system will be accomplished 
by developing appropriate control and communication routines. An Executive 
User Interface (EUI) routine will provide the user the means for 
selecting specific processes for execution. An Executive module will carry 
out subprogram load requests and memory space allocation as well as input/ 
output file linkage requests. Subprogram User Interface (SUI) routines 
will provide the means for user interaction With the system. One SUI will 
exist for each analytic subprogram integrated into the MAPPS System. Each 
SUI is capable of handling all of the communications relative to its 
respective subprogram. 

In addition to several analytic subprograms there will be a Data Base 
Manager subprogram under control of the MAPPS E.xecutive. The Data Base 
Manager (DBM) will respond to, and perform all, Data Base access requests 
generated during any and all execution of MAPPS System analytic routines. 
The basic operations performed by the DBM on the MAPPS System Data Base 
include STORE, MODIFY and RETRIEVE. 



The Executive, Subprogram User Interface routines, the DBM and the 
Analytic Subprograms comprise the MAPPS System. The MAPPS System 
operates in the environment of a host computer operating system in either 
a timesharing or a batch mode. The host system is expected to provide a 
number of general purpose functions needed for enhancing the operation of 
the MAPPS System which will not be duplicated within the MAPPS System 
Initially implemented. Such general purpose functions not included in 
earlier MAPPS configurations include external file management, text 
editing, program compilation/assembly and the numerous other functions 
normally available in a reasonably comprehensive computer operating system. 


The normal use of the MAPPS System is projected to involve interactive 
communication between the system and the Designer/ Analyst; however, batch 
use of the MAPPS system will also be available. The design of the MAPPS 
System takes into account the desire to utilize it on many 
different host computer systems. The design also seeks to make the 
interaction with the Designer/Analyst (User) as easy as possible. Ideally 
the user's effort may be concentrated on the problem at hand rather than 
on the administrative details of invoking the MAPPS System capabilities. 
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9.1 USE OF THt; MAPPS SYSTEM 


The M/\PPS Sys ton will operate in one of two operating inodes: interactive 

(timesharing) or batch. The ability to use either mode is predominantly 
dependent upon the capabilities of the host computer. At TRW Systems 
both modes will be available to the user. 

In tlie interactive mode the use of the MAPPS System begins by signing on 
to the computer timesharing system. The Designer/Analyst (user) requests 
tliat the MAPPS System be loaded and executed in the conventional program 
load and execute manner, A conversation then begins between the user and 
an executive routine through which the user instructs the system to attach 
certain external files and to perform specific analytic and/or data base 
manipulation functions. Upon completion of the input cycle, the MAPPS 
System will proceed to execute and satisfy the user's requests. If 
intermediate results require a decision by the user, interactive conver- 
sation will again take place. During the course of a interactive session 
the user may display results, permanently or temporarily store results, 
or retrieve previously stored results from the data base. Interactive 
performance of several MAPPS System functions is expected to become 
common practice. 

Batch mode use of the system is expected to take place generally whenever 
the host computer operating system does not support timesharing terminals. 
Also, on those occasions when execution of a particular function is 
expected to take a long time or generate extensive output, the user may 
wish to select batdv mode operation. Dn such occasions it will be 
essential to thoroughly analyie the situation in order to insure the 
completeness and soundness of the input parameters and decisions. 

During execution in the batch mode there is not an opportunity for 
the user to alter the course of the process from the inputs originally 
submitted. 


9.2 DESIGN REQUIREMENTS 


Of all the requirements imposed on the MAPPS System design, five 
general categories stand out as the most imposing or critical require- 
ments. The success of the MAPPS System development effort is greatly 
dependent upon the system's ease of use, flexibility and ease of 
modification, portability, interactive/batch operation, and fault 
protection features. 

9.2.1 Ease of Use 

The MAPPS System must be easy for the Designer/ Analyst to use 
and should not require extensive knowledge of computer systems 
or programming. The operations which support the computerized 
functions performed for the user should be as transparent to him 
as is feasible within cost-effectiveness constraints. The system 
should allow for the user's depth of knowledge of the system by 
extending aid to the inexperienced user while permitting the 
knowledgeable user to take procedural shortcuts. The MAPPS 
System should also be relatively easy to maintain from the 
system programmer's point of view so that minimal effort in 
that area is needed. 

9.2.2 Flexibility and Ease of Modification 

The MAPPS System must be easily modified or expanded without 
excessive impact on the entire system. It is foreseen that a 
number of additional MAPPS System functions will be added to 
the system after the initial operational capability is provided. 
These additions should be taken into account early in the design 
process to allow their smooth integration into the system at 
later dates. 
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9.2.3 Portability 


It is a requirement that the MAPPS System produced in the 
Phase II effort be "portable". This means the system will 
be designed so that a minimum conversion effort is required 
to move it from one computer hardware operating environment 
to another. It should be understood that a completely portable 
program in this sense is not totally realizable. While total 
portability is not attainable, the adjustments required to 
tailor the system to a new operating environment should be 

minimal. 

9.2.4 Intaractive/Batch Operation 

Normal use of the MAPPS System is expected to be interactive between 
the Designer/Analyst and the system via timesharing terminals. At 
the user's option, the MAPPS System may also bn used in a batch 

mode . 

9.2.5 Fault Protection 

The MAPPS System must have a reasonable ability to protect itself 
against failures which .could be catastrophic to system data bases 
and other system generated output. .When unable to completely 
recover, it will become important for the system to issue messages 
to aid in diagnosing the problem. 

9.3 DESIGN TECHNIQUES 

A high-quality software product (as the MAPPS System is intended to 
be) is readable, reliable, easy to extend functionally, and easy to 
maintain. The use of modularization, hierarchical program design, 
closed logic structures, and the sound principles of structured 
programming will contribute to these ends. 
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9.3.1 Modularization 

Related functions (clerical, analytic, etc.) are collected into 
groups or modules with suitable interface logic to insure the 
integration of these modules into a coordinated processing 
system. Modularization facilitates design and maintenance 
activities by isolating dissimilar activities from one another. 
Often times it becomes necessary to implement program overlay 
loading techniques in order to fit software into the physical 
■ constraints of the host computer hardware system. The appropriate 
use of the modular design greatly facilitates implementing overlay 

loading. 

9.3.2 Hierarchical Program Design 

This technique is a part of the currently fashionable top-down 
design approach which begins at the highest system level, defines 
major functions, and then works downward until the lowest level of 
functions have been defined. We use a "top-down bias" approach 
which generally proceeds in a top-down manner with the addition 
of periodic assessments of potential problems at lower levels in 
the hierarchy. This can take the form of evaluating high-risk 
components, establishing common or reusable components, and 
minimizing machine dependence. 

9 . 3.3 Closed Logic Structure 

This technique uses subroutines and programs that have one entry 
and one exit point in a hierarchical manner. These structures 
are utilized in a calling-called relationship that resolves 
ultimately to one module at the highest level coordinating and 
controlling the actions of all those subordinate to it. This 
ties in well with the hierarchy mentioned above and with the 
concept of system modularization. This too tends to make both 
design and maintenance easier due to increased understandability 
of the resulting code. 


9.3.4 Structured Programming 


Structured programming is a set of principles established to 
assist software developers in producing programs that are 
readable, reliable, easy to expand and easy to maintain. Since 
these are also prime considerations in the development of the 
MAPPS System, it seems natural to make use of these principles 
in its development. Two qualifications are necessary, however. 
There is not general agreement in the industry as to the individual 
application of these principles and so an interpretation of these 
guidelines will be made. Also, significant portions of the MAPPS 
System are in the form of existing programs which may or may not 
be structured. It is not anticipated that restructuring such 
programs is a part of this effort. Newly created modules on the 
other hand will have structured programming principles applied 
to them. 

9.3.5 Use of a High-Level Programming Language 

Using a high-level programming language to code the MAPPS System 
is a requirement if portability is to be reasonably achieved. In 
selecting the programming language to be used in coding the MAPPS 
System, the following factors were considered: 

• The language should be a standardized, high-level programming 
language. 

§ Compilers should be available on as wide a range of computer 
systems as possible. 

• Differences in the language from one computer system 
environment to another should be small and well defined. 

• The language should support extensive mathematical operations 
such as will be required by the MAPPS Subprograms. 

• The language should be in widespread use. 
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• If possible, a body of programming and debugging aids 
should be available and operational. 

The language that most closely fits these requirements is FORTRAN. 

FORTRAN has a Standards Committee and a standard form of the language 
implemented on many different computer systems. Conversions from one 
environment to another have been accomplished and the potential problem 
areas are fairly well known. 

FORTRAN (FORmula TRANslation) lends itself particularly to mathematical 
programming. The language is in use in a vast number of installations 
and a great number of known and operational programming/debugging aids 
exist for it. 

One possible "soft" area of FORTRAN is in the handling of command and 
control data which is better handled by assembly language code. 
Efficiency may indicate the use of assembly language in certain 
routines of the MAPPS System. However, it is our intention to strive 
to use FORTRAN exclusively. 


9.4 MAPPS SYSTEM MAJOR COMPONENTS 


The MAPPS System consists of a number of computer programs and 
subprograms organized into modules. These modules each have a 
position in the operations hierarchy of MAPPS in accordance with 
certain communication requirements. The advantage of a modular 
organization will become apparent whenever additions or modifications 
to the MAPPS System are required. It will also ease if not actually 
ma e possible, the implementation of the MAPPS System on some computer 
con igurations where it may become necessary to .use program overlay 
techniques because of size limitation. Figure 37 Illustrates the 
modu ar architecture of the MAPPS System. Dotted lines show separation 
of the major functions into modules. Level numbers are Included to 
Illustrate the potential computer loading overlay hierarchy of the 
var ous modules. Modules with lihe numbers cannot execute simultaneously 
the use of overlays becomes necessary. Modules with like numbers roll 
an ou of the execution area on demand by the MAPPS Executive 

program. A discussion of the basic functions and features of each 
module follows below. 


9.4.1 Host Computer Operating System 

Level 0 is the host computer operating system. At TRW this system 
IS commonly referred to as TRW/TSS. This system is supported on 
a complex of CDC 6000 and Cyber series computers. "MACE" is the 
basic operation system and “EDITOR" is an interactive text editing 
system. Both provide unique and powerful capabilities expected 
to support the resident portion of the MAPPS System. 

Bac.juse attributes of timesharing systems are generalized, users 
going from one timesharing system to another find a number of 
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capabilities to be fairly uniform, although specific details and 
interactions may differ considerably. The following features 
are generally available to most timesharing computer systems. 

c Security (restricted user access) 

9 System Use Accounting 

• Checkpoint/Restart (system backup) 

• On-Line and Batch User Access Modes 

• Local and Permanent File Handling 

• Editing Capability 

• Higher Level Language Compilers (FORTRAN) 

• Assemblers (host machine native language) 

• Subroutine Library 

• System Utility Library 

The design of the MAPPS System will utilize these features as 
resident in the host computer system and not attempt to incorporate 
them in the MAPPS System itself. This prevents expenditures due 
to "reinventing the wheel" accumulating during the initial stages 
of the MAPPS Systems development. Some adjustments for the 
differences in host system capabilities may be necessary for 
implementation of the MAPPS System on a particular timesharing 
system, but the adjustment effort will be far less than if such 
features were actually part of the MAPPS Software. 

9.4.2 MAPPS Executive Level 

Level 1 is the primary level of the MAPPS System, Two distinct 
modules having separate functions reside at the primary level. 
One module consists of the Executive User Interface, the MAPPS 
System Executive, the Error Processor and the Data Base Manager 
Retrieve subroutine, and is oriented toward the execution of the 
analytic processes. The other module. Data Base Definition, is 
strictly concerned with initializing the system data base 
descriptions. 
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9.4. 2.1 Executive User Interface 

The Executive User Interface (EUI) provides the interactive 
and batch user with the means of invoking MAPPS analytic 
processes. The EUI provides for the conmuni cation to the 
system of essential administrative facts which activate 
the analytic processes. The EUI is the first point of 
contact the user has with the system. 

9.4. 2. 2 MAPPS System Executive 

The MAPPS System Executive controls subordinate module 
execution sequencing and maintains process integrity 
between successive execution of lower level (Level 2) 
analytic modules and/or the Data Base Manager. The 
Executive handles administration of operations for the • 
rest of the various MAPPS System levels and invokes the 
Error Processor when appropriate. 

9. 4.2. 3 Error Processor 

If invoked, it is thp primary function of the Error 
Processor (EP) to salvage wherever possible portions 
of the current effort. The EP is concerned with 
providing the interactive and batch MAPPS System user 
with suitable means to recover from input, output, and 
execution errors. In no way is the EP concerned with 
recovery from failures of the host computer. 

9. 4. 2. 4 Data Base Manager Retrieve 

A copy of the Data Base Manager (DBM) Retrieve routine 
is shown residing at the Executive level in order to 
emphasize its availability to all execution levels of the 
MAPPS System. This feature is of particular importance 
whenever module overlaying becomes necessary to execute 
the system. The DBM Retrieve routine provides the means 
for acquiring information from the data bases. 


9. 4. 2. 5 Data Base Definition 

The Data Base Definition (DBD) module exists solely or 
the purpose of defining data base files. It accepts user 
descriptions of file content and format, translates such 
information into data base language, and creates the 
internal mechanisms for storing information in the data 
base. The DBD program is maintained and executed 
independently of the MAPPS analytic system. The DBD 
program's use on Power Processing Master files will be 
limited to personnel with specific authority. 

9.4,3 O pprati no Level 

The seeoedery level (Level 2) of the MAPPS System is the actual ■ 
operations level of the system. This is the working level where 
all of the analytic and the bulk of the data management activities 
are performed. The secondary level is comprised of Subprogram 
User Interfaces, analytic subprograms, and the Data Base Manager. 

Since it is probable that overlay loading of the analytic modules 
will be required in order to execute the MAPPS System, particular 
care must be exercised in the assignment of functions to the 
various modules at the 'secondary level. 

9. 4. 3.1 Subprogram User Interface 

The purpose of the Subprogram User Interface (SUl) is to 
provide the communication linkage between the user, the 
analysis programs, and the Data Base Manager. There will 
be at least one SUI for each Level 2 module of the MAPPS 
System. The extent of the functions performed by the SUI's 
will depend upon the purpose and activities of the respective 
module they service. Generally speaking, each SUI will have 
the task of assembling command, control and input parameters 
required for subprogram execution initiating subprogram 
execution, and validating successful completion of subprogram 
reiteration and for STORE, MODIFY, RETRIEVE functions of the 
Data Base Manager. Each SUI will invoke execution of the 
Error Processor as required. 
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individual data base functions and sets those events 
in motion. Successful completion of requests results 
in the return of control as well as relevant information 
back to the module originating the request. 

9.5 SYSTEM COMMUNICATION 

The procedure proposed herein for communicating information within the 
MAPPS System supports the goal to maintain ease of modification and 
internal flexibility. It greatly facilitates error recovery -procedures . 
It represents one of the built-in forces to promote programming conven- 
tion standards and easily fits into the MAPPS concept of modularity. 


There are two levels of communication each of which requires individual 
treatment. The first involves communication of command/control information 
and the second involves communication of data. Command/control information 
is used in the proper execution and internal sequencing of MAPPS System 


modules. Data is taken to be any information not used in command/ control 
communication and which has cqmputational implications in some aspect 
of a MAPPS System function (i.e. , a MAPPS Subprogram). 


The bulk of the communication between the various MAPPS System modules 
during execution will be through common memory areas. Since the 
programming language is to be FORTRAN, all reference to common areas 
is in the context of FORTRAN COMMON blocks. 


Two kinds of common areas are each associated with ComiTiand/Control 
communication and Data communication. Command/ control information 
passes primarily through Executive Common and Error Common, while 
Data communication deals with User Storage Common and DBM Common. 

Each of these common areas will be described in terms of its architecture, 
implementation, and its use. 
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9.5.1 Command/ Control Communication 

Figure 38 illustrates the command/ control communication path for 
the entire MAPPS System. The basic media for communication of 
comnand/ control information is expected to be FORTRAN Labelled 
Common blocks. The information expected to be transmitted through 
these Common blocks pertains to 

• invoking execution of the various programs and subprograms 

a relaying data storage area pointers 

a maintaining error recovery and backtrace logic maps 

and in general performing any other administrative and housekeeping 
chores required to insure system integrity during execution. 

t 

9. 5. 1.1 Executive Common Architecture 

Executive Common (EXCOM) in a FORTRAN Labelled Common 
Block of memory cells having the principal function of 
providing a controlled and centralized vehicle for 
communicating command/ control information. It is 
intended that EXCOM will be used to retain all information 
pertinent to I/O unit assignments, program and subprogram 
execution sequencing, error flags, common storage pointers 
and other information critical to proper execution of 
MAPPS. 

Executive Common will be declared and initialized in 
the MAPPS Executive and will be available to all programs 
and subprograms in the system (Figure 39). During 
execution EXCOM will remain resident in memory and with 
the exception of certain cells vjill remain unchanged. 

The MAPPS Executive will be responsible for monitoring 
the contents of EXCOM to insure its continual integrity 
and to invoke correct responses to subprogram requests 
and error conditions. It will be the responsibility of 
the subprogram programmer to use the executive common 
area; the content of which will evolve as MAPPS evolves. 


190 
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Since the User Storage Common is initially raferenced 
in the MAPPS Executive and since it resides in memory , 
input/output access to it is available to all MAPPS System 
programs (Figure 42). It should be noted that only one 
User Storage Common area is contemplated and therefore 
coordination between subprogram requirements is mandatory. 

This approach is taken in order to facilitate communication 
between subprograms and to facilitate error recovery, as 
well as to minimize the demand for execution memory. 

There are two methods available for accessing the common 
areas. Data accessing with directory reference is termed 
Variable Location. Data accessing without directory 
reference is termed Fixed Location. For reasons which 
will become apparent, the directory will exist and be 
maintained in either case. 

Variable Location access requires scanning the directory, 
performing an element name match, and where a match occurs 
computing the location (i.e., subscript) of the corresponding 
data element in the data buffer. Fixed location access 
involves direct access to the data buffer with precoded 
subscripts. Use of the variable location scheme enhances 
flexibility while fractionally increasing execution time. 

Use of the fixed location scheme narrows flexibility, 
fractionally reduces execution time, and increases program 
modification effort. 

User Storage Common may be filled v/ith information in a 
variety of ways. In the subprograms it will be up to the 
respective programmer to determine the best approacn. In 
the Subprogram User Interface three options V'jiil be 
available to the interactive user. The interactive user 
may request it be filled from a Data Base record which 
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had been previously stored in a data base. He may 
also fill User Storage Common element by element through 
the terminal. He may also load a Data Base record and 
then modify specific elements. 

The batch user will have two options for filling User 
Storage Common. He may load a Data Base Record or load 
an input record. In either case the information must be 
complete before execution of the subprogram or an involuntary 
termination could occur. 

9. 5. 2. 2 Data Base Management Common Architecture 

Communication between other MAPPS System modules and 
the DBM takes place through the Data Base Management 
Common Data Area (DBMCOM). This area contains the various 
parameters needed for the RETRIEVE, MODIFY and STORE 
functions of the DBM as well as the data resulting from 
whatever DBM function was performed. 

A number of parameters are required to gain full use of 
the DBM. These include items describing the data base 
file involved, its dictionary or schema descriptors and 
a number of other parameters which are shown in Appendix S. 

DBMCOM is defined in all modules of the MAPPS System to 
afford all of them the ability to communicate with the 
MAPPS data base via the DBM module. 

The MAPPS DBM module performs three basic functions: STORE, 
MODIFY and RETRIEVE. Such functions are available to 
other MAPPS System modules through a Data Base Action 
Request (DBAR). 

The Executive handles the transfer to the DBM which 
validates the parameters in the DBMCOM. The DBM performs 
the DBM function, puts whatever output is generatod in the 
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DBMCOM, and sets the Data Base Function ^ • 

Control then passes back through the Executive 
module which generated the request (Figure 43) 

The module then establishes where to begin processing 
and checks the Data Base Function Completion Code. 
Assuming a successful completion, the 
processing with the output generated by the DBM. 
error does exist, the DP is invoked.) 

It should be noted that the STORE and MODIFY functions 
result in the overhead of rolling out the requesting 
module, rolling in and out the DBM, and then rolling 
the requesting module back in. The RETRIEVE function ■ 
(in a specific retrieval) is available to a requesting 
module without such overlay overhead as the REiRIEVE 
module is present at the Executive level and therefore 
does not require rolling in and out to satisfy the 
RETRIEVE function. 

The above does not preclude storing or modification from 
■ any subprogram; it simply requires more overhead to 
nnrfnrm thes6 functions indirectly. 
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9.6 THE DATA BASE MANAGER 


It Is the primary function of the Data Base Manager (DBM) to provide 
the mechanism for the retention, maintenance, and retrieval of information 
pertinent to the MAPPS System. The DBM resides in the MAPPS System as a 
subprogram at the secondary level (Figu« 37). Entrance of the DBM into 
the execution stream is accomplished directly by the MAPPS Executive and 
indirectly (through the executive) by the other subprograms of the system. 

There are three activities performed on the MAPPS System Data Base by the 
Data Base Manager. These activities are performed by the three subroutines 
STORE, MODIFY, and RETRIEVE. STORE is a write function. Through the 
STORE routine, the DBM transports new data to existing data base files. 
MODIFY operations involve reading and writing. All DBM requests to change 
or delete information already contained in the data base are handled by 
the MODIFY routine. RETRIEVE is a read only operation. Requests for 
information contained in the data base are interpreted by the DBM 
executive, translated into retrieval language, and subsequently 
proc6SS6d by ths RtiRIEVE rouuinG. 

9.6.1 Origins of DBM Request 

Figure 41 illustrates the relationship between the MAPPS Subprogram levels 
and the DBM functions directly operable from those levels. The DBM can 
receive STORE, MODIFY, and RETRIEVE requests (direct or indirect) from 
the DBM User Interface, a Subprogram User Interface, a Subprogram, and 
the Error Processor. The MAPPS Executive and the Executive User Interface 
are not expected to issue DBM requests of any kind even though they could. 
A Subprogram and a Subprogram User Interface can make RETRIEVE requests 
directly without losing primary process control. They cannot, however, 
issue STORE or MODIFY requests directly. There are further limitations 
on RETRIEVES from lower levels which will become evident in a discussion 
on the forms of data retrieval. Of course the full powers of the DBM 
are at the disposal of the DBM User Interface and DBM Executive. 
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9.6.2 Information Storage 


The actual process of storing information is the sole responsibility of 
the DBM/STORE routine. In order to invoke the store function, the DBM 
Subprogram must be loaded by the MAPPS System Executive for, execution. 

Although it will be possible to originate a store request in a Subprogram 
User Interface, it will only happen after the requesting program has 
relinquished control to the MAPPS System Executive. The procedure will 
be as follows: 

• Move data to be stored to intermediate storage (i.e., DBM Common), 

• Set the DBM/STORE request flag "ON", 

• Save the data locator, and 

• Relinquish control to the System Executive. 

In all probability this procedure will be invokable with a single coded 
FORTRAN statement thereby relieving the analytic programmer of any 
admi ni strati ve respons i bi 1 i ties . 

It should be noted that a single request to store data may not produce 
a store function. Once the DBM Executive has been given control it will 
perform certain validity checks designed to protect data base integrity. 
Validity checks that are expected include, but are not limited to, 
identifying the user, identifying the data base and quality checking the 
data to be stored as to format and quantity. All errors will abort the 
STORE function and invoke the Error Processor for further evaluation. 

9,6.3 Information Modification 

The MODIFY process embodies the activities of the RETRIEVE process and 
the SiORE process. Two MODIFY operations are provided to the user within 
the realm of the MAPPS System. These two options are Delete and Replace. 
Such other functions as text editing are to present the responsibility of 
the host computer operating system. 
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Since modification presumes existence of specific information requir.ng 
changes, the DBM response to a Delete or Replace request begins with a 
search of the data base to locate existing data. Under a Delete request, 
the resident information and all pointers to it are removed from the 
target data base. Under a Replace request, a substitution of the resident 
data by the new data is made. In either a Delete or Replace operation a 
full accounting is made to the user. 

As with all data base write requests, the DBM executive will be extremely 
critical of MODIFY requests. Validity checks will be performed in order 
to prevent non-permitted users from altering a data base or to prevent 
erroneously formatted data from being written on the data base. All 
errors will abort the MODIFY operation and invoke the appropriate error < 
process . 

9.6.4 Information Retrieval 

During execution of the DBM, information retrieval is expected to 
'constitute the majority of DBM activities once the system becomes 
operational. The specific information retrieval function of the DBM is 
unique with respect to the other DBM functions in that it may be invoked 
at virtually every level of the system. This feature is made available 
because each subprogram is assumed to have need for retrieval access to 
the Data Base in order to perform effectively and is accomplished by 
attaching a DBM/RETRIEVE Subprogram to the MAPPS Executive program. 

From the user viewpoint there are three ways to receive retrieval 
information as follows: 

fi External Display 

• Memory Storage 

• Mini-Data Base 

Although each option is illustrated (Figure 44) separately, it does not 
preclude the possibility of simultaneous occurrence of two or all three 
options v.'ith a particular retrieve operation. The forms in which 
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Figure 44 Retrieval Data Flow Options 
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retrieved data may be received are illustrated and discussed separatelv 
because their respective use requires differing techniques. 

Retrieval to external display requires user evaluation of the display 
and subsequently user action to cause employment of the retrieved data. 
The external display device could be a CRT, terminal printer, or line 
printer. Information displayed could be data, quantitative or qualitati 
messages, or both data and messages. The choice will be the user's and 
subject to the hardware capabilities of the host computer. 

Retrieval to memory storage is special in that a predetermined scheme 
must exist for using the stored information. Predetermined implies 
programmed knowledge of the whereabouts of the data. There are two 
possible ways of handling memory storage of data; they are FIXED format 
and VARIABLE format.^ Discussions and comparison of these formats is 
in the Section for User Storage Common Arcitecture. 

Retrieval to a Mini-Data Base involves creation of a condensed 
version of the original data base. The objective is to reduce 
the volume of information for immediate access through conditional 
retrieval operations. The Mini -Data Base is identical in format 
to the master from which it is derived and therefore requires no 
special access methods beyond DBM Retrieve. 

Retrieve requests are classified as Specific or Conditional according 
to their form and the results they produce. Specific Retrieve requests 
are made to obtain restricted quantities, usually single values of 
particular data elements required for the immediate analytic operation. 
Use of the specific form requires explicit knowledge of the format 
and quantities of values returned. Specific requests will find their 
greatest use at the subprogram level. Conditional Retrieve requests 
generally produce a variety of values and require specific treatment 
before use in an analytic process. Conditionally retrieved data will 
normally be to intermediate storage and to display for further 
scrutiny. Conditional Rett'ieves will be used most often in the 
Subprogram User Interface and not in Subprograms. 



During execution of the MAPPS System, combinations of the Conditional 
Retrieve and the Specific Retrieve may be employed in the process of 
obtaining information from the data bases. Figure 45 illustrates one 
example of interaction between the user and the MAPPS System using 
Conditional Retrieves to reduce the quantity of information retrieved 
prior to execution of a subprogram. The Conditional Retrieve will cause 
a copy of the information satisfying the requestors range of conditions 
to be transferred to DBM Common or similar intermediate ‘storage. The 
user at his option could request that the retrieved data be displayed 
for observation or if the quantity of data retrieved was excessive, he 
could further restrict the conditions and execute another Retrieve. 

The form of the statement (program coded or English language) for requesting 
conditional retrieve will provide the user with the ability to conduct 
searches of the data base looking for items satisfying such conditions 
as "less than," ">greater than," "equal," "not equal," and other conditions 
deemed useful to users of the system. 

The purpose of the Specific Retrieve is to give the Analysis programmer 
the facility for coding data base access into his analysis program. 

The form of the Specific Retrieve statement will allow the user to code 
data base requests using element names with confidence in the fact that 
specific quantities of only named elements will be retrieved. Generally, 
all Specific Retrieve request communication will be through arguments of 
a FORTRAN Call statement. 
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FROM A SUBPMMKAM 



Figure 45 MAPPS Conditional Retrieval and Iteration 








9.7 MAPPS SYSTEM OPERATION 


The opfci-'tipnal MAPPS System consists of three physical divisions: 

1) the load modules (or compiled programs) that comprise the 
MAPPS Executivej DBM Subprograms and other MAPPS processors 

2) the basic data base files required by all users, and 

3) the individual data base files created and accessed by the 
user. 

The MAPPS program/subprogram modules will reside in a library in 
the timesharing computer system. The MAPPS System data base files 
will reside on external input/output devices (disk or magnetic tape). 

Both batch and interactive operation of the system is contemplated. 

It is anticipated that the interactive mode will be in greatest use. 
User Interface modules have been judiciously placed throughout the 
MAPPS System to insure effective interactive communication between 
the user and the system. The network of User Interface Modules 
includes the Executive User Interface (EUI), the Data Base Manager 
User Interface (DBMUI), and the Subprogram User Interfaces (SUI). 

Each User Interface module has its special purpose to satisfy. 

The EUI is the point of initialization. It is through the EUI that 
the user has the first opportunity to communicate commands and 
requests to the system. Directives are issued which enable specific 
execution sequencing, connecting of data base files, establishing 
execution options, and determining error procedures. , 

The DBMUI gives the user the capability to work directly with the 
DBM exclusive of the other subprograms. The prime responsibility 
of the DBMUI will be to receive English language (external) state- 
ments, translate the statements to internal program commands and 
instruct the DBMI accordingly. 



Each SUl will interact with the user on matters concerning its 

respective subprogram. Through it the user w 

control and analytic data, specify execution options. «tablis 
input data file pointers and generally control events within 

subprogram* 

To converse with the MAPPS System (Appendix T). the user signs on the 
timesharing system and then executes the .WPS J 

accomplished by retrieving the MAPPS modules from the 
attains the data base files, and then loading and executing the 

MAPPS program modules. Activation of MAPPS leads to a conversa 

^ . j 4.U0 iicpy' first about which function 

tion between the system and the u , 

of the system is wanted, and then the dialogue with the part of 
the system that actually performs that function. Varieties 
X hang Of paranmters and results take place with the user uU - 
Tt y ending the session and storing either 
results of a design. The results are stored in the Use 
File which can be recalled from the user's account files and 
for reference at another time. 

in the course of a teminal session, or "conversation," the system 
„«y recognize that a particular function will 

continuing to process on-line or of setting up ^ f 

to accomplish the function while the user does ; 

requests »y also generate listings of various data base files. 

The MAPPS System will be sufficiently flexible to allow a sophis- 
tLted user to shortcut steps that are not needed because 0 the 
user's in-depth knowledge of the system. The new user will be 
presented with informative messages as processing goes forward and 
will also be able to retrieve some instructional text to c an y 
options at decision points. 
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Even though a Subprogram User Interface is planned for each 
subprogram installed in the system, it is not currently planned 
to have this interface supplant any of the already existing acti- 
vities of the subprogram itself. The intention is for the SUI 
to merely supplement existing subprogram functions at the adminis- 
trative level. This especially applies where the subprograms 
already exist as "stand alone" programs. Figure 46i illustrates 
the division of responsibility for inputing analytic data to a 
subprogram. 

In the TRW/TSS, individual user-created data base files would 
reside on the individual user's account and be accessable only by 
that user unless the user gave specific permission via commands 
to TSS for another person to either read or write that file (or 
perhaps read and write). This is protection at the file level 
and external to the MAPPS System. Internal checks are also 
available in MAPPS for the protection of user files. When the 
DBM is directed to perform any data base function on a data base, 
it looks at the user's unique identification and determines if 
the requested function should be performed. If not, a diagnostic 
message will be issued to the user and the data base function not 
performed. 

9.8 MAPPS SYSTEM PERSONNEL 

Besides the Designer-Analyst user of the MAPPS System, there are 
two other categories of support personnel involved with the system. 
They are the Data Base Administrator and the Computer System Support 
personnel . 

The Data Base Administrator is a person who is knowledgeable of 
the requirements and functions of the MAPPS System. This person 
maintains the MAPPS basic data base files such as the Component 
Library and the System/Equipment files and assures that the MAPPS 






modules are available for use 
maintenance of parameterized 


This person may also be responsible for 
security permissions internal to MAPPS. 


The computer System Support personnel are responsible for the 
and operation of the computer operating system under which, the MAPPS 
System runs. They perform programming, operation and data ase 
administrative tasks for the timesharing system as a whole. 


Designers who wish to trade results back and forth may do so on 
the individual level or possibly by incorporating their results in 
the MAPPS General System/Equipment Data Base File. This last 
would be done through the Data Base Administrator in accordance 
with established regulations. 


9.9 ERROR PROCESSING 

An important aspect of the design of the MAPPS System is its handling 
of errors that occur in the course of a session with the user. Errors 
may result from abnormal conditions in either hardware or software. 

Hardware errors concern themselves with the mechanical and electronic 
equipment of the host computer system, including the computer main- 
frame, the various peripheral devices attached to it, and the terminal 
utilized by the user. Hardware malfunctions will not be the responsi- 
bility of the MAPPS System Error Processor. Errors occurring 
in the host computer operating system are also outside the realm of 
the MAPPS System Error Processor. 

Software errors result from the incorrect processing of data which 
may be due to the program accepting invalid input data or incorrectly 
operating upon valid input data. In a complex system like MAPPS, 
software errors may occur at several levels: 



User/System Interfaces 

• Subprogram 

• Subprogram User Interface 

• Executive User Interface 

Inter-MAPPS Interfaces 

• Between any two modules that have an interface 
(common memory area, file) 

Errors at the User/System Interfaces will be dealt with in most 
cases by the Interfaces themselves. The programs accepting data 
from the user in the form of parameters, indications of decisions, 
etc. are responsible for making checks of validity and producing 
diagnostic messages to the user when the input is incorrect. A con- 
siderable effort will be spent in ensuring the sufficiency and correct- 
ness of the validity checks at the user interfaces. 

Most errors in the interfaces between MAPPS modules will be removed in 
the debugging process. An Error Processor will be available to respond 
to certain types of errors and to provide a programmed means of attempt 
ing recovery. If recovery is not possible, the Error Processor will 
attempt to save whatever information it can for the user and for later 
error diagnosis before shutting down MAPPS System execution. 

In the case of a sophisticated timesharing system such as TRW's TSS, 
the resident error processing routines and administration procedures 
provide an excellent degree of confidence by the user in being able 
to run his problem when he wants to. Hardware errors also fall within 
the boundaries of the resident system error processing routines. These 
usually require the re-execution of a problem using the data saved 
in the checkpoint procedure most recently performed to get a full 
backup of the system at that time. These checkpoints are normally 
taken at hourly intervals or every two hours. Thus, in the event 
of a catastrophic system failure, the user would lose what information 
was in memory and have to back up to the previous checkpoint. 



If intermediate results had been stored in the MAPPS permanent data 
base files since the beginning of the session the user would most 
likely be able to retrieve them and start from that point as the 

permanent files are not very often disturbed in hardware malfunction 
situations. 

The Error Processing (EP) module is provided for the purpose of evaluat 
ing MAPPS System execution errors and conducting a conversation with 
the user regarding potential solutions to the problem, providing that 
the problem is not catastrophic. In catastrophic situations the 
EP will take its own action in the most expeditious manner possible. 

The Error Processing module is invoked by the Executive when it 
determines that an error in. the control flow has occurred. This 
would most likely be an anomalous condition existing after a nested 
return of control or other condition affecting the manner in which 
the Executive normally handles control flow. The Error Processor 
will attempt to salvage the operation, but if not able to will 
attempt to maintain the conversation with the user. In the event 
that even this is not feasible, it will attempt to allow the user 
to save whatever intermediate results were obtained prior to the 
EP ending the terminal session. 



10. CONCLUSIONS ON MAPPS, PAST, PRESENT. AND FUTURE 


10.1 MAPPS BACKGROUND 

Being a long range program, the MAPPS is currently at the conclusion of 
its initial Phase-II effort. The Phase-I program started in 1973 amidst a 
growing concern from both the government, the industry, and the university 
regarding the need for and the lack of such a program. The prevailing 
feeling at that time was that although there already had been numerous 
circuit developments, too much reliance had been placed on design experience, 
trial and error, and occasional brute force, that too much emphases had been 
focused on "it works" rather than "how and why it works", and that these 
semi -intuitive and design-by-the-bench approaches often placed cost/schedule 
in peril. The MAPPS objective, therefore, was to provide the needed modeling 
and analysis tools to reduce the design, analysis, and development time, and 
thus the cost, in achieving confidently the required performances for power 
processing equipment and systems. Since then, the significance of this ob- 
jective has been enhanced by the evolving trend of power processing. First, 
the trend of higher power has diminished the readiness of the "bench design". 
Next, growing sensitivity to cost and the consequent standardization effort 
has placed more and more emphasis on an analysis-based design. 

Power processing, by nature, is harware-oriented. Transient-prone semi- 
conductors, insidious magnetics, evasive noises, and ever-changing equipment 
requirements, all seem to overshadow the subtle need for, say, control -loop 
analysis or power-circuit design optimization. Understandably, a designer 
in real life is too occupied to have that much time to dwell in modeling and 
analysis. After a few years in the industry, a designer becomes too valuable 
in producing the required hardware within the specified cost/schedule, with 
the consequence that usually one (or a few) analyst in a given organization 
ends up performing advanced analysis for all other engineers. 

This distinct division between hardware and software can be costly for 
the following reasons: 

• Due to their casted role, the analysts only analyze the design 
already generated by the designer, which may happen to be quite 
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The validity of the first school of thought Is beyond any dispute. An 
analytically-based design, well understood by the designer. Is the ultimate 
design The only attendent asumptlon is that the designers, confronte y 
all their semiconductor-, magnetics-, noise-, and specification-related hard- 
ware concerns and occasionally their own modest modeling, analysis, and 
computational backgrounds, are still sufficiently energetic and resourceful 
to comprehend and to skillfully apply the analysis and the analytica y- 
based design information. This assumption becomes particularly vulnera e 
when applied to a more complicated problem In which closed-form representations 
and high-order equivalent circuits are generally inapplicable. 

The strength of the second school of thought Is derived from the fact 
that It can be very practical, particularly for complicated designs of highly- 
nonllnear origins. User's confidence toward the "subprogram partners can be 
readily enhanced with a few applications, and the subprograms become ultimate 
engineering tools. However, there Is a serious weakness Inherent in this 
relationship. The subprograms, being numerical' by nature, must be centere 
on a given circuit configuration based on which computerized subprogram ana- 
lytical routines are generated and executed. Consequently, the circuit con- 
figurations or the problems Implemented In the subprograms must be well 
standardized and suited for a multitude of users. Otherwise. Individual 
subprograms will have to be custom-made for individual users to handle 
specific design/analysis applications. 

10 3 MAPPS MODELING AND ANALYSIS EFFORT SUMMARY 

' Recognizing the merits and limitations of the two diversified thoughts, 
and realizing that the HARPS program should not regard one with favor over 
the other, the modeling and analysis efforts conducted so far have been en- 
compassing these diversifications. These efforts are summarized In the four 
major categories shown below. Notice the component library effort is not 
included here, as Its nature Is by no means related to the modeling and 
analysis of power processing systems. 

• Control Performance Analysis 

• Control Circuit Design 
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• Power Circuit Design Optimization 

• System Analysis 

To make MAPPS easy for a designer to use and to release the user's need 
for an extensive knowledge of computer systems and programming, an expandabl 
Data Management Program is also implemented to coordinate all subprograms 
and their respective user interfaces. 

10.3.1 Control Performance Analysis 

The control performance analysis includes the discrete time-domain an- 
alysis, the impulse function analysis, the average time-domain analysis, 
and the discrete time-domain simulation. 

The discrete time-domain approach provides the most accurate small- 
signal analysis. A step-by-step analysis procedure is clearly described 
to fulfill the tutorial objective of the MAPPS program. From this pro- 
cedure, a user with the proper background can hopefully adapt the 
analytical approach to a specific problem at hand. As for subprogram 
generation, a multiple-loop control circuit configuration, developed in 
another NASA program and intended for future regulator control -circuit 
standardization, is used. The subprograms cover both the buck and boost 
power stages. In the buck regulator, both continuous and discontinuous 
conduction are handled in a single subprogram. Consequently, the two 
previously-described diversified schools of thought are all practiced 
in the MAPPS program in the area of the discrete time-domain analysis. 

In the immediate follow-on phase, three different subprograms will be 
completed, one for each of the buck, boost, and buck-boost power stages. 
Each subprogram will incorporate continuous and discontinuous inductor- 
current conduction modes, and will contain the aforementioned standardized 
multiple-loop configuration using various duty-cycle control methods. 

The principle of the impulse-function approach is described, which 
provides as an end result the transfer function between the input duty- 
cycle signal and the output of the power stage. For both continuous and 
discontinuous conductions, conventional frequency domain transfer functions 
are generated for all three basic power stages, and can be easily adapted 
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10.3.2 Control Circuit Design 


Instead of analyzing the control -dependent performances, the essence 
of the control circuit design goes one step further, i.e., it allows one 
to perform a control -circuit design based on a given set of control -dependent 
performance specifications. Through an example on the single-loop basic 
regulator design, the essential design procedure in order to meet a gwen 
stability-related requirement is tutorially demonstrated and reduced to 
practice through a control design subprogram, which not only identifies, 
asymptotically the needed lead/lag compensation, but also performs design 
synthesis of a given compensation network configuration to numenca y 
Tten^ine the related control-circuit parameters. In the next MAPPS program 
phase, the control design will be extended to show how other performances 


such as audiosusceptibility and output impedance can be included in the 
control design procedure. Furthermore, control design based on results 
obtained from the aforementioned program of standardized multiple-loop 
control will be incorporated as control design subprograms, thus again 
satisfying the intended tutorial and application roles prescribed for 

the MAPPS program. 


10.3.3 Power-Circuit Design Optimization 

The design optimization pursued in the MAPPS program represents the 
first serious attempt by which an act of optimization is introduced into 
the power converter design. While the pioneering effort has been some- 
what agonizing, its return is certainly gratifying. First, a design 
optimization methodology relating power-converter design requirements, 
design variables, and design constraints is tutorially developed. Based 
on this methodology, various mathematical and computational techniques are 
selectively applied to several practical power-converter design-optimization 
problems. The Lagrange-mul tipi ier method is applied to magnetics design 
optimization, from which novel design equations are derived for optimum- 
weight and optimum-loss inductors and transformers. These design equa- 
tions are assembled into separate design optimization subprograms to free 
a designer from tedious computations, thus again adhereing to a balanced 
tutorial and application program objective. For more complicated problems 
for which closed-form solutions are impractical, nonlinear programming 
optimization routines are used to seek out the optimum design numerically. 

In these endeavors, detailed design equations are given, and the specific 
nonlinear programming codes and program listings are provided. The most 
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System Analysis 

In terms of system analysis, the numerically-oriented subprogram 
approach is more sensible, as even the least complicated system is likely 
to defy a purely analytically-based design. Since a power processing 
system is comprised of a multiple of interconnected power processing 
equipment, the system analysis is naturally related to the subprograms 
generated for equipment perfonaance analysis and/or design optimization. 

In the MAPPS program, a 12th order regulator system is simulated for its 
s artup characteristic thus demonstraing the feasibility of applying the 
cost-effective discrete time-domain simulation to large-scale power 
systems. A source-converter system is also successfully investigated 
for total system weight optimization, which identifies the optimum con- 
verter switching frequency as well as the optimum converter efficiency 
that will give an optimum system weight for a given source density (watt 
per grams). How much system analysis effort will be expended in the 
next follow-on depends primarily on the level of support; the best chance 
or engaging in extensive system analysis is for one of the NASA dedicated 
future missions such as the electric propulsion system and/or the direct- 
roadcast comhunication power system, for which the payoff of conducting 
system analysis can be well justified. 

Thus, the present and immediate future MAPPS efforts have been brief 
ly summarized. One aspect of MAPPS subprograms that repeatedly reinforcing 
Itself IS the need for "standardization.” Aside from being obviously cost- 
effective from the viewpoint of hardware development and production, the 
Standardization also enables the utilization of the most effective analy- 
tical approach for conducting performance analysis, control-circuit design 
power-circuit design optimization, and, to a certain degree, system analysis 

Purely f^m an analytical viewpoint, the validity of the current trend for 
Standardization is thus enhanced. 
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11. APPENDICES 


The appendices supplement the presentations give- in the main text. 

They consist of papers presented in the various conferences as well as other 
unpublished work under the sponsorship of Contract NAS3-19690. .Often con- 
taining details of analytical/computational effort, the appendices dealing 
with the following topics are hereby regarded as an inseparable entity to the 
main text: 
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ABSTRACT 

Using state variable representation a nonlinear, 
discrete-time system is derived that models the con- 
verter exactly. This system is linearized about its 
steady state solution, and converter stability, 
transient response and audio susceptibility are 
studied. The steady state solution of the converter 
is stable if and only if all the roots of the lin- 
earized system are absolutely less than unity. Ex- 
cellent agreement with laboratory test data has been 
observed. 


I. INTRODUCTION 

DC to DC power converters play an important 
role in satellite power distribution systems, and 
standardization and optimization of converter design 
and performance are of considerable interest to the 
aerospace power processing industry. In order to 
optimize converter design and performance a thorough 
understanding of the converter as a system is re- 
quired and one must be able to analytically predict 
such important converter behavior as stability, 
transient response and audio susceptibility (closed 
loop frequency response) . Power converters, also 
called regulators, of the class considered here, em- 
ploy pulse modulation for controlling the dutycycle 
with which a primary power source is switched to a 
load so that a prescribed constant load voltage is 
maintained. The pulse modulation process presents 
considerable difficulties in analyzing the behavior 
of these regulators by conventional frequency domain 
analysis techniques and many approximations in sys- 
tem modelling are usually required. These difficul- 
ties are apparent from recently published frequency- 
domain analytical results, which either limit the 
analytical applicability to a specific dutycycle 
control mode (e.g., constant frequency, constant on- 
time, etc.,) or assume the Validity of applying lin- 
ear feedback theory to nonlinear control loops tl»2j. 

This paper presents a new approach to the prob- 
lem of converter modelling based on time domain de- 
scription and analysis of pulse modulation systems 
[3,4], An equivalent, nonlinear discrete time sys- 
tern is derived that describes the pulse modulation 
process and the converter behavior exactly. After 
linearization about the discrete time equilibrium 
solution (steady state), stability is readily estab- 
lished as a function of any arbitrary converter 


parameter with the information being graphically 
displayed in terms of the locations of the system 
roots in the complex plane. Besides obtaining con- 
verter stability criteria this analysis technique 
also provides information on transient behavior and 
audio susceptibility (closed loop frequency re- 
sponse) . 

An important feature of the present approach 
is that it makes extensive use of a digital com- 
puter as an analysis tool, replacing many difficult 
and tedious analytical computations by numerical 
solutions and making thereby a certain degree of 
automatlori of power converter modelling and analy- 
sis possible. The developed technique promises to 
be a valuable tool in converter modelling and anal- 
ysis, It is applied in this paper to analyze a 
series switched regulator (buck), but it is also 
applicable to other regulator configurations such 
as the boost and buck-boost, for example, and even 
to converters operating with a discontinuous in- 
ductor current. This will be described in a future 
paper. 


II. TIME DOMAIN MODELLING 


Consider the series switched regulator shovJn 
in Figure 1. The critical element of the regulator 
is the pulse modulator that controls the power 
switch Q (actually a transistor) by periodically 
opening and closing it in such a manner, that the 
output voltage e^ is maintained at some specified 

reference voltage Ej^. By comparing the output volt- 


age e^ wicn the voltage an error signal is formed 

which is then integrated together with a voltage 
proportional to the derivative of e^ and an AC sig- 
nal obtained from a secondary winding of the power 
stage inductor. Whenever the output e of the in- 

■ ■■ ■■ -'C 

tegrator exceeds a specified threshold E^, the power 
switch closes for a predetermined fixed time T 

on 

here 20 usee. If upon reoponing e^ < E^, the switch 

remains open for an unknown period T-. until once 

off 

more the condition e^ ^ is Satisfied and the 

switch closes again for T^^^ seconds; If e^ _ E^ upon 

reopening, the switch will remain open for a mini- 
mum, fixed off-time T 


off-min’ technique of 
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erroir signal encoding ig ganerally known as incegral 
pulse frequoncy modulation (ITOI) and it pvasents 
considerable dimculties in analyzing the behavior 
of the regulator circuit of Figure 1 by conventional 
frequency domain analysis techniques. 



' n - TURNS lUTIO 

Figure 1. Series Switched Regulator 
_FQi.niulab i.on o£ State Bciujiti.ons 

From Figure 1 it Is apparent that the system 
has throe states which are defined as follows: the 

output voltage e^, the current 1 flowing through the 

inductor L^, and the output e^ of the integrator 
(operacioual amplifier), by inspection of Figure 1 
the f°l-lowing equations, assuming that 

H P impedance of the control network inside 

tlie dashed box is nearly infinite relative to R , as 
is the case. L’ 


di 

dt 


r- (e -e -R 1) 
\ i 0 0 ^ 


(-S 


+ V 


dv 

c 

dt 


ILC 
L o 


( 1 ) 

C2) 

(3) 


Differentiating e^ in Equation (2) wlul, respect to 
time, and substituting for di/dt and dv /dt from (1) 
and (3) yields 


do 

c 

dt 


4* i 


’ (■ 






(4) 


( E. when switch Q is closed 

i , , C5) 

' 0 wlieu sv'jitch Q is open 

Ihe operational amplifier is connected as an Inte- 
grator with the noninverting input serving as the 
reference. Thus, the voltage e^ with respect to 
ground is given by 




* fe<vv) 


Equations (1) and (4) are tl:e State eqviations of the 
power circuit. Assuming a continuous inductor cur- 
rent, the input voltage is defined by 




■^3^1 ^ 

•0 C, . ) 

- ~ e } dt 
^1 °| 

where the dot denotes differentiation witlt respect 
to time Cd/dc). 


Differentiating (6) yields 


e - /_JL_ ^ \ „ '^2 ■ ' ^d n 


/t '1 




nR 

+ — ^i 
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(7) 

The quantity e 
fining the stal 

can be substituted from (4), 
te vector x as 

and do- 


?c 


es) 

and the input vector u 

as 



u 

fCi.Ej^]' 

(P) 

Equations (1) , 
form as 

(4) find 

(7) may be written in 

compact 


3C « 

Fx + Gu 

(10) 


3 bv s , H i r ^ ^ matrix V and the 

3 b> .. matiix G are defined in terms of circuit para 

meters in Appendix A, Equation (10) is the state 
the converter describing it regardless 
• wtether^ the switch Q Is open or closed. Merely 

accordance with (5) when the 
switch opens and closes. 

JIam.^ya3.enb Noiillne ar Discrete Time System 

The solution to (10) is given by 
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x(c) « e| + j j,(c-t)F 


Gu(t)dt (11 
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or, since u is piecewise constant, 
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soluLiou ol Cho aystera (19) Is of prime Interest and 
IL is defined by the condition 


' ft 

“ x(tj^) - X « constant for all k 

“ T*.- “ constant for all k 
off off off 


( 22 ) 


First the approximate steady state solution is com- 
puted. From dutycycle and flux conservation consid- 
erations it follows that 


off 


T (E,-E„)/E 
on 1 R R 


(23) 


where E„ is numerically equivalent to the regulated 

K 

DC output voltage. Denoting 


T 


^off ''on 


(24) 


and applying (17) and (22) when expanding (19) yields 
for the first two rows (the third row of (19) yields 

no information on x^), 


(25) 


A 7^ 7^ 

which can be solved for x^^ and x^ since T is approx- 


“ * 


‘•’11 

'^12 


■ *■ 
^1 

_L 


if 

m 

.‘*’21 

'^ 22 . 

1 

* 

■r 



imately known. Thus, 


“ *’ 

^1 

B E 

'-^11 

“‘*’12 

-1 


it 

.^ 2 . 

i 

"‘*’21 

1-^22_ 

1 

'zi'V 


turns on as: 


and clearly 




- A 
"k “ 


^^‘^k'^''off^ 


(.'' 8 ) 


for all k - 0,1,2,,.. (29) 


In the steady state one has: 
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t steady state 


Clearly, if x 
values, then one must satisfy the state matching 


condition: 
* 
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(31) 




since the square bracketed term should equal x^, 

Note now that via Equations (26), (27) and (30), 

the function S „ , is really only a function of 
^ ms tell ^ 

»r i.T4r»lmo ' 

^off’ 


and one wishes to determine T cc such that 

Dtt 


(26) 


The third state x^ is determined from the threshold 
condition (20) as: 

’'3 ' ‘'t ■ ‘^31^''off^ *1 " '^32^''off^ ^2 " Sa'^’^off^^'R 

(27) 

The steady state solution ^ determined by this 
method Is not exact because the power circuit is not 
completely lossless so that the dutycycle relation- 
ship of (23) Is only an approximation, but a very 

good one. How well this x approximates the true 
equilibrium ^olutio:^ can be determined by checking 
how closely and Xj^^^ match when using (19) for 

propagating the state through one cycle starting 

with jc » The best method for determining the 

^ * 
exact steady state is to determine the exact 1^££ by 

Iterative lineatizatlon (Newton's method) on the 
cycle to cycle matching condition for the third state 
(which Is the integrator output and directly controls 
the threshold condition). The iterative process is 
started With the above computed approximate steady 
state values and thus converges usually very fast. 
Mote details of this procedure are described next. 

Define the system state when Che power switch 


^match^''off^ 


0 


(32) 


Iterative liirearization (Newton's metliod [11]) may 
now be applied to (32) to determine the exact value 

for f*££* The entire procedure is performed by tlio 

computer with the required partial derivative 

as , /3T being evaluated numerically. Conver- 
match off 

gence from the approximate steady state to the ex- 
act steady state is usually within 1-3 iterations. 

Note chat the difference between x and z de- 
notes the peak-to-peak steady state ripple, pro- 
vided the inductor current i and output voltage 0 ^ 

are in phase. This is usually Che case, unless the 
series equivalent resistance R^ of the capciCor 

is equal to zero. Note Chat x^ denotes the maximum 

Value, and z^ the minimum value, of Che limit cycle 

of Che regulated output e . 


III. STABILITY ANALYSIS 

Regarding stability of the discrete time non- 
linear system (19)-(20) one may now consider two 
approaches: (1) Determine stability-in-the-laege*, 

and (2) determine stability of the equilibrium 
solution. 

* Given any initial state x(c^) , show that it v>ftll 
converge to the equilibrium solution. 


230 



The cask of analytically determining stability- 
in-the-large appears to be a difficult one. Initial 
attempts of relating stabillty-in-'the-large to the 
contraction mapping/fixed point theorem [7] approach 
to solving Equations (19) and (20) have failed. So 
have attempts of using the second method of Liapunov 
[3,8], But hope for success at some future time has 
not been entirely dispelled so that further research 
in this area appears to be indicated. Establishing 
stability-in-the-large is basically equivalent to 
solving the converter start-up problem. This can, 
however, be studied using a digital simulation based 
on Equations (19) and (20), since usually a fixed 
start-up procedure is followed, i.e., convergence to 
the equilibrium solution from only a well defined 
set of initial states need be considered and not 
from any state in the entire state space. 


concept when investigating audio susceptibility of 
the converter and is the main reason why it is In- 
clueed here in the derivation of the linearized 
system. 

Denoting the first curly bracketed term in (34) 
by Y, a constant 3x3 matrix, and the second curly 
bracketed terra by P, a constant 3-dlmenslonal column 
vector, Equation (34) can now be written as 

and it represents the sought linearized system. The 
matrix V and the column vector 1 remain to be eval- 
uated, however. 

By definition. 


Of more importance at the moment is to establish 
stability of the equilibrium solution, which will be 
accomplished by linearization. The linearized system 
can also be used to study small signal audio suscep- 
tibility and transient behavior of the converter. 

It should be kept in mind, however, that the results 
thus obtained will not be valid for arbitrarily 
large displacements of the system from its equilib- 
rium, and that when certain system parameters are 
varied such that instability of the equilibrium is 
approached, the region to which the linearized sys- 
tem applies may become small. 

The Linearized System 

The nonlinear, discrete time system described 
by Equations (19) and (20) will now be linearized 

about its steady state equilibrium solution x*, and 

■k . 

the nominal DC supply voltage E^^. Denoting 


Y 


•J(T ) 
on' 


•iv- L 




X(t^) 







To evaluate the partial derivatives of the square 
bracketed term analytically turns out to be possible 
but a very tedious task and it is much easier eval- 
uated numerically by using difference quotients. 

Denote the continuous function f(x) l;y , 

f(x) «UT^^jP x(y +D(T^^p u^ (37) 

and for sufficiently small 7.x^, i “ 1,2,3, one has 
that 


fl(xj^+ilXi)-fi(Xi) f j^(x2+i.X2)“f^(x^) 



Sx(t^)=x(t^)-x and «Ei(t,+T;^^=E^(t,+T;^^)-E^ 


(33) 


it follows that 


(3«) 

where it is important to note that is a func- 

tion of X, via the threshold condition (20), i.e., 

C(x(t,),To£.) = 0. 

In the previous developments it had been tacitly 

A 

assumed that E^ “ E^ •'constant for all time. This 

is not necessarily so and the nonlinear discrete time 
system (19)-(20) is also an exact description of the 
converter if E_^ is time-varying, provided remains 

constant over any T period. To assume a time- 

* 

varying composed of the nominal DC value E^ plus 
a small superimposed AC component 5E^, is a useful 


3x 


— * 
X 


£2(x*+AX£)-f2(x^) 

Ax, 


f2(x3+lX3)-f^(x^) 


Ax„ 


(38) 


In order to evaluate (38) one must first determine 
by how much changes due to a change 4xj , 

j = 1,2,3, and then use the new to compute the 

f^(Xj+.’,Xj) , i,J •= 1,2,3. The threshold condition 


.-(x,To££) = 0. (39) 

is used to determine the change in T^^^, due to a 

change in x. Iterative linearization (Newton's 
method) is used to determine the new Tq££ that sat- 
isfies t = 0 after x lias been perturbed by Ax., , 

j = 1,2,3. The only problem with numerical differ- 
entiation is to select the appropriate increments 
Ax^ . At the present the increments are taken as 

i;? of the value of the indepeulcut varl.able, i.e., 
AXj •= 0,01 jx*| (40) 

Qfcfooji 


• '‘Age Kj 
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Some experimentation with the IncreraenU aiza ia ad~ 
viuable, since the accuracy of the partial deriva- 
tives depends on it. For instance, if the function 
varies rapidly, a very small ivxcrement is clearly 
required. On the other hand, if the increment is 
chosen needlessly too small, then the accuracy de- 
grades because of nvimerical problems, since in the 
limit a difference quotient assumes numerically the 
value 0/0. Studies on the Increment size and its 
effect on the results have also physically signifi- 
cant implications. If the linearized system shows 
high sensitivity to increment size, Chen this points 
out chat the nonlinear system changes its behavior 
rather rapidly as it moves away from its equilibrium 
point, and Che results obtained for the linearized 
system are only valid for very small pertwhations 
about the equilibrium. *1 camputatlonally slightly 
more complex, but perhaps also more aceurate way of 
computing a derivative numerically is to use the 
following approximation, 


5f f Cx*-hAx)-E(x*-dx) 

3x 2 Ax 

X 


(AD 


which can also detect discontinuities. 


The 3 X 1 matrix t' can be evaluated analyti- 
cally, and by inspection of l3A) it Eollovjs that: 


Si®.,.* 


(42) 


since enters linearly into the system. 

Stability of the Linearized System 

To assess stability of the steady state solution 
one now examines the stability of Che linearized sys- 
tem (35), restated here for convenience: 

This system is stable if and only If all the eigen- 
values" 1 of T are nbsrlutely less than unity, that 
i 


is, 

h^(i)l 1> i“l,3,3 (A A) 

The eigenvaluoa of T are evaluated by a digital com- 
puter and changes In the eigenvalues as a function 
of system parameters can be plotted in the complex 
plane. The locations of the eigenvalues, which are 
the roots of the system, do not only indicate sta- 
bility, but also govei’n the transient behavior of 
Che converter after a disturbance has displaced it 
from its equilibrium. The existing relationships be- 
tween root locations inside Che unit circle and cor- 
responding system response times and damping are well 
known results from z-trans£ocav analvijis of linear 
discrete time systems [9,lQl» 

Sta'bilirv Results 


matrix H', and computes the eigenvalues 


i - 1,2,3. 


For nominal convertor parameters as listed in ’’.xhlo 
I one expects to obtain three real and positive 
eigenvalues leas than unity, since it is kno\jn from 
actual converter breadboard tests that this system 
is stable and that after a disturbance the resulting 
transient decays in a nonoscillatory manner. This 
was the case as can be ascertained from the computer 
results showmv in Table 2. Note that one root (eigen- 
value) is for all practical purposes equal to zero. 
This is because the incremental integrator 
voltage de^ can be showi Co be a linear combination 

of Che incremental inductor current 5i and the in- 
cremental output voltage de^, provided the inductoi 

series resistance equals zero, which is alniost 

Che case here. The zero eigenvalue should, there- 
fore, cause no concernt it does not affect sta- 
bility, being clearly less than unity, and results 
Will focus here mainly on the two other, nonzero 
eicenvaluos , 


Table 1. Nominal Circuit Parameter Values 
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Table 2. eomputer Stability Results 
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A digital computer program has been written that 
computes the equilibrium solution x , evaluates the 
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The devclOpe4 computer program is nov< used Co 
compute the roots of Che lluearlsevl system as a func- 
uiou of important system parameters, thoroby yielding 
valuable design information on system stability and 
transient behavior. Critical parameters are the AC 
loop gain embodied in or Oj, the DC loop gain em- 
bodied In R^, and the lead capacitor C.,, The motion 

of the roots can ho plotted in the complex plane, 
and as long as they remain inside the imit circle, 
the system is stable. The system is at the vex'ge of 
instability for those parameter values for which the 
roots are just crossing the unit circle, and it is 
unstable wlion the roots are outside the unit eircla. 
Figures 3 through 5 shov,' some of the toot locus 
plots that were obtained. Figure A, for example, 
predicts that without the AC loop, Che converter will 
become unstable as C., is decreased below 600 pF. it 
also shows that without the AG loop no complex roots 
are ubtaivved which eonsiderahly restricts the ability 
to shape response time av\d damping of the converter 
transients. This clearly domonscrates that the main 
advantage of the AC loop is to provide an additional 
degree of design freedom for adjusting the transient 
behavior of the converter independent of the output 
filter parameters. Note chat the present root locus 
plots are not exactly eguivaleut to chose usually en- 
CQunter-ed in control systems design, since here no 
"aeros" exist because the system has not been char- 
aeteriaed by a transfer function. From Che i-esults 
of Che stability analysis the, following conclusions 
could be drawn: 

• The capacitor C., provides lead information 
and is critical for stability. 

• The, AC loop also acta as a stahilining lead, 
but is less critical in the. presence of C,, 

compensation. Its advantage is that it can 
adjust the transient response independeut 
of the output filter parameters “"h 

the load 

• With “ 0, the system can he stabilised by 

the AC loop alone, but it will he oscilla- 
tory and only max'ginally stable, 

• Without Che AC loop, the system can be sta- 
bilised by C-T alone very well, the AC loop 

plays therefore a less imporctinc role In 
stabilising the system. 

• The present operating point of the converter 
is good, hut its transient response can ho 
improved (speeded vip) by lowering C^ from 

C.j « 22,000 pF CO C., - 5,00D pF, As can ho 

seen in Figure 3, this creates a pair of 
complex roots with a 0.70? damping ratio 
and a higher natural frecineney as before, 

• Wear instability the system is extremely 

sensitive to the series equivalent resis- 
tance capacitor C^. 



of Lead Capacitor with Kominal AC Loop 

a. 




The analytically predicted results on stability 
and transient behavior were then compared with lui- 
oratoi'v results obtained from an actual breadboard 
model of the conven'er and good agreement was oh- 
servedi Reducing the capacitor G., from 22,000 pF 

CO 5000 pF resulted, as predicted, in a faster 
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corresponding root the headboard model 

^bservL of C, 1 1000 pF while 

became unstable . , nity to occur only 

at C„ 5 600 pF, a steady state to 

Kear instability the region «bou^^^ q^ite 

which the insigSficant disturbance may 

small and any otherwise insig 

cause the system to looj gain when C was 

g.gble. variations in the P 

-t^arLfo rrefatir^uVith the correspond- 
fng root locations in Figure 5. 

IV. AUDIO SUSCEPTIBILITY 

P .„terest to examine how sinusoidal 
It is f ply voltage E about its 
oscillations of the supp y _ ^^Itage 

nominal DC value affect the^ ^.^^gesform method can 
in the stea y s ^y domain transfer 
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This is also clear from t^of''thl sinusoidal 

fei: merely reflects he i- ,,g,,gte rofer- 

input 6E^(t) by T^jf teiacx 
ence times tj^. see Figure 2. 

The transfer ^,°by^t’ digital com- 

easily evaluated at any desired^ ^ 

puter. The results obtained from a bread 

son with laboratory test dat gg^.eg„ent is quite 

board model of the con measured audio 

good. Between 50 Ua ^"J/'^^feomputed values by 

susceptibility differs ^t-enustion of about 

only 1-2 db out frequencies a maximum devta 

-Wl db, while highe observed, amounting to 

tion of up to 3 .A db ^an^be^obser ^ 

a maximum error of ^ less attenuation than 
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cem which ®PP^^^!'^^Lical description modelled th 
dieted. The diode as ideal switches, 

power transistor and the di ^ igogrred in these 
while in reality some gCorage time, the 

devices; also, due to «ansi^^^^^ remembered 

switch is not igg the assumption that E. x 

that at higher frequencies ^ 
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that at higher trequeu.... ^ 

.• nyypr the fixed time perxod 
constant over „ j o however ex- 
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where 


H » [ 1 . 0,01 
* 


(46) 


7 % 

^“^P the frequency domain trano- 
\fter setting z - ® > given by 

fer function G = 

J“fp ,-l_ ^“'^off 0 < wT* i. 

G(jm)-H(le ^-'f) ' - P 

„blnb by vi«n. °LlunrSAn,ri“.?^ » 

^T:* nn.-P« -- - ", 

“"^p ^ p= the entire frequency band of 

ln;«S."''N?te"St the purely multiplicative factor 

jtjjT*,- 1 , f-r. the phase information of 

" f Snored for amplitude computations. 

G(joi) and can be xgnu 


Pigure 6. Audio Susceptibility of Converter 

The measured into 

tained by fending tha -“su contribute 

an harmonic wave analyzer^ T 

frequency ranges. 

V. transients CAUSED BY SUPPLY VOLTAGE STEP CH. 

Of great interest is the^transient^be^^ 
the -"--^^;,j“rri,ed system remains valid for 
age E^. converter continues 

transient analysis. 
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Co operace about its steady state equilibrium. The 
transient resulting from a step change of from, 

say 30 to 40 volts, should be looked at as a trans- 
ient of the E^ - 40 volt system when displaced from 

its equilibrium. The closed loop root locations in 
Che complex plane govern the decay of the transient 
with respect to damping and rapidity of response 
[9], but the peak overshoot observed after supply 
voltage switching depends on the "initial state", 
which is the state of the converter when the supply 
voltage step change first becomes effective. For 
the present converter note that the peak of the first 
cycle after switching E^ is completely independent 

of the controller (dashed box of Figure 1) and only 
depends on the output filter and load. This first 
peak can be readily computed by Judiciously applying 
^uation (19) as follows. Using the old equilibrium 

X , first compute the corresponding state a* at 
To£jT (see Figure 2)5 


r * "1 

h 

it 


r * 

it 


0 

h 

-*-E 
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+ 

0 

_''32^'^off^\ 


(48) 


Assuming that the supply voltage switch and corres- 
ponding change in occurred at some time t be- 
tween and t|^_^ + T^££, it follows that the peak 

of the first cycle at t^^ is given by 


* O y 


* r 


- 


_ 

^l(tk) 




'*11 


0 

x“(t^) 

^ on 

* 

*2 

+ 

*^21 


0 






1 



on (49) 


This first peal% after switching now forms the 

initial state for the new system and the convergence 

from x^ to the new steady state equilibrium ia 

governed by the linearized system (35) , with the 
JlnEarization having been performed about the new 
equilibrium, of course. Thus, defining the incre- 
mental Initial state by 


is solely determined by the roots. Propagation of 
(Si) is done best by a digital computer, although 
the low order of the present system makes it possible 
to perform the required computations with a pocket 
size eleotroiiic calculator. Obtained results were 
compared with Ijiboratory data from a breadboard 
model, and good agreement was obseirved. 

VI. CONCLUSIONS 

A time domain approach based on state space 
techniques has been applied to modelling and anal- 
ysis of an integral pulse frequency modulated DC to 
DC power converter. An equivalent, nonlinear dis- 
crete time system was derived that describes the 
converter without approximations. This system was 
linearized about its equilibrium solution, which is 
the steady state of the converter, and from the ob- 
tained linear dlaciutc rime system, coivvutter sta- 
bility, transient response and audio susceptibility 
could readily be established. A key feature of this 
approach Is chat it makes extensive use of a digital 
computer as an analysis tool, thereby facilitating 
a certain degree of nvitomation in power converter 
modelling and analysis. The analytically predicted 
results were compared with laboratory teat data ob- 
tained from an actual breadboard model of the con- 
verter and very good agreement was observed. 

The approach to converter modelling and analy- 
sis presented here has with very good results also 
been applied Co a pulse tddth modulated buck regu- 
lator (Che converter of Figure 1 with a different 
dutycycle control mode). Furthermore, the concept 
of system modelling by a state transition matrix 
was used in digital simulation of converters, re- 
sulting in significantly faster program execution 
times. Currently the approach is being successfully 
applied to other power converter configurations, 

Such as boost and buck boost for instance, and to 
converters operating with a discontinuous Inductor 
current. The results of this research will be pre- 
sented iii a future paper. 

The analysis approach developed in this paper 
Ciin be generalized and applied to a large variety 
of converters and it should prove to be a very 
valuable cool in power converter modelling and anal- 
ysis in the future. 

APPENDIX A 

Entries of Matrices F and G - 


dx(t^) 




new 


In expanded form Equation (10) can be written 

(50) as 


the time history of the transient is defined by the 
discrete time response of the linear system 

'^^^‘^k+1^ " (51) 

starting with the initial state 5x(t^) given in (50). 

Investigating the vehavior of the transient is 
now done best by propagating Equation (51) over a 
few cycles until the actual peak response has been 
observed. From then on the decay of the transient 
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‘11 C^(R5+Ri^) L„(R5+Rl> 

12“ cTr^+V - L^R^ 


(A-2) 


‘21 


^22 - - r 

o 


*^d ^ /=2 




‘31 R^Cj R 3 C^ Wh-^ \> 


C„R 


ro^ 


V2 


R n 
o 


32 " C^I^VRjT “ C 3 C^(R 5 +Rj^) + R^C^ 




»11 L^(R5+R^) • 


i. 

*21 “ L 


(A-3) 


»31 


R^C^ - VTVV 


*32 “ R 3 C 3 


APPENDIX B 


Analytic Determination of the State Transition 
Matrix <t(T) 

The Cayley~Kamllton theorem [5] Is applied to 
FT 

determine $(T) > e ; this technique Is also knovm 
as the method of Interpolation [6]. Thus, since F 
Is a 3 X 3 matrix, 

A PT 2 

«(T) a e - + Yj^F + YjF (B-1) 

where the y^ a^e scalar functions of T which must be 

determined. To do this the eigenvalues X of F are 
needed', which are' the roots of det(F-XI) ■ 0. Hence, 


A [A - (£j_i+f22^ ^ ’ ^12 ^21 ^11 ^22^ " ® 


^(-a+jg)T ^ Y^C-o+JB) + Y2<-“+JB) 

g(-a-jB)T , + Y^(_a_je) + Y2(-“~JB) 


\ii-4) 


1 “ Y, 


Solving these equations for the y's yields 


Y = 1 
'o 


y - ' -- |l - T “ 

'1 .vr I - 


2 2 

1 - sinBT + cosgT 

2a B 


and 

Yo ' 


^ I , „,„jj 


(B-5) 

(B-6) 

(B-7) 


Thus, (B-1) represents a closed form expression of 
♦ (T). 

Determination of the Matrix D(T) 

The only nontrivial computation required is the 
evaluation of the matrix integral, sec Equation (14). 
From (B-1) it follows that 


r 


e"®*^ds - TI + F 


J Yj^(-s)<ls + F^ y^(-s)As 


(B-8) 


- TI + F£j^(T) + 


By dltect evaluation 

r (T) - -^2 

2,„2 


a +B 


I" ■ .4' [' 

7[' 


e“'^(acosBT+BslnBT) 


■"] 


2 o 2 

g -B 


(B-9) 


2aB(tx^+B^ 


aT 

e (asineT-acoseT)+B 




yields 


,(T) = |t - e“'’^(acosBT+3sinBT)-a 

a +B ( a +6 L ' J 

+ X — 5— e°‘'*^(asinBT-BcosBT)+B- A 

B(a>B^) L ' J) 


(B-10) 


^11+^22 


Then, 


' 1.2 


* 1 Vhl'22-',2'21-<'ll«22>''‘- 


A3 - 0 


(B-2) 


which Is rewritten as 

Ai - -a+JB, A2 - -a-jB, I3 “ 0 (B-3) 

Substituting A's for F in (B-1) yields 


D(T) = $(T) [Tl + Fe3(T) + F G (B-11) 
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I. INTRODUCTION 
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[8]. to equivalent nonlinear discrete tlni 21^!?"**^ 
derived that describes the convi^te* beha!!^on«c??v 
^hji system w as linearized about Its equilibrium stat^ 


Switched dc-dc converter with three basic 
power stage configurations. 
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ci.seb.ro,, " 

tlonll blJJtr* tJI*I lndfvf*.,t'rmc- 

lc«n. ™ ".stly perfoneed nuner- 

bTiM!%’7.*m2d“'i:™iy f"' 

VyVTSJ: «'’»f"l’s^o. 0f'"cT'l^ 7. 

tronefS^; 1* a two-loop con- 

constln" f"re-"- 

cSrrint ^"2!l2n“’'«2*h“‘^''*^!r discontinuous 
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obtained. The input-output transfer function is em- 
ployed to analyze the propagation of a small signal 
disturbance from the converter input to its regulated 
output, normally known as the audiosusceptibility of 
the converter. 

Step 1 : State Space System Representation 

The state variables of the system x, a nxl column 
vector, normally are selected as voltages across 
the capacitors and currents through the inductors. 
However, for the convenience of each individual prob- 
lem, state variables can be chosen differently. System 
equations are written to characterize exactly the con- 
verter for the continuous current operation and the 
discontinuous current operation. The following defini- 
tions are used to simplify frequent references in this 
paper. 
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Mode 1 Operation: The current through the induc- 

tor is always greater than 
zero as shown in Fig. 2(a). 

The period of each switching 
cycle can be clearly divided 
into two time intervals, Tq^. 
and Tp.] . During Tq|,^, the ^ 

power transistor is "ON" and 
the diode is "OFF", and during 
Tp.j , the power transistor is 

"OFF" and the diode is "ON". 

Mode 2 Operation: The -current through the induc- 

tor reduces to zero and resides 
at zero for a Tpg time inter- 


Fig. 2(a) Continuous inductor current operation, 

(b) Discontinuous inductor current operation. 



Fig. 3. Propagation of state variale during one 
switching cycle. 


val as shown in Fig. 2(b). 

In this Tp 2 time interval, 

both the transistor and the , 
diode are "OFF". The time 
intervals Tq^j and Tp.| defined 

in the Mode 1 operation also 
are valid in the Mode 2 ooe ra- 
tion. 

The system representation for the Mode 1 operation 
is: 


x^ =« FI X + G1 u_ during Tqj^ (1) 

£ = F2 + G2 u. during Tp.j (2) 


The solution of the linear differential equations 
can be expressed by the following state transit- 
ion equations. 


where 


x(t+T) = *i{T)x(t) + Di(T) u 
iKT) = 1 = 1, 2, 3 

Di(T) = e^"*^ [/J e'’'^^ds] Gi 


(4) 

i=1.2,3 


♦i(T) and Di(T) for any given T can be computed either 
analytically or numerically. If they are computed 
numerically, the fol lowing Taylor series expansion 
is used. 5 0 

(FiT)^ (FIT)' 

Ti — * ~W~ 


,FiT 


I + FiT + 


+ ....t=l,2,3 


The column vecter u is a (mxl) input vector, containing 
the input voltage , the reference Eg, the saturation 
voltage drop across the power transistor Eq, and the 
forward voltage drop across the diode Eq, ^etc. The 
nxn matrices H and F2 and the nxm matrices Gl and G2 
are constant matrices represented by the various 
circuit parameters. 

In Mode 2 operation, in addition to (1) and 
(2), equation (3) is added to complete the system 
representation. 


X = F3 £ + G3 u . . . during Tpg (3) 


Step 2: Nonlinear Discrete State Transition 

Representation 

! The state trajectory during one cycle of oropa- 
gation is illustrated as Fig. 3. The discrete state 
transition equation for the converter in a complete 
switching cycle can be obtained by combining the two/ 
three state transition equations expressed by (4), 
each corresponding to a specific switching time inter- 
k k ' k 

val Tqj^, Tp.| ;and/or Tpg. The nonlinear discrete state 

transition representation for the converteris 
expressed by (5) 

4 t + V u (5) 


The dimensions of F3 and G3 are the same as those of 
FI and Gl , respectively. 

The converters, which are basically nonlinear 
switching circuits, are accurately described by the 
differential equations represented by (1) to (3). 


where 'tu and t^+i corresponding to the time instances 
at the beginning of the kth cycle and the(k-*-l)th cycle 
respectively. Equation (5) is nonlinear because, the 
matrix « is a function of the time intervals T«.,^, 
k k UN 

Tpi and Tpg which are all functions of the system 
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state by virtue of the threshold conditions 

shown in the following: 

Mode 1 Operation : 

4 ii«2(Tpf) (6) 

V A ^2(Tp{) DUIqIJ) + D2(Tp!j) (7) 

k k 

where and Tp-| representing the Tqjj and Tp^ intervals 
during the kth, cycle. The time Intervals Tq{^ and Tp!| 
can be determined through the following two threshold 
conditions: 

Threshold Condition 1 ; A threshold condition deter- 
mlnes-the duty cycle ratio of the power switch which 
is normally Implemented by comparing the analog error 
signal with a fixed threshold level to determine the 
duty cycle pulse width, 

5i(i(t|^). Tpf) - 0 (8) 

Threshold Condition 2; A condition which specifies 
whether the converter is operating at a constant fre- 
quency, or a constant ON time, or a constant OFF time, 
or a constant voltage-second, or hysteresis control, etc, 

TqI^. Tpf) - 0 (9) 

Mode 2 Operation ; 

f3 (Tp^) *2{Tp![) fl(Tojj) (10) 

VA ^(Tpg) ♦2(Tp![) DKTqIJ) 

+ «(Tp|) D2(Tp{) + D3(Tp|) (11) 

In order to determine the three time intervals 
TqN’ ^F1 ^2' ® third condition, in addition to (8) 

and (9), should be included to detect the time instant 
when the inductor current is reduced to zero. 

Threshold Condifion 3; 

C3(x(t|^), Tq}j, Tpp Tpg) » 0 (12) 

Of course, in Mode 2 operation, the time interval 

Tco should be a parameter in a function corresponding 
to (8) and (9), 

Equations (5-12), are the exact representation of the 
nonlinear switching nature of the converters. 

Step 3 ; Eoui librium State 

In order to solve for the equilibrium state of the 
system X* the approximate steady state is calculated 
first based on the given input and output conditions. 

The approximate solution is employed as an initial guess, 
toward solving the exact steady state through Newton's 
iteration method. In the steady state* equation (5) can 
be written as 

♦ X* + V u. (13) 

The « matrix and V matrix can be computed for the given 
^ON’ ^F1 ^F2‘ given input-output requirements 

qf the converter, the approximate time intervals, Tq|,|, 

Tpi and Tpg can be determined, [9] These approximate 

steady-state time intervals are substituted into equa- 
tion (5) and the threshold condition to compute an 
approximate steady state With ^ as an initial 


guess, the Newton's iteration method is employed to 
solve the stea^-state solution. Equations (5) through 
(12) are computed continuously in the iteration process 
untr j certain specified state-matching condition is 
s^c'sf ed. The state-matching condition can be defined 
In many different wavs, tor oyanipl^: 


i»l 

for an arbitrarily small posiv ■j number 

Step 4 ; Linearized Discrete Tline-7.mnain Model 

The nonlinear discrete-time-domtin equation (5) 
is linearized about the equilibrium scat”' x*. This 
linearized system is used to study the smaTl signal 
related properties of the converter. 

Equation (5) is rewritten as 

x.(i-i^+|) ^ ^ (x,(t|^) , ii,, ^ON ' ^F1 * '^FE^ 0 ^) 

For a constant forcing function u, equation (15) is 
linearized about x*. 



^ f fX (t,^) 


where v is a (nxn) matrix, The differentiation af/3x 
can be performed analytically, if the problem is simple. 
Otherwise, it can be computed numerically by the differ- 
ence quotients. 

Step 5 ; Eigenvalue Stability Analysis 

The eigenvalues of the matrix v are evaluated by the 
computer. The linearized system (16) is stable if and 
only if all the eigenvalues of f are absolutely less 
than unity, i.e., 

|.\|| <1 i » 1 ,n (17) 

Changes of eigenvalues as a function of system parameters 
can be plotted in the complex 2-plane. The locations of 
the eigenvalues in the Z-plane indicate not only the 
stability but also the transient behavior of the system, 
i.e., damping and rapidity of response. 

Step 6 : Susceptibility to Audio Frequencies In The 
Supply Voltage ~ 

In space/inilltarv aoDlications. it Is a reoui remeiit to 
specify how « small sinusoidal disturbance of the dc 
supply voltage E- affects the regulated output voltage 
Ej^ in the steady'state operation. The audiosusceptibi- 
ITty of the converter is defined as the closed-loop 
input-to-output transfer function. In the previous 
development of the linearized discrete mode, a constant 
input voltage E* is assumed. If E. is time 

varying, but sufficiently slow so that the input 
voltage remains essentially constant over a switching 
period, the nonlinear discrete time varying system (15) 
can be linearized about the previously defined equi- 
librium state X* and t.he nominal dc supply voltage , 

'S X (V]) ^ 'i X (t|J + 1 5 fii (t,^) (18) 

where 



V 




that is, the t1«w Mi'viw) cvwcaiirs -a vie component 
Ej plus a smali ac cv^mocnaivt 

tl»> output voltavie P^, can h? axni'esstHi as 

* c \ tt^) as) 

where C is a constant Uxn) row roatriv. 

AppaHnu th« I transt>nnati\in toCUi)»it vields 

a x_ (5) Ufc ♦ T-)”' ;‘Xo,jC?i (SQ) 

Thu fr 0 ouerKy*vKwi,ain transfer function can be derived 
after replai'inp 2 l\v .ind eowbiniiut (19) and 

aoi. 


dtavu' 





E| 


h nuk'i 

v'V'i 


7- C a (gi) 

^■'0 

where Ej and t*'® de avorapa of the Input voltage 

and the output voVtaviOi respectlvaly. The input-to- 
output fratniaiKy dotflain transfer funetton thus defined 
to (C'1) can be used to stuvli^ the suseepiibilita' of the 
converter to the stiwU audio signal disturhanee in the 
supply voltana. 


ilL APPUCATiOMS tVf lid. lMSCin:it.«T 1 Mt ANALYSIS 

Tkv\ specific ovaniplos are viiven to demonstrate <\p- 
plicattiios of the generalised prooudures pi*esented in 
the previvuts sectunu The first is a fliuittple^loop 
heoivt converter opera tlnu at constant sw1tt.hin>;i fre« 
guency, Mode >> curmrt mode. The detailed analysis 
is presented in this paper to siww how the step»l\v» 
step procevhires of tne generalised ftiethod are carried 
out in this specific exam(>le. The second example is a 
two-lovap buck cuavei'ter operatinvj at constant fro” 
gueuv\v, Made 1 as well as Mode d current depending on 
line and Ivwad conditions, A eoBspoiSlte computer pw* 
gram is developed, such that changes of the converter 
perfamaance durinvj the transittan frvam Mode 1 to Mode 
5 or vice verse can hvY readily studied by siitply vary- 
imj the line and Iv^ad conditions. 

A dc-dvt voltage step*up (boost) converter in Fig. 
il employs two feedhack-eenti'ol loops? The dc loop and 
the ac Ivaop. The dc loop senses the converter output 
voltage and compares it with a reference voltage to 
generate a dc eiuvr signal, similar to the convontion- 
al way. The ae loop serves two funetionst One fune» 
tlon u to sense the small sivinal ac voltage across 
the eneniv storage inductor to generate an ac error 
signal which oomuined with tlu' dc error sivgnaT to seuve 
as the input to the ampltfler, the other fimction is 
to generate a latdo signal ramp function by integiwt-imi 



if 


Fig, a. A boost converter using two»loop control. 



Fig, S. The voltage across the power switch E as a 
function of time. 


the steaity state a. switching voltage appe,aring across 
the inductor. It is comnionlv known tliat the ramp fuiic« 
tion and a threshold detector are the necessary ingv‘a* 
ill ants in order to convert an analog signal into a 
digital signal. In conveiittonal single«loop systems, 
the ramp function is generated either ha* an external 
ramp generatar or by converting the error output of 
the dc anipllfiar. For detailed descriptions of the 
two-loop s.wtom, ii1e,ise refer to references Cl, 10] 

The boost converter as shown in Fig. 4 was employed 
in the power processing vyv tern of thg High Lnergy As- 
tronvsivy Ohservatory Satellite UILAO) which operates at 
constant switching fregueiu-v, vliscontinous nuiucto.r 
current mode e\,'lusively under all line and load con- 
ditions, It serves .is an appropriate es.imp 1 e to de- 
monstrate the discrete time >fcra,\in analysis Since the 
continuous current operation is considered as the spe- 
cial case vvf the discontinuous ciirront operation in 
this analysis appmach. 

The wavefonn of E^., as shown in Fig, &, is used 
to serve the purpose of establishing some notation 
regaisling the time instant ti. when each cycle starts 
ami each swifchi" : action o'^nrs. 


In steady state operation, the digitaT signal pro- 
cessor is implemented hv the following dutv cycle 
control laws? 

'■'lock pulse turns on the 
• power switch 

At .... the threshold condition turns 

off the power switch 

at ta,tmpta,,.,..the 4ero inductor current 

'* condition turns off the power 

diode. 
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The time intervals t^-t^, t2-t|J, and are 

defined as Tqj^, Tp^ and Tp^, respectively. These time 

intervals may vary from cycle to cycle. However, the 
time interval between t^^ and tj^^^ is a constant equal 


to the period of oscillation, i.e., 

" ''’p ( 22 ) 

Step 1 ! State Space System Representation 

System equations of Fig. 4 are represented by: 

^ = Fl^ + GIU t|^ £ t < t^ ( 23 ) 

i=F2X + G2U t^<t<t2 (24) 

X * F3X + G3U t^ < t < (25) 


The explicit representation for F's and G*s are given 
in the appendix. The vectors X and U are state 
variables and forcing function, reTpectively. They 
are defined as: 

is t’c 'l'r 

!!« e/ 

Each of the linear systems of equations (23-25) 
admits a closed form solution of the form 


X(ti )“X(t^rTj^)=ol(Tj^)X{t^)+01(T{;^)U (26) 

2L(t^ )*i(tjl+Tfl5-'>2(Tpi}X(t^)+02(Tf,)U (27) 

i(t|c+i)\XjtS+t^2)*'^3('TF2)i(^k)^°^^^F^^ (28) 

where ♦i(T) * i r 1,2,3 (29) 

D1(T) » /V^^dSlGi i- 1.2.3 (30) 

0 


X(t^+,) - ♦3(Tf2)^2(Tf^)*l(T5f^)X(t^) 

+ [^3(T^2)v'2(T^,)01(t5^) 

t .^3(Tf2)D^(T^^) r D3(Tf2)] (34) 

= 4£(t|^) + V U 

together with the threshold condition derived from 
(31) 

‘*Ul(^0N^^l(*^k^ ^ '^'42(^0N^^2(S^ *U3(^0N^^3(S^ 

+ i>l44(TQfj)X^(tk) + dl^^(TQjj)U^ + dl42(TQ^)Ug 

^ '^143(4^^3 " '^^44(4^'4 = ^T’ (35) 

and the zero inductor current condition, derived 
from (32) 

iiZ2l(TFi)X^(tk) + 4’222 (''’fi )X2(^^) 

+ '>223 (^Fl )^3 (*■!{) * ’>^24(''^F1 )^4(*'k) 

+ '122i(T^i)Ui + d222(T^,)U2 + d223(T^l)U3 

I 

+ .d224(T^^)U^ =■ Q, (36) 


and the constant frequency condition 


T 


k 

F2 



k 

FI 


(37) 


Step 3: Eciuilibrium State 

In the steady state the following condition is 
satisfied; 


X(tk^.1) = X(tk) = X.'^ ' constant (38) 


The elements of matrices *i and Di are defined 
by; 


Thesteadv state switching time intervals are denoted 
and T^2' 


3"on 


^F1 


oi ^ (di-k) 


i ' 1.2,3 
j.k ^ 1 ,2,3,4 


The. aoDroximate steady state . _Swi tching time inter- 
vals, denoted by TS„, IS, and TSg, can be computed 
using the following tormu liar’ . 


The constraints of the system, as represented by 
(26) through (28), are governed by the threshold con- 
dition at t = t,l,t,‘,.. 

k k+i 

?,(•) = X^itl) « E^, (31) 

the zero inductor current condition at t=tk*t^^^.,. 

= Xjitg) = 0 (32) 


3qN 

' ^ ^’’o ivw 

(39) 




'h 


(40) 

1 

n Ej (EQ+Ep-Ej)(EQ+Ep-£q) 


7*- s 
Ip2 


(41) 


and the constant frequency condition 


*’3( ) * 3^0N^3^F1 ^^FE*3^P (^2) 


Step 2; Nonlinear Discrete State Transition 
Representation ' 

The discrete state transition representation for 
the boost converter is given by: 


where P„ is the output power and n is the efficiency 
of the converter. 


Substituting (38-4l)jnto (34) and (35), the 
approximate steady state x*" can be computed 


X,* X,* + f ^2 ¥ > 13 V V f 


12*32 "'' 13*33 " V 14**4 


(42) 


21 ^1 


+ ; 22 ^2* i 23 ^3* ^ 


;Z*32 " *3 23*33 " *3 24**4 


2ri 


(43) 



^3* * ^ 31 *1* ^ 3'3 ^2* 33 *3 ^ ^ 31*^1 ’*' 


V 32^2 ■' '' 33^3 * 34^4 


(44) 


«nd jT^'^ " |T^ " '•‘'''41^1*' '*’''42^2* *" ’*'''43^3’* 

where 4,j and V,j for i . j * l,.-4 are the entries of 


the matrix 4 aod V of the linearised system. 


Notice that equations (42 > 44) are Independent of Xjj’* 
( 441 “ 442 * "^43 “ *3), and can be solved for 


and X:,*. Equation (45) which is the same as 

S* 


The exact if^gadv state .Dafina the system state when 
the pov«r switch turns off as 

and when the inductor current vanishes as 

2(t.) fx (tu^Xpi^ 


' A ^V'ON^'Fl 
In the steady state operation 


V* « ^ 01(Tgf^)U 


V 


and 


42(T^^)r + 02(Tf^)U 


(46) 

(47) 


X* « + D3(T|2)i) 


F2' 


(48) 


If TAm and Tfi are the exact steady state values, 
the steady state x/' calculated from (42-45) has to 
satisfy the following two matching conditionss 


(1) The tero-inductor-current condition 


B . , * 2.t » Q 
"match l 


m 


(2) The state matching condition can he defined as 
(SO) by matcliing the state variable X,^ after 
one cycle of propagation. 


\a tch * ^4 ^ ‘^ktl ^ “^4 ^ (^F2 
^ 4343('ff2)2| *• 

+ d3^g(T'pg)U, + d3., 3(1*2)03 + d3^,(T^,)U^ 
- ^4(V • 


(50) 


Iteration linearixation. (Newton’s method) Is em- 
ployed to find TX. and Ti, wlHch satisfies the match- 
ing conditions ^ (40) and |S0). The step-by-step pro- 
cedures are described as fnnows: 


Step (a) Compute the approximate stated* from 
(42-45). 


Step (b) Find a new TS, by iterative linearixa- 
tion. 


the threshold condition (35) is used to coinpute s^4*‘ 

In this approximation, the threshold condition (35} 
is automatically satisfied, however, the threshold con- 
dition (36) where the inductor current equals zero may 
not be satisfied. This approximation is merely employed 
as a star^-ing point in order to search for the exact 
steady stvSte. 



(a) 


(b) 


Fig. 6(a) Flow diagram for determining the steady state 
(b) Flow diagram for determining the state mat- 
ching condition 


’’’fi 




®match^-^ "^nN' 


ON' 'FV 


FI 




FI 


such that for the given K* and 

the xero 


tooether with the new T' 


current condition 


’ev* 



will be satisfied. 

Step (c) Check if 0 is satisfied? 

Step (d) If « 0 is not satisfied, modify 

T^l^ according to 

i». y vf-i. Vir T i( 

\n 


T; 


ON 


S , , ()T*, Ti,,. TJ^) 

match'-’ ,ON_ 1-' 

•ON" 




Step (0) Use the new f*,,, and tj;.^ calculated in 


' ana caujuiatvu »n j 

step (b) and Step (d) and go back to Swp (f 
to derive 0 new approximate state V*. \ 

Then to go to Step (b), (c).and(d)and repeil 
the process until the state matching 
condition S w 0 is satisfied. 


A flow diagram for determining the steady state 
is presented in Fig. 6(a) and (b), A subroutine 
is developed in order to search for a proper Tp-j to , 

satisfy the xero-inductor condition as I 

This subroutine is embodied into the other svibroutine | 
S V . which ultimately computes the stare matching | 
match ■ , 

condition as given in (50). 




step 4: Linearized Discrete Time Dom ain ModeJ 

The nonlinear discrete time system equation (34) 
is rewritten as: 


Table h Circuit parameter values for the boost convert- 
er. 


x(t|^^^) == 1 


(51) 


This system is linearized about its equilibrium state 




(52) 


The matrix 1' is (4x4). The partial derivatives, 

approximated by difference quotients, are evauated 

numerically, for sufficiently small aXj, J - 1. ■••• 


where -f 


V = 


3X 


_ ,53) 

) ‘ii 


Since X does not appear explicitly in 1. in order 
to evaluate (53), the change of TQ^.Tp-,. aod Tpg 

i = 1, 4, must be determined 


the threshold conSlttoo, (35) end (35) in the Uer.tioo 
process described earlier. 

It is important to select the appropriate incre- 
ments AX.. Some experimentation with the , 

si« ir^advisable, since the accuracy of the partial 
deHvatives depends on it. If the vanes 

rapidly, a very small increment is clearly required, 
other Und. if the increment is chosen need- 
the «-r»=y docroasos OC.U,. of 
a numerical computation error, i.e., a ° Tference 
quotient assumes numerically '?h2^ 

Study on the increment size and its s 

results also has physically significant implications. 

If the linearized system shows high sensitivity t^ 
incremental size, then this points out that 
linear system changes its behavior t 

ii mnuf»<; awav from its equilibrium, and the result 
Obtained f^thHinearized system are.only .valid for 
very small perturbations about the equilibrium. 

Step 5 : Fiqpiwalue St ahfTitv Analysis 

A digital computer program been developed that 

computes the equilibrium solution xS the ma^ 

% iiu. ltlrf«d’\ „tr?x (s 

af^n of the absolute value of the steady state. 

= O.Ollx^*! 13,1,2,3,4 (54) 

Employing a set of nominal circuit ®tf ! 

Table T the system steady state, the matrix and its 
eiSenvaiu« a% computed, and the results are presented 

in^Table II. Since the eigenvalues of the system are 
nositive real, and less than unity, the system is 

nductor curS x, is always reduced to zero after any 
small perturbation? The inductor current 
constitute a state variable since it Joses the 

boundary condition* The eigenvalue, 1’ . . , part 

•i nWi thp svstem has a long-time constant. In tact, 
the^ output voltage of the converter when subjected to 
a steS change in load, will reach its new steady-state 
after^a six-millisecond transient as observed in the 
1 aboratory* 
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Table II. Steady state, f matrix and eigenvalues. 
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Thp method of root locus plot on the z-plane [11 J> 

lrcSun^ara™t?rs!°^io>ad^ 

ftr ef '^ier™ presented to show how the z-plane is 

dghrhalf’s-plane'if Spoerinlo the z-plane outside 
rh?5nit cycle The stability of the discrete system 
K thus defined if all eigenvalues are 1°“^®^"' f 
the unit circle of the z-plane If the 

"“f pSL“r.i:)h..3;«r, «)s 

r/lhP ^-Dlan^ the Ss tern is on the Verge of insta- ^ 
bility. An eigenvalue located along Jr es ponds 

axis inside the unit circle of J,P®. /“P’X s 
to a pole on the negative real axis f ®J P' 

•” rd' "the^unit°ciV^clVco^ 

conjugate roots in the s-plane with natural frequency 
PQual to one-half of the switching frequency. An 

.“»rat the origih of the oorr.spohd, 

to a nole at in the s-plane. Additional in- 
formation concerning the mapping from the s-piane to 
the z-plane, can be found in [HJ, 
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Fig. 10 - Eigenvalues as a function of the compensation 
loop resistor R-. 



Fig. 11. Eigenvalues as a function of the compensation 
capacitor C^. 


Several root-locus analyses are presented winch _ 
plot the eigenvalue loci as a function of dc-loop gam, 
oc-loop gain and the R-C compensation network. The 
effect of the dc-loop gain on stability is shown in 
Fig, 8 by varying the resistor R^. Wtien the dc-loop 
gain is increased by means of reducing the value of R,, 
the eigenvalue , moves away from the unity and merges 
with n to form i pair of complex-conjugate roots. 
Further reducing R -3 beyond 4Q0 can cause the eigen- 
value , to move oatside the unit circle and therefore 
to result in an unstable system. The eigenvalue . 
always stays at the origin as a result of tim discontin- 
uous current operation. The system transient response 
can be improved by reducing from 40K to 3K 
to bring the eigenvalues closer to the constant damping 
ratio locus of 0.707 for optimum transient response. 

Figure 9 shows by reducing the ac loop gain or 
increasing the ac loop resistor R, from 10 to^ 

140 eigenvalues X. and x, move away from 

unity and the pigenvale X, moves from the positive 
real axis to the negativemeal axis. The transient 
response changes from overdamp to underdamp with a na- 
tural resonant frequency equal to half of the switching 
frequency. It is interesting to note that whan R^ is 
equal to 8S . the eigenvalue X. moves into the 

origin of the complex plane. Tn sampled data system, 
double roots at the origin means the transient 
ponse will die down in two sampling cycles. Therefore, 


the ac loop resistor egual to 85 kf. will nrovide 
the optimum transient response . 


The effect of the comnensation loop, with a series 
R^C, network, on the stability and the 
p§n?e of the system is shown m Fig. 10 and 
R.. is increased from its nominal value toward infimte. 
a§ shown in Fig. IQ, all three eigenvalues approach unity 
asymptotically. The system becomes very marginally sta- 
ble. Figure 11 shows by reducing Cg beyond 1.3uf the 
eigenvalues xi and move toward outside the unit circle 
shown as the dotted‘'lines. On the other hand, by 
increasing On, one eigenvalue approaches unity asympto- 
tically and the other two eigenvalues form a complex 
conjugate pair and approach point E in the complex 
plane asyraptotically, Therefore, a judicious design 
of the R-C compensation network is important to stabi- 
lize the system and to provide good transient response. 


Each of the three feedback loops, ac loop, dc loop, 
and R-C compensation loop, is shown to play certain 
important roles of stabilizing the system and providing 
fast transient response. The analysis shows that a 
larger stability margin and a faster transient response 
can be obtained by properly design i no the above dis- 
cussed three feedback loops. The same technique also 
can be used to optimize the power stage parameters, 
such as the output filter L and C. 
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Fig. 12. audiosuscetibility for the boost converter. 


St^j Susceptibility to Audio Freouencles in fhn 
Supply Vo i tape — ’ 

1, «™Ls'Id“by function 

E R 

r+r ^ (55) 

0 c L 



table III. Circuit parameters for the buck converter. 
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where H = [1 0 0 0 ] 

sampling theorem, the frequency domain 
bansfer function is only valid for the frequency less 
sampling frequency, i.e.. 

For the HEAO converter this means the transfer function 
holds true for the audio frequency up to IS.SKHz which 
comprises the entire frequency band of interest for the 
audiosusceptibility performance of thl cSnverler 

n-F shows^ the closed loop freouency response 

f the converter with the supply voltage E,- =■ 28V The 
general shape of the closed 1^ frequency response 

th^afa^^f^ ^5th the e.vperLenta? data^S t 

apPfojcimately 4db is shown throuqh- 
note^that interestinq to^ 

curreii discontinuous 

cun ent operation is a function of the converter loadino 
the lighter the load, the better the audiosusceptibilitv’ 

different from that o/the con-' 
tinuous current operation where the audio perfomance 
IS almost independent of the load, o'-mance 

3.2. E.vample 2 : 

The two loop buck converter as shown in Figure 13 
has been selected as the second e,xample to demonstrate 
the application of the generalized discrete time 
approach. The converter is designed to operate in the 

SrSnt°mode^^n®linhJ'^i discontinuous 

current tnode on nght loads. Employing the previouslv 

described analytical approach, a co^pos^’te cSSe? ^ 

Sent oLStiof continuous 

current operation and the discontinuous current 

operation. For a given line and load condition, the 
?fnn detects the inductor current opera- 

ttng mode, mode 1 or mode 2, then enters into the ap- 
numerical computations. This 
PF°9Fam serves as a very powerful 
I'lvestigate certain often observed 

as^hl sLhinrf Performance such 

dnrw L transient response 

»d, 



Fig. 14. Eigenvalues as a function of the supply 
voltage. 

. , detailed analysis of this converter is not 
included in the present paper due to the space limita- 
tion. However, several interesting results are pre- 
sented to demonstrate the effectiveness of this analy- 

KnfK complicated problem involving 

both mode 1 operation and mode 2 operation More 
detail is provided in reference [12]. 

in this ?vn]'nf H3] has indicated 

two-loop converter a possible instabilit 
problem c n occur at half of the^witchinj frequeJ- 
frequency instability problem while 
it would be rather difficult to analyze us inq the fre- 
3sino^f°^^‘" techniques [2,7], can L readily SnaRzed 
Mnor time domain method discussed in this 

circufrnJI^lfl the supply voltage £ with the nominal 
seen ^hinnlth r Tsble lll. As can be 

alonn ™ve the eigenvalue x, 

flxis- For E.- less than 46^01 ts 
^lusiZ Li h’" Certain ’interesting con- 

tbo 1 the converter, using 

erLS ‘^e^Ptibed earl ier , when^op- 

caS^rLult^^rf in^l^K-Lf'^'luency continuous current mode 
condlMnlc ’P^^"rfability under certain .input-output 
c nditions. The instability often occurs at half of 
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Pig. 15. E^gewalues as a function of the converter 


20 v/cm 




for an unstab?" opeJa^iiS! 

aJSrSSS cycle ratio is 

cannot be resolved fay chanoino^Pithf ' instability 
parameters or the power staoe na™ 
conclusions apply to iii parameters, The above 
buck, boost, aVfauck'^bOQst^^npr!?u .‘^“'’figurations; 
limited to COntinuoSourrenr ’*= °nly 

frequency duty cycle contholfe? ?hp°!j constant 

of this instability problem ho detailed analysis 

F«r '-f.Sio“! S,”4 fS' 

**'' 'p™- 

reducing the load in a mwner th^f studied by 

operated in the continuous current Sw 
discontinuous current mod^ i" the 

of eigenvalues as a Ln^fon 5 shows the change 

was relatively heavy, g, 10 ohm? f l°“d 

input voltage Et p 30 volts the 

a continuous current mode^ith^? °P“''?ted in 

than 50S. Tfay system was unstahip ratio greater 

stabilised fay inrrLsinfR, 

that the converter uegan to 

current mode, it should be nni-pri^^h^I? discontinuous 
variation, from 52 ohms to 5^0^^ 
was observed. The chanoe ^ Phenomenon 

?..59 to o.„ o„rt“o ?„* »3 froS 

tinuous motion which coni,! L ^ fast con- 

ate value of Rj_ represented by inte^edi- 


S^^o„'s\™k7o\'S4E'.T.F\ri’f’r“r' 
ohms. Instead of having a oEowEL'amni-?’^ «L = 2 
of instability, the inductor ^ ^“sul 

metrical but repetitive This iT hp is asym- 

operated alternately in '’he converter 

the discontinuous current mode duri?n^ current mode and 
^ycle. In fact, when the load rpTicf switching 
increased above 22 ohms the pnnf^’f slightly 
a;d Ofo„ted .ntlrel, Sj 5?"''r ft was st, billed' 
.bis IS a aerification of the current mode, 

converter can be stabilized bv channLr^^®'"®"'^ the 
mode from mode 1 to mode 2. “hanging the operation 

fteqde'Sly'SsISrtJiici'fn^;"! '» “ *"■>'« 

examined for both the mode 1 ^iso 

operation. The audio ™scept?bi "“‘i® 2 
the load for mode 1 (R|S29.pf depen dent of 

vanes with the load ‘•for ide 2 ?R >?Qof 
the lighter the load the hpfrpr ft, \ ^““h that 

curve "c" and curve "c" ^“diosusceptibility , 

also shows a significant difference iJ®thp^'’''®®-^“5''®' 
audiosusceptibility between modr? pn^ magnitude of 

when the frequency of the auriip n^ especially 

one-half of ?he swiEching SuenEe ih 
resonance- like rise iV fw<, /"““ncy. The sharp, 

of the switching frequenSj on^J'Ixi^tl^wi-Eh"'" 

cflocts 5,0 ci„“ed ey„';i5“ a?'o « r 

1, see Fig. 14 and at the orinin at -0.95 for mode 

value located at -1 0 means sn^n w°’' “ipen- 

half the switching' freScv'^as'^EhTfEp"®"”?""" 

into the circle, damping increases^ 

the circle, exponential build^ufLn ft, ^ °f 

results. ouiig up and thus instability 


IV. CONCLUSION 


voltageT"ac?i« ?hp '*'°‘^Vthe waveforms of the 
go t, across the commutation diode D1 and the cur- 


analys^•?°S^qui t's 'been"^'?es'enTe 3°"h ’"9 

ble to all types of swif-f- P““^onted which is applica 
types of duty cycle contrSn|rs"^]'*°"' "-’"S 
continuous as well as riic- operating with 

State space teSiqSL Ire ‘nductor curJent. 

converters exactly by the nnTi ,- characterize 
domain equations in vector 

method is employed to solvp fn fw ^^ton's iteration 

state of the converter Vhe sv^s J^ equilibrium 

about Its equilibrium statP ^ then linearized 
oi-ete time model. The stab i??fv’"f® di's- 

stability nature and transient 
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responses are studied by examining the eigenvalues of 
the linear system. Changes in eigenvalues due to sys- 
tem parameter changes can be plotted in the complex 
z-plane yielding an excellent design tool very similar 
to conventional root-locus plots. The analysis is also 
extended to determining the frequency related perform- 
ance characteristics sush as the closed loop input-to- 
output transfer function used to determine the audio- 
susceptibility of the converter. The modeling and 
analysis approach makes extensive use of the digital 
computer as an analytical tool, replacing highly com- 
plex and tedious analyses by numerical method and mak- 
ing automation in power converter design and analysis 
possible. 

Followed fay a generalized analysis procedure, two 
specific examples are presented to demonstrate the app- 
lication of such an analysis scheme, one for a boost 
converter operating witn constant frequency and discon- 
tinuous current, the other for a constant frequency 
buck converter operating with both continuous current 
and discontinuous current. A composite computer pro- 
gram is developed for the buck converter to include 
both current modes of operations. During the transi- 
tion between the continuous current operation and the 
discontinuous current operation, an interesting jump 
phenomenon is observed by plotting the system eigen- 
values on the z-plane. The jump of the system eigen- 
values not only causes abrupt changes of the' performance 
characteristics of the converter but also, under certain 
operatina condition, the stability nature, from an un- 
stable system to a stable one, or vice verse. The 
analysis reveals certain high frequency oscillation 
phenonrena at the subharmonic of the switching frequency, 
an. unstable operation normally associated with constant 
frequency, continuous current mode with a duty cycle 
ratio greater than fifty percent. Such a high frequency 
instability phenomenon may not likely be exposed through 
other means of analysis. 

In addition to its particular utility at analyzing 
high-frequency control -loop related phenomena, the ana- 
lysis also serves as a useful design tool which provides 
design guidelines for such important control parameters 
as the dc loop gain, the ac loop gain and the R-C com- 
pensation network of a two loop converter to optimize 
its transient response and to stablize the system. 


APPENDIX: ENTRIES FOR MATRICES Fi AND Gi 


The matrices Fi and 6i for i = 1,2, 3, 4 are 4 x 4. 
Danne P"* ^ |■^’jk| 

The following entries of the respective matrices were 
derived assuming negligible loading of the feedback 
loops to the converter power stage. 

n = . fi, - 


II 


C R(,+Rl 

R, 


'22 


1 


^^41 


fl 


33 


^2*^5 


C1R3 R^-tRg 


^ 1 % 


fl 


dz 


oRq 

C^R4 


where f )4 ‘N.|/N 2 


^^43 = ^ 9^21 = L 9 I 23 = - t 

9^41 = • ^^42 = 9143 = ^ 



= fin 

^2 12 

1 

■ c ' 

Rc+Rl 

^ 2 zr ■ 

"L 

f222 

= - (Ro + 

'^C'^L , 
Rc+Rl' 

1 

L 


'231 = 

'I 31 

f232 

= '^C^bl 




^233 = 

^^3 

f^41 

= fl4, ^ 

Rc^'\ " 

n 

1«4 


f242" 

fl^.^ + R(- 

^243 

= '’^43 

3221 

= gl 

21 

9224 = 

9^23 

9241 

= gi4i 

9242 

= gl 

42 

9244 "" 

SI 43 

f3^^ = 

= fin 


= fl 

31 

*"233 " 

^’33 • 

«41 

-fl41 

^^43 

= fl 

43 

9^42 "" 

3 I 42 
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appendix c 

DERIVATION OF EQUATIONS FOR CONSTANT FREQUENCY 
BUCK REGULATOR CONTINUOUS CONDUCTION OPERATION 


C.l EQUIVALENT DISCRETE TIME SYSTEM 


Figure C-1 shows e^. as a function of time and mainly serves the purpose 
of establishing notation regarding the time instances tj^. 



Clock Pulse Turns Power Switch “On" 


Figure C-1. Input Voltage e. as a Function of Time 

Note that the instances t|^ differ from the previous definition used for the 
control in constant mode, see Section 4.4,, 2. That is, the time instances 
t|^ denote here the times when the clock turns the power switch was turned off. 
The reason for this is that in both cases the instances tj^ must be selected 
such that they are at the beginning of that portion of the dutycycle that is 
controlled by the threshold condition. Note that for constant frequency 
operation. 

*k+l ■ ^k " V " for all k = 0,U2... (C-l) 




The equivalent discrete time system for the constant-frequency control is 

by 





nrj x(t|,) t D(T^„) tTj 



\n‘th the threshold condition 


♦szr'on) X2(t|.) + X3(t|^) + djjCr^^) E, 


+ ^32<To\) 


Where as 'm earlier investigations the input vectors u are defined by 




The threshold^condition (C-3) defines t|^^ imflictly as a function of the 

systeiii state x(tj^;, and because of the constant frequency operation, 



0R1GIR\L PAGE IS, 

9K JBOOli C3UAXJDQ3 

For the steady state one demands that 


^ constant for all k = 0,1,2/.. 

which by the threshold condition implies that in the steady state also 

on “ 'on " ^on " constant 


given 

(C-2) 

(C-3) 

(C-4) 

(C-5) 

(C-6) 

(C-7) 
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• t. steady state solution is computed by using the duty- 
First the approximate steady s 

cycle formula 

'''off ° '^P " 

K e E is numerically equivalent to the controlled dc output voltage, 
where En is numeric fr 2l one obtains 

1 /r_7i ujhpn exoanding \t 


[<1 

I 

- * n 
* 


★ 

^2 

= f(Tp) 

^2 

* 

+ 

^ - 

■k 

LX 3 . 


- ^3 - 



hi 

4.12 

0 " 


^11 

1 

0 

-1 


_ *- 
>=i 

hi 

h2 

0 

« 

d^i 

0 ' 


Jr. 

hi 

‘‘*32 

1 . 

1 

- ^31 

^32 - 

1 

* 



‘off 


on 



^11 

0 


j 1 

+ 

^21 

0 

i 

1 

m 

70 


- ^31 

^ 32 - 

1 


T 


off 


(C-8) 


(C-9) 


£ i c 9 .\ the first tvJO scalar 
nee T* and T* , are approximately kno«n f^m CC-^. 

equations of (C-9) can be used to solve for =nd x^. 

. r- .a. 


[ 't'liOp' 'I’laUp' 

i>2iOp) fEE^Tp) 


'1 
* 

L"2. 



ll^Vf^ '>11^ 'on^ '^^12^'oft' -21^ 0^ 

♦ziUoff' ‘‘ll^^on’ * 22^^°ff^ 

(c-io) 
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Hence 




L'2j 


(C-11) 


The third state x* is determined from the threshold condition (C- 3 ) 

’<3 = n - *31(4) - ,3,(4) 4 . ,3^(4, 

The steady state solution x* detenained by this method fs not exact because 

sMp7[c-8Hror l'. 

X* approximates th ' t « xery good. one. How well this ' 

how cTo" y ^a dV 

' ^ k+1 when using (C-2) for propagating the state 

through one cycle starting with 7-7* ^ ^ 

the exarf 4 ^ f^ethod for determining 

the exact steady state, is to determine the exact T* by iterative ’-re--- 
zation (Newton's method) on the rvrl^t fn i a ?*? ^ ..nea, 

third / h* lo • I y e to cyc.e matching condition for the 

state valiioc mH ^ started with approximate steady 

1 """ ’>• «■"- " «■ «■ 


Define the system state when the oi 


power switch turns off as 


Zj, - x(t.+T*^ ) 

^ K on' 


(C-13) 


ZQ(tJ = E, 


for an k = 0 , 1 , 2 ,... 









^ ft* '▼ft. 


(C-14) 


and clearly 


In the steady state one has 


— km. 

h 


‘*’11 

‘^12 

O' 


r * 1 

Xi 


'^11 

0 “ 

k 

^2 

= 

‘*’21 

‘*’22 

0 

* . 

* 

X 2 

+ 

^21 

0 

■k 

1^3 J 


- ‘*’31 

‘*’32 

1 _ 

i 

* 

- ^ 3 - 


-^31 

*^32 - 


on on 


1 


Clearly, if x* and are the exact steady state values, then ont must 
satisfy the state matching condition 


S 


match 


'k 









0 


since the square-bracketed term should equal x^. Note now that via Equa- 
tions (C-n), (C-12) and (C-15), the function is realty only a func 

tion of (T*^.p = Tp - T*^), and one wishes to determine such that 


fT* ) 
Wtch^ on^ 



Iterative linearization (Newton's method) can now be applied to (C-17) to 
find T*^, by expanding about the approximate steady state solution 
a Taylor series and retaining only the linear term, i.e., 


f\ 'k 

^match^"^on^ ~ ^match^ on^ ^ 


3S 


match 
3T 


on 


(-^:n<n) 


on 


where t is the approximate steady state value from (C-8), 
on 

$ 4 . u(T* ) = 0, it follows that 
match ^ on' * 


Since 


T = t 
on on 


s (r ) 

matey on' 


on 


(C-15) 


(C.-16) 


(C-17) 

in 


(C-18) 


(C-19) 



If this T \ satisfies < e, e some very small number, the exact 

on matcn ^ 

steady state has been found; if not, set and repeat the process 

until converges to zero. Convergence Is usually very fast and with- 

in 1-3 iterations. Describing the process sounds much more complicated than 
it actually is, and for completeness a computer flow diagram for determining 
the steady state solution is included. Note that the partial derivative 
^^match'^^^on taken numerically by approximation by a difference quotient. 
Note that the difference between X and z denotes the peak-to-peak steady 
state ripple, provided the inductor current i and output voltage e^ are in 
phase. This is usually the case, unless the series equivalent resistance 
of the capacitor is equal to zero. 


C.3. LINEARIZED SYSTEM 

The nonlinear, discrete time system described by Equations, (C-Z) and 
(C-3) will now be linearized about its steady-state equilibrium state x . 
Denoting 

<S>r(tj^), > x(t|,) - and aE.(t^,) = E^(tj^) - E^^ 

it follows that 


= L(T ) + ^ D(T^„) . D(T^,p ] I sx(t^) 

V ax _* ' * 

X ,E| 




• „•* * 

‘ X ,E. 

k k 

where it is important to note that T^^^ and are functions of x and E^ 
via the threshold condition (C-3) which is here rewritten as 
c(7,E^,Tq^) = 0, i.e.. 
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dx.E..T„„) = -E^ -I- taiCTon) Xi + hz^\n'> h* h ^ '‘si'^cn’ 

t 

in the previous developments ebove it hes been tacitly assumed that 
E = E* = constant for all time. This is not necessarily so anc the non- 
linear\liscrete time system (C-2) - CC-3) is also an exact descripti^ o 
the converter if E, is timcv-irying, provided E. remains consta t ove any 
T period. To assume a time-varying E. composed of tho nominal dc va 
E°"plus a small super-imposed ac. component «E^ , is a useful concep wien 
investigating audio susceptibility of the convertor and is Jie m n vea^ 

Why it i,s included here in the derivation of the ^ p,,. , 

that a sicinificant difference between the constant 

sent, constant frequency mode of operation, ns that ns dnnect y epen 

dent on R.j in the threshold condition (C-22), 

Denotinq the first curly bracketed term in (C-21) by 't, a constant 3x3 
matrix, and the second curly bracketed term by r, a constant 3 -dnmensnonal 
column vector, Equation (C^21)‘ can now be written as 


<sx(t|^^;^) = f Sx(t^) + r 6E>(t^) 


(C-23) 


and represents the sought linearized system. The matrix f and the column 
vector r remain to be evaluated, hov^iever. 


By definition; 


= f(T ) + ^ [ fUoff’ °*^on' “l °*^off^ “oil 
R ax 


(C-24) 


TO "valuato the parti a V derivatives of the square-bracketed term analyti- 
cally, turns out to be a very difficult and tedious task, much so. lan 
for the constant T control. This is mainly because the matnees 



D(T^. ) are now involvedjand compact analytical expressions are not avail 
able^for them. The partial derivatives are therefore evaluated numerically 
by approximating them by difi’erence quotients. Denote 


I ^ 

and for sufficiently small Ax^, i = lj2,3, 

Sif 

r f (x*-l-AX^)-f^(x*) f^(X3+AX3)-fi(X3) 

AV AXo 


(C-25) 


3f 

SX* 


X ,E. 




f3(X3+AX3)-f3(x3) 


AX. 


AX- 


(C-26) 


Since Y does not appear explicitly in 7, in order to evaluate (C-26> one 
must first determine by how much and change due to a change Ax^ 
i = 1,2,3, and then use the new and to compute the f^(x^+AXj), 
i, 3 = 1,2,3. The threshold condition 

C(X,E|.TJ = 0 

(see A-22) is used to determine the change in T^^^ due to a change in x or 

E-. Iterative linearization (Newton's method) is used to determine the new 

t’ that satisfies c = 0 after x lias been perturbed by ax.* i = 1,2,3. 
on 


(C-27) 
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The procedure for computing r of (C-23)i which by definition is given 


by 


3f 

3E. 


(C-28) 


X 


is exactly the same as outlined above. The only problem with numerical ii- 
ferentiation is to select the appropriate increments iXj. At the presen 
the increments are taken as 1« of the value of the independent variable. 


i • G # > 


AX. = 0.01 lx. 

J 


(C-29) 


Some experimentation with the increment size is advisable, since 
racy of the partial derivatives depends on it. For instance, if the func- 
tion varies rapidly, a very small increment is dearly required. On the 
other hand, if the increment is chosen needlessly too small, then the accur- 
acy degrades because of numerical problems since in the limit, a difference 
quotient assumes numerically the value 0/0. Studies on the increment size 
and its effects on the results have also physically significant implications. 
If the linearized system shows high sensitivity to increment size, then this 
points out that the nonlinear system changes its behavior rather rapidly as 
it moves away from its equilibrium point, and the results obtained for the 
linearized system are only valid for very small perturbations about the 
equilibrium. A computationally more complex, but also more accurate way of 

computing a derivative numerically is to use the following approximation. 


3X 


f(x -t-AX)-f(x -Ax) 
2AX 


(C-30) 


which "averages out" fast function changes and can detect discontinuities. 


C,'^* STABILITY OF THE LINEARIZED SYSTEM 


The lineariEed system (C-23 )j ''•e., 

~ T «SK(t|^) + r 6 E^-(t|^) , (C-31) 

is stable if and only if all the eigenvalues of f are absolutely less than 
unity, i.e., 

|X^(¥)|<1, i = 1,2,3 (C^32) 

The eigenvalues are evaluated by the computer and changes in the eigenvalues 
as a function of system parameters can be plotted in the complex plane. The* 
location of the eigenvalues, which are the roots of the system, does not only 
indicate stability, but also governs the transient behavior of the converter, 
i.e., damping and rapidity of response. 

With the nominal parameter values as given in Table 2, of the main text, 
was unstable. While changes in such critical parameters as Cg, R 3 , and ng, 
as well as others, affected the system roots in one way or another, the only 
really effective parameter change for stabilizing the system was to decrease 
the dutycycle, i.e., to either increase the supply voltage E. or to decrease 
the desired output voltage E|^, Figure C-2 shows a root locus plot as a 
function of the supply voltage E. with remaining constant at 20 volts. As 
can be seen, changes in E^. primarily move the negative real root, and at a 
value of E. = 46 volts, i.e., a dutycycle of 0.435, the system is just barely 
stable. A reasonable operating point results when E^ = 50 volts, and it will 

be used in the following parameter variation studies. 

Figure C-3 shows the effect of the lead capacitor Cg on stability. Quite 
good operating points are achieved for C 2 between 5000 and 10,000 pF, with the 
system becoming unstable when Cg grows beyond 35,000 pF. 
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BUCK REGULATOR DISCONTINUOUS CONDUCTION OPERATION 

D.l EQUIVALENT DISCRETE TIME SYSTEM 

The waveform of e^ , as shown in Fig. D.l, is used to serve the purpose 
of establishing some notation regarding the time instant tj, when each 
cycle starts and each switching action occurs. 

In steady state operation, 

at t. , t. . , , t. the clock pulse turns the power switch 

K K+ I K+t "ON" 

at t,, tf'*’\ ..... the threshold condition turns the power 

‘ ' ' switch "OFF" 

U Lj,*! 

at tp, tp , tp . . . . . the zero inductor current condition turns 
^ ^ off the power diode. 

k k k k K 

The time intervals t^ -tj^, tp -tp and defined as Tq^^i* 

Tpi and Tpg, respectively. These time intervals may vary from cycle to 

cycle. However, the time interval between t|^ and tj^^-j is a constant equal 

to the period of oscillation, i.e., 

\ = Tp for all k (D-1) 



Figure D.l Waveform of e. 

1 



System equations of Fig.D.l are represented by: 


FIX + GIU 


t < 

t*^ 

n 

(D-2) 

F2X + G2jJ 

t^ < 

n - 

t < 

^2 

(D-3) 

F3X + G3U 

+k , 

t < 

^k+l 

(D-4) 


Where FI, F2. F3, G1 , G2 and G3 are (3x3) constant matrix determined 
by the system parameters. They are: 
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R R 

Co ( Rg+R, ) bolRg+R^) 
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R. 


R R^R, 
0 5 L 
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CgRgR^ 


'2Ro's\ 


W '*3^ 

1 R. 

Co<V\) 


\=2 


'L 


0 5 L 


■ yR^+\T 

R. 
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0 
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’^3^1 " ^1^0^ 


^2*^0 


RlC^ 


- C^Co(R5+Rl) 


0 


0 


Fr 


■o^W 

J_ 

L. 


^2^5^L 


0 

0 

k. 


Vl ^LolRg+Rj^) RgCy 


0 




and, 


62 - G3 = 0 


The vectors X and U are state variables and forcing function, respectively. 
They are defined as: 


X 2 = i 


The constraints of the system, as represented by (D-2) through (D-4) are 
governed by the threshold condition at t = t-j , t 2 • • • • 


^3 ^ " ^T’ 

k k+1 

the zero inductor current condition at t = t 2 » t 2 


X 2 .(t^ ) = 0. 

and the constant frequency condition 


(D-5) 


(D-6) 


jk ^ ^ jk _ j fQj, all k, 

I AM ^ 'in ' F9 n 


(D-7) 



Each of the linear systems of equations (D-2) to (D-4) admits a closed 


form solution of the form. 

X(t[) = X(t^+T^,^) = $l(T^f^) X (t^) + D1(T^^) U (D-8) 

X(t^) = X(t^+T^^) = 4>2(T^^) X (tj) + D2(T^^) U (D-9) 

X(t^^^) = X(t^+T^2^ = 'f3(T^2^ X (t^) + D3(Tp2) U (D-10) 

where 4>i(T) = e^^"^ i = 1, 2, 3 (D-11) 

Di(T) = e^^^[ ^V^^'^dS ] Gi i = 1, 2, 3 (D-12) 


The structures of the matrices <i>i and Di for i = 1, 2, 3 have the following 
forms: 
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The equivalent discrete time system for the constant frequency boost 
converter is given by. 

w. 1 = .3(tL) f2(T' ) ) X (V t *3 (T^p2> 


X(t,,i) = i 

+ $3(T^pJ 02{l).) U + D3(T^p2) U 


(D-13) 


together with the threshold condition derived fro. (D-5) 


■'■ ^''sZ^^ON^ ^2 ^T’ 


(D-14) 


and the zero inductor current 


condition, derived from (D-6) 


and the constant frequency condition 

”^F2 ” ^P'^ON FI 




D.2 EQUILIBRIUM SOLUTIONS 

In the steady state the following conditions (d- 17 to D-20) are 
satisfied: 


X(t|(^.,) = X(t|^) = X* = constant 

(D-17) 

for all k 


tk+l _ jk _ j* _ constant 

’on on on 

(D-18) 

TpV ' ^F1 " ^F1 " constant 

(D-19) 

■^F2^ " ’’’F2 " I 2 " constant = Tp-Tg^^-T*^ 

(D-20) 


D 2.1 The Approximate Steady State 

The approximate Tg„. T», and can be computed using the following 

formula 


^ON ° 




(D-21) 


where 


2L T P E,-E„) 
X* = / . . 0 P 0 A- 
’f 1 / r r2 


^F2 " "^p'^ON’^Fl 


Lq = the energy storage inductance 

= output power 

Ej = input voltage 

Ed = output voltage 
R 


(D-22) 

(D-20) 



Substituting (D-T7 to (D-20) into (D-13), one obtains: 

X* = $3(1*2) A* } T*^, 1*2) X* 


+ [$3(T*2) $2(T*^) D1(T*^) 

+ *3(1*2) '^^(T*^) + D 3 (T* 2 ) ^ ^ 


V U 


= ® ^^ON’ "^Fr ‘^F2^ A* + V (T*^. T*^, 7*2) U 


(D-23) 


obtained from equations (D-20) to 


(D-22) "" 

Equation (D-23) can be solved for X*. 


Let 

then 


XJ = 0 


(D-24) 


-’<1 - »l,,+t2,2il2,) +.«,2(*22,1'q,+*222»l2l)^ ’<* 

^ («„*2„'ilirM„«2,3dl2, + «,2t22,dl„+«,2,222dl2,) E, 

+ (»3,,d2,, + M,2<i22,) Ej 

^d3„E, 

Equation (D-21) can be solved for X^.- 


X* = 


{♦3„[t2„d1,,+t2,2dl2,+d2,,] + *3i2[«2,dl,,+t222di2, 

" '"I (D-25) 


+ d2j,] + d3,, } E, 


The state X| can be derived from equation (D-14) 

X* = - '*^^31^*1" ‘*’^2^^“ ■ ^^^32 h 

In this approXimationj the threshold condition where the inductor 
current equals zero may not be satisfied. This approximation is merely 
employed as a starting point in order to search for the exact steady state. 


D.2.2 The Exact Steady State 

Define the system state when the power switch turns off as 



(D-27) 

Z{t|^) 4 A (V^ON'^^Fl^ 

(D-28) 

and clearly 


Y~(t. ) = Et for all k 

ok' 

(D-29) 

Z2(t^) ^ 0 

(D-30) 

In the steady state operation 


1* = «>l(TSN)r + D1(T*,^)U = fl(T*^. X*) 

(D-31) 

Zi = «(Tfi )v* + D2(T*, )U. = f2(T*, , V*) 

(D-32) 

and 

x^* . t3(T«j)Z* + 03(1*^) IL 

(D-33) 


It is important to note that Tg„ >"<1 Tf, are functions of X*. U via the 
threshold conditions (D-29) and (D-30). 

If T* and It. are the exact steady state values, the steady state 
calculated from (D-24) to (D-26) has to satisfy the following two 
matching conditions. 



(1) the zero-inductor-current condition 

B^atch = ^ ” 

(2) the state matching condition 

snatch = " *'32‘"f2> h " 


(D-34) 


. d332(Tf2> U, - X* = 0 

Iteration linearization (Newton's method) is employed to find Tg, and 
T* which satisfies the matching conditions 


(D-35) 


Bmatch<^^‘- ^5 n' 1i> = “ 


and 


Wi*’ ^5n- ° 

The step-by-step procedure is described as follows. 


step 1 Employlhg the approximate given in (D.21-22) 

derive the approximate state X* from (D. 24-26). 

step 2 Find a new T*^, by iteration linearization method 




FI 


such that for the given X* and^T^ together with the new T*, . the zero- 
current condition ^ ^ satisfi 


Step 


3 Check if S 


=F 0 is satisfied? 
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step 5 Use the new T*|^ and T*^ calculated in Step 2 and Step 4 

to deHve a new approximate state X_*. jhen to go to Step 2 
and repeat the process until the state matching condition 
^match = ° satisfied. 


A flow diagram for determining the steady state is presented in 
Fig. D. 2(a) and (b) . A subroutine is developed to search for a 
proper Tp.j to satisfy the zero-inductor condition as shown in (d-34) 

This subroutine is embodied into another subroutine which ultimately 
computes the state matching condition as given in (D-35). 




Fl9«re 0.2M now Dug.* 















B.3 ANALYSIS OF LINEARIZED DISCRETE TIME SYSTEM 


due response 

^ «P cnange in the input voltage and the load 1s presenteH xi 

^Ra^yMs ,s based on a linearized discrete syste,, about Its equilibrium 


Linearized 

ith cycL’''"AfCrlrp?t 7k" ‘he 

(0-13) can be rewritten a7'" " "“"’’"^ar discrete time system equatio, 


\ + 1 = f (>!, y.) 

Tv > 

Where f (X^, u ) = *3 (th^) « ^ 

a- *3 (Tphg) 0, (yk^, „ 

+ *3 (T^j) 02 (T^, ) u 


+ D3 (rf^) I 

This system can be linearized about its equilibrium state.x*. 

(tj^) = X (t,^) - X* 

and 

<‘k> = d, (t,^) - u,. 

It follows that; 

5X (t,^ ^ ix (t(^) + (t|^) 


(D-36) 

Denoting; 


(D-37) 



where i/j = 1_ f /„ . 

3x - 


'X*, U* 


and r = i f /v m 

9U, ~ U) I 

'x*» U* 

The matHx * (a (3x3) and the mtrix r is (3x1). 

by difference quotients, are 


(D-38) 


(0-39) 


evaluated numerical Iv bv 

‘*'<y by difference quotients. 

For sufficiently small 4 x . , 1 = i , . ^ 

f,(x,*+ax,) . 


(, = iX 

'X*. u* 


AXq 


- - f, (xj*) 


AX< 


f 3 (x, *+Ax,) = f (x *) f f 

-i-J - - . f3(X3*+4x^) - f,(x,*) 

Ax, ^ ^ 

' AX- 


(0-40) 


Since X does not appear expllcitv -fn ^ • 

change of T jp , and T due to a cha„qr’orA°''‘'"- 

be determined fi^’t, The'L T and T “l ' ’ = ' must 

threshold conditions (D-14) and (D-15). "wording to the 

Similarly, ‘ 

^l(Uit 4 U,) - fj(U^,l 


r - af. 
3U 


1 'x*, u* 



(0-41) 


X*. U* 
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It is important to select the appropriate increments and aU^ . 

Some experimentation with the increment size is advisable, since the accuracy 
of the partial derivatives depends on it. If the linearized system shows 
high sensitivity to incremental size, then this points out that the non- 
linear system changes its behavior rather rapidly as it moves away from 
its equilibrium, and the result obtained for the linearized system are only 
valid for very small perturbations about the equilibrium. 

D.3.2 The Stability of the Linearized System 
The linearized system (D-37) 

fix(t|^^l) = 6x (t,^) + T6U^(t,^), 

is stable if and only if all the eigenvalues of <|i are absolutely less thaiii 
unity, i.e., 

[A-l <1 i = 1, 2, 3, 4 

The eigenvalues are evaluated by the computer. Changes of eigenvalues 
as a function of system parameters can be plotted in the complex plane. The 
location of the eigenvalues in the complex plane indicates not only the 
stability but also the transient behavior of the system, i.e., damping and 
rapidity of response. 
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A computer program for the concf ^ ^ 
operating fn the discontinuous inductoTl converter 

Furthermore, the computer prooram rt '’US been developed 

the seme converter But operating in th PFeviousIy („ Append,-, c for 
was incorporated, fn the present program ''"«uctor-current 

circuit parameters, the mafn ' ^^^tefore, for a given set 

“Peratfon. the continuous current 27 “f 

nrade, then enter into the appropriate ‘''^""“nuous current 

’0". The stahmty nature Oft; ! ™"-PP‘- 

Of particular interest 7 ,70;?" mo 

‘hTough such a program. ^P^PPTch and it is studied 

n the previous Appendix c tr 

''PFter «as unstable for duty cycles SiT ‘'’p oon- 

parameter change for staBtlta,^ 1 ' / ‘he only 

duty cycle. This statement agal Js ‘h« 

‘ions. The results of t«o como, t ^““hon investiga 

-P Figure D.4. The magnitude „T7 - FiguroTa 

was assigned 40 volts such that the Sit ‘uns 

he ac loop resistance.'R from sooxo" on '' “"^‘Ph'e. Decreasing 

approached to -1 from outside the uniVcvcr “Wotically 
eswtotically approached to f, frol ^ h eigenvalues 

-not be stabilued by beducing 7 "o 

oop-gain resistance R3 from IKp to 200 Ko. 

The stability nature of the convnnr • ‘ 

such important parameters as the ino T 
negulator and the load in » " p®® ‘’'® ' 

varies from the continuous i„"TctoVc'* PPeration of the converter 

-«-tor current mode. ‘'’p "-continuou 

‘hows the change Of eignevalues as a 
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- 500 80*^^ / 


-2.0 -1.5 -l.d -0.5 

X3 \ 


Figure D.3 Eigenvalues as a Fu 





Figure D.5 Eigenvalues as a Function of Input Voltage 


function of the input voltage Ej, at Lq = 50^h, When the mag- 
nitude of the input voltage is between 25 volts and 31 volts, 
the converter operates in the continuous current mode with a 
duty cycle greater than 50% and it is unstable. When the input 
voltage equals or is greater than 32 volts, all the three eigen- 
values are inside the unit cycle and the system becomes stable 
regardless of the duty cycle ratio. It should be noted that during 
the input voltage variation, a jump phenomenon is observed. For 
example, as the input voltage varies from 31 volts to 32 volts, the 
eigenvalue a 3 varies from 2.68 to 0 and it is caused by a jump 
phenomenon 5 not by a continuous motion which can be represented 

by intermediate value of E . 

% 1 . 

Figure D.6 shows the change of eigenvalues as a function of the 
load. When the load is relatively heavy, R|_ = lo ohms to 40 ohms, 
and the input voltage E, = 30 volts, the converter operates in a 
continuous-current mode with a duty cycle ratio greater than 50%. 

The system is unstable. The system is stabilized by increasing 
\ up to or above 50 ohms such that the converter begins to operate 
in the discontinuous-current mode. The Jump phenomenon is again 
manifested by investigating the change of eigenvalues in Figure D.6. 

Figure 0.7 is another plot of eigenvalues as a function of load for 
a given supply voltage Ej =50 volts. The converter first operates in 
a continuous - current mode for R^_ equal to 10 ohms and 20 ohms and 
then operates in a discontinuous - current mode for greater than 
30 ohms. The eigenvalues A.| and Ag both approach unity as approache 
infinity. The system is stable under all load conditions. 
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COMPUTER LISTING FOR A BUCK REGULATOR DISCRETE TIME DOMAIN ANALYSIS 
HANDLING BOTH THE CONTINUOUS AND DISCONTINUOUS CONDUCTION OPERATIONS 


o o 

m 5*3 


8 

5*3 

§ 


I 

I 

Ci 




loQlOO PgnfiBAM BlirKI IMPUT.nUTPUT. TAP£3.«IJl£illi — . - 

00110 XTAFE<i,TAf E2) 

00120 DIMENSION R I PX< 3, 1 ) t PS I (3, 3 ) » PS r ( 3, 3 ) » GAP ( 3. 1 1 » INT ( 8 ) . 

QQ13Q XXFPI3.1>iPRAP(lQl. HI3 1 tR 1 3i 51 t l TB L 13Ji l V0i3)i DEL Ji .tajl-Lf ... 

001<i0 nPHIU3»3)iPHI2(3»3)<PHI3(3.,3),Ol<3,2),02{3,2),O3(3,2), 

OOIA5 XTeMPl«3*3>»TVECl(3»»PHIPI3»3) 

nnisn rnwMnM /PARAP/F1 ( 3. 31 . F2I 3. 3 l . F3 ( 3 1 3 I tGl l3i? )tG213i2). 

00160 XG3(3»2> 

00170 COHPON/EXTPAR/NIT.EPS>TP»ETfPCOE 

00180 COPPDN /STATE/X(3.1)tY13il). Z<3il)fU(2tll - 

00100 EOUIWALENCE -( PRAP ( 1 ) »C1 ) » I PRAP< 2 ) » C2 ) » ( PRAM ( 3) » R3 ) » 

00200 X (PRAM(^»»RA(, (PRAH(5)»R6), IPRAM(6I*RN2), (PRAM(7).XL0), 

00210 X tPRAH(B».COIt(PRAMtqi.RL>.(PRABU Q)«£l.l 

00220 DATA El, ER» ET, RL, TP /50. ,20., 8 10 . , 30 .£-6/ 

00230 DATA EISWIT,XMU/60.,0.01/ 

QOPAO DATA XI 0.RQ.CQ.R5.RNl. R N2/25.F-5.Q.015.3.E-£>Q . Q77t0Q . , 26 W- 

00250 data Cl, C2,R1,R2,R3, BA/2200. E-12,0.022E-6, 26. 7E3, 

00260 X13.5E3,10.E3,100.E3/ 

00270 DATA THET AO.nFI THFT . THFTAF . H/ 0 . . 5. . 180 . 1 1 . . 0 Q ,./ 

00280 DATA NIT, EPS/100, l.E-6/ 

00285 DATA MODE /2/ ' 

OPpqn OAT A I PI OT.LIST.LPFAK.1 FE.NK.LFP.£n/Q, Q,Q,Q»15.Q2 

iOOSOO DATA LRTL,NRL,0PRAH,PRAPF/0,2,0.,0./ 

I0031D Namelist /TERMS/E I, £R,ET,RL, TP, XL0,R0,C0,R5,RNl,RN2,NK, 

:0Q320 XCl.C2.Bl.R2 .>R3, RA,Nn, £ PS» IP L DT, L TST«EIS>i I T,XMU, XE£AJL, 

00 330 X LFREO.THET -0,OElTHET,THETAF,H,LRTL,NRL,DPRAP,PRArF 

003A0 READ13, TERMS) 

00350 rewind 2 .... — - - - 

[00360 REWIND A 

100370 IF (LIST .EO. 1» WRITE (2, TERMS) 

looiao 5 CONTINUE - 

00390 RKD-R2/(R1+R21 

OOAOO RN-RNP/PWI 


DO410_ 

00A20 

;00A3O 

SQS.HO. 

O0A50 

00A6O 

OOA70 

ooAeo 

0OA9O 


: 

Gl(I,l)*Gl(I,2)*G2(I,l)»G2(I,2)-G3(I,l)«G3(l,2)-0. 


£. 


DC 8 J*l,3 

Flilj Jl'f 2 I )*F3( I, J)»0. 

Fl( 1,1 ) .£2 (1,1 )»-l. /(«L*CP+R5*C0)-R5»RL/(XLC*RL+XLC*P5) 

F3 ( 1, 1 ) ^=-1 ./ f CO* IP5*RL ) ) 

FlU,.2)*r2U,2)’=F3(l, 2)’=RL / (Cr>RL + C0*P5)-R0*=>5*EL/(xL0*RL + 


XXL0*R5) 

F1(2,1)*T2(2,1)— l./XLO 


100500 FH 2 , 2 >.F 2 ( 2 . 2 »*F 3 ( 2 . 2 >.-R 0 /XLQ 

00510 Fl( 3 ,l)*F 2 ( 3 ,ll *C 2 / ( RL*C 1 *CQ*R 5 *C 1 *C 0 )*RN/( RA*C 1 ) -PRO/ ( R 3 * 

00520 X Cl)*C 2 *R 5 *RL/(Cl*XLO*RL+Cl*XLO*R 5 ) 

00530 F 3 ( 3 , 1 )»-RKD/ ( R 3 *C 1 ) *C 2 /( RL*C 1 *C 0 *R 5 «C 1 »C 0 ) 

005 A 0 F 1 ( 3 , 2 )*F 2 ( 3 , 2 I»F 3 ( 3 , 2 ) •C 2 *fiO*R 5 *RL/ <C 1 *)(LO*R 5 *C 1 *XLO*P L ) - 

00550 X RL*C 2 /(C 1 *C 0 *R 5 *C 1 *C 0 *RU*RN*R 0 /(RA*C 1 ) 

00570 G 1 ( 1 , 1 )-R 5 *RL/<XL 0 *R 5 *XL 0 *RL > 

00580 GU 2 , 1 )« 1 ./XL 0 “ “ 

00590 G 1 ( 3,1 )— RN/(RA*C 1 )-C 2 *R 5 *RL/(C 1 *XLO*R 5 *C 1 *XLO*RL ) 

OOGOO G 1 ( 3 , 2 )» G 2 ( 3 , 2 I»G 3 ( 3 . 2 »»RR 0 /(R 3 *C 1 I 

00610 U( 1 , 1 )*EI 

00620 U( 2 , 1 )*ER 

00630 P 0 -ERAA 2 /RL 

006 AO 7 TDN»SORT( 2 .*XLO*TP*PO/iei*(EI-ER) ) ) 

00650 TFlaSQRTf 2 .*XLO*TP*PO*( EI-ER I / (EI*ER** 2 > ) 

00660 TF 2 «TP-TCN-TF 1 

00670 0 ELT 0 N*XMU*T 0 N 

00675 IFtTF 2 .GE.EPS) GD TO 6 

00677 H 0 DE »1 

00678 TQN"TP*ER/EI . 

00679 0 ELT 0 N*XMU*TQN’ 

00680 IT »0 

00690 SC 1 *XMATCHIT 0 N,EI,ER) 

00700 19 OMATCH-(XMiTCHnON*DELTON,EI,£R)-SCl)/OELTON 

00710 T 0 N*T 0 N-SC 1 /DMATCH 

00720 SC 1 *XMATCH(T 0 N,E 1 ,ER) “ 

00730 IT*IT *1 

007 A 0 IF(ABS (SCH.LE.EPS) GO TO 10 

00750 IFllT.LT.NIT) GO TO 19 ' “ 

00760 TON*TP*ER/EI 

00770 20 CONTINUE 

00780 TF 1 *TP-T 0 N ' 

00790 CALL PHDHAT(PHIF,D 2 ,TP,F 1 ,G 1 ) 

oeaoo CALL PH 0 MAT (PHI 2 ,D 2 ,TF 1 .F 1 .G 1 ) 

j 00810 CALL PHDMAT(PHri,Dl, TON, Fl^Gl) - - • - 

B 0820 DO 22 1 * 1,2 

100830 DO 21 J»l ,2 _ 

008 A 0 21 TEMPKI.J)— PHIP(I,J) 

00850 22 TEPPHI, I )*l.*TEMPl(I, I ) 

00860 DET*TEPPia,l)*TEMPl( 2 , 2 )-TEPPl( 2 ,l)*rEMPl(l, 2 ) 

j 00870 l'F(AES(bET).Lt.l.E- 8 ) GC TO 250 . 

p 0880 TVECHU.PHI 2 (l,l)* 01 tl,l)*PHI 2 (l, 2 )* 01 ( 2 ,l) 





_IJ/ECULZi>PHliJ.2jaa.»QUUl.J+£HIZ12jLZJ*aii2U.J. 

X(l,X)-tI*(TE«Pl(?, 2)*TVECl(l)-TEMPl(l,2)*TVECl(2) )/DET 
X(2, 1 1»EI*(TE1P1 (i. 1 ) ♦TVECl I2)-ie«Pl (2, 1) *TV6C1 U) l/OET 

X -D1(3,2)»ER 

YCl,l)-PKIl(l»l)*X(l,l)*PHH(l,2>*X{2,l)*Dia.l)*EI 


C0950 Y(3, 1 )«ET 

00 56 0 SCI -PHI 2 ( 3, 1 IYY( I,1)*PHI2 (3»2 >*Y(2»1 )+ET + D2(3j2 1»ER 

JJ.C 570 D Q_22_ I -i Jii 

j0C530 32 RI?X(I,l)-X(l,n-Y(I»H 

*00990 C rF(LRTL.Ea.2t GO TO 36 

01010 35 F0Rf!AT</YEI*»,E12.5/*MDDE**.13/*TaN»*,E12.9,* TFl-*, 

01015 X E12.A,* TP**»E12.5 

12.4./*Y.*. RFl 2.4. /*R IPX»*.3F1?.A/*SC1 ■ 


C1030 X • IT**»r3//> 

01040 36 CONTINUE 


6 MODE-2 

C 4 LL STXTEdQN.TFl) 


;01070 17 FOPnAT(*APPROXIM*IE STEADY STATE*/ PTON-*, E15 .6 . 

101030 X* TF1-*.E15,6,* TF2**»E15.6/ 

laX05J5 m-*xi£15--6£*Y- * .t.3£12.6 /* ZH*i3E15.6//l ^ 

OiiCO IT-0 • 

OHIO ■ CALL SMArCH(T0N,TFl>TF2,SCl»XMU>XL0,P0) 

0112 0 9 CALL SrtATCH(TGN^^SELTD^4,^ Fl,TF ^, 5C^/XMU,XLO,PO} 

101130 0SMATCH-( 5C2-SC1 ) /DELTDN 

jOllAO TDN-TCN-SCI/DSMATCK 

:C11 5Q CALL SMATCHtrO NiT F 1 iTF 2a.SC £i-i<.Ci!iXlQA.P..O-l.._ 

C1160 lT-IT-1 

01170 IF(AB5(SC1).LE.EPS) GO TO 10 . 

caiajj IF CIT. LT.NITi GO TC.9 ^ 

01190 TFl-SORTI 2.0«XL0*TP*P0* lEI-ER l/(EI*ER**2 ) I 

01200 TON-SOBT(2.0»XLO*TP*PO/(EI*(EI-EK) ) 1 

tAUL,5MATCH(TQNjTEliTF2iSCliXKIii.XL0jP0)... 

01220 10 CONTINUE 

01230 . 13 DO 12 1-1,3 

Q129Q l2_PIPXIlil.l-X{tiU-T(Til) 

■01250 1F(LRTL.E0.2I GO TO 56' 

,01260 WRITE (2,551 £ I,KDD£, T ON, TFl , T F2, T P , X, Y, 2, R IPX, SC 1 1 1 T 


ro 

00 

tn 


'Q Q 

7^ n 

P, 

d >■ 

►< ca 

55 r OP M ATJ_/J>F 1 - *jEl5,6/»MaOE-*Al3 / • f | ll- 6,J| TF 1 ' 

XE15.6,* Tr2-*,Ei5.6/-TP -*,E15.6, 

X/*X -*,3E15.5,/*Y •*,3E15.6,/ 

Z -*,3E15.6,//-RIPX-»,3E15.6 ,/ 

X* SCI-*, El 5. 6/* IT-*, 13// 1 
55 CONTINUE 

CALL PS I MATCPSIiTGN ,Jf 1 ,X,U,XMU) 

CALL RMCPY(PSY,PSI,”3,3r 
ITBL(1)-3 

ITBL(3)-0 ^ 

CaTl'ORaL IPSY iR, 3,H,V,1NT,IVD, ITBU 
IF (LRTL.E0.2) GO TO 72 

WRI TEI2,701 <(PSt( l, J I » J-1 ,3 ),I»1,3) 

70 F0RMAT(/-PSl-*,/3t3Ef5.6/)7i 

72 URITE(2,74) t (R (I, J), J-1,2), 1-1,3) 

WRIT E ( 2, 71) ITBLI21 

71 FORMAf(*NUHBER OF EIGENVALUES FOUNT-*, 13) 

75 F0RMAT(*LAMB0A- real imaginary *, /3(E15.6,E15.< 

IF( L FREO.EO.Q) 60 TO 150 

CALL GAMMATtGAM,TCN,TFl,X,U,XMU) 

WRITEI2,75) (GAMdil ), I-l, 3) 

75 FDRMAT(/*GAH-*/3(E1S.6/11 

CALL FREQ(P5I,GAM,H,THETA0,THETAF,DELTHET,EI,ER) 
LFREQ-0 

150 CONTIN UE . 

IF(LFE.EO.l) GO TO 160 
IF(LPEAK.EO.O) GO TO 200 

EI-EISWIT 

U(1,1)-E1 
00 152 1-1,3 

152 X F P ( I , 1 1»X(I,1) 

LFE-l " 

GO TO 7 

160 CALL 0 V S H 00T(PS1,XFP,NK) 

200 CONTINu'e’ 

LPEAK-LFE-0 

IF (LRTL .EO. 2) GC to 210 __ 

IF(LRTL.EQ.d) GO TO 300'~ 

LRTL-2 


01660 WPITE(2,20J) NRL.EI _ _ 

j01670 202 ■F0RMAtt/7/*RdDT LCCUS ON PAPAMETER NRL-*,11,*. Ei-*,F5.2/) 

pl680 210 CONTINUE 


ro 

00 

CT> 


_pa-AK ts&U/J’-£Aiar«L)LtiiPJ'-AM— 

pornt 212,r'P.Art(NRL) . 

nr (2,212! paAii(N?,u 

QK r — ' 

GO TD 300 

X FaPnlrt^UHSCHAOUL TERftINAl IGN I T • t , 1 3 , 7 * X- •, 3 El 5 . 6/ ) 

GO TO 3C0 ^ 

?/ p JpMMrnnscHlouL ■fi^i^ncT' it-*, I3 seis -T/ ) 

tOKTIMUL 

..-I!!!?,- — ' 


», n .TVEr . 3. 0- 

CnPH0HnrATE/Xt3, l)»Yt3,l),It3,l)f UC2jl) 

OC Q- I ^ ^ 

■)E I XP I 1 , 1 ! * XF p 1 1 f 1 !“X ( I , 1 ) 

00 jO NN*l,Na 

valTEi?.- 121 .fi;lj-Q2LXP — 

fOP.-’AT! ;:«3fl!>•^>l 

rtll 5,“^■'JL ( r/EC, PS1,DELX?, 3,3, n 

5 Q .i/v-I-'-XtJ 

~ crLXP(!,i)’ivrc!i,u 

co’-nwe 

_«£!y£!^ 

'”r-;S 


3 PTA!T,X,U) 1 , 

>( ?Hn(3,3),DU3»21rX«3,l),L-(2,ll 

AP7Jir£Xl3A-3ij£PJ;3-^3!,f.3.I2j,i)^GH3,-ix-- 

Cr 3 I 3 ? 2 ) 

X T T p c?S » TP# CT ^ MCO t 
»uti,iniin3,2i*ti(2,i) • 


felo“ SUBP.OUTIKE FR£Q{P5I,DVEC,H,THETA0,THEIAh,DEtTHET,E,,ESl 

0212C DIMENSION PS I ( 3, 3 > , DVEC (3 , 1 ) » H ( 3 ) T'--<P1(3,3I 
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ABSTRACT 

State soace techniques are employed to derive 
accurate models for buck, boost, and buck/boost 
converter power stages operating with and without 
zero-inductor-current dwell time. A generalized 
procedure is developed which treats the continuous- 
inductor-current mode without the dwell time as 
a special case of the discontinuous-current mode, 
when the dwell time vanishes. An abrupt change 
of system behavior including a reduction of the 
system order vjhen the dwell time appears is shown 
both analytically and experimentally. 

1. INTRODUCTION. 

Modeling and analysis of the three basic dc-dc 
converter power stages, as shown in Fig. 1, has 
been achieved through frequency-domain averaging 
approaches . [1-5] However, they have been limited 
to analyzing a steady-state continuous operation 
where the MMF of the outout filter inductor never 
vanishes, as illustrated in Fig. 2(A). Such an 
operation can be represented by a cyclic change of 
two power-stage topologies within each switching 
cycle; one for the on-time interval while the other 
for the off-time interval of the power switch. 
Hovvever, either by design intent or through light 
load operation, a steady-state cycle invariably 
contains an interval during which the inductor MMF 
vanishes, as shown in Fig. 2(B). This interval 
begins when the descending MMF reaches zero 
during the off time of the power switch, and ends 
when the power switch is turned on to initiate the 
next on-time interval , During this zero-inductor- 
current dv^ell time, the tooology of the power stage 
consists only of the filter capacitor and the load, 
which is different from both the on-time interval 
of ascending MMF and the off-time interval of 
descending MMF, The addition of such a dwell time 
thus renders the afore-referenced analytical ap- 
proaches powerless. 



Fig.l Dc-dc energy storage converter with three 


basic power stage configurations. 



Fig. 2(A) and (B) Continuous and discontinuous 
inductor current MMF. 


It is commonly known that there are signific- 
ant differences in switching-regulator performances 
with continuous- and discontinuous-inductor current 
operations. Certain abrupt changes often can be 
observed in the breadboard performance when the 
inductor current leaves the continuous mode and 
enters into the discontinuous mode. For example, 
step transient response may change from oscillatory 
to well damped, and the audio susceptibility Is 
generally improved. More significantly, the sta- 
bility nature of the system can be changed from an 
unstable system to a stable one. Such important 
phenomena, which may very well affect converter 
“*7his wb’rV was perfonnerf under NASA tontract NAS3 
Systems," by TRW Defense & Space Systems, Redondi 


design philosophies under certain conditions, have 
never been investigated for lack of a discontinuous 
current power stage model. 

Recently, Projoux et al . [6,7] has presented 
an approach capable of describing accurately cer- 
tain nonlinear system under periodical structural 
changes by a linearized discrete time domain model, 
and has applied such a technique to a boost con- 
verter operating with zero-inductor current dwell 
time. The present paper extends the analysis to 
all three types of converters: buck, boost, and 
buck/boost, operating with and without such a 
dwell time. The duty-cycle~to-output-voTtage 
1 9650, "Mode 1 ing and Analysis of Power Processing ^ 

I Beach, CA. for NASA Lewis Research Center. 





TABLE itotHces F's and G»s for state variable representations of the three converters. 
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Where « ■ magnetic perm^ility. j - mean length path ; A = cross sectloTai^ 
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discrete time domain models are derived in closed 
forms, which describe converters ebout their 

exactly. These discrete models 
fer into frequency domain trans- 

frlnnn ^ I!® representing the small signal low 

converter up to 

one half of the switching frequency. A generalized 

paper whi?h not only 

derivations for each converter but 
dwp?i contpuous current mode without the 

dwell time as a special case of the discontinuous 
current mode when the dwell time vanishes. 

The mathematical models derived from this uni^- 

thus serves as an ideal basis for 
conparltive studies between the two operatino modes 
with and without the dwell time. The aforeJin^ 
iltir^ Pronounced chanps of performance character- 
istics observed when the inductor current leaves 
the continuous mode and enters into the discontin- 
uous raode are manifested by ah abrupt reductiSi^ nf 
system order both analytically and experimentally!^ 


2. 


DEVELOPMENT OF POWER STAGE MODELS- 
A GENERAL PROCEDURE 


Consider the small signal behavior of the con- 
verter about its equilibrium state is linear. 

When the converter is subjected to a small disturb- 
j/ signal d(t) is modified as 

d(p+ad{t), shown as Fig. 3. Such a perturbed 
duty-cycle signal can be idealized as an impulse 
trap whp the perturbpion is vanishing small. 

A linearized discrete impulse response which 
characterizes the small signal behavior of the 
power stage about its equilibrium state can be 
obtained if the perturbation of the output voltage, 
subjected to a small duty-cycle disturbance at the 
■K ;Ui switching cycle can be computed after n 
cycTes of pppagation. This concept can be elab- 
orated by Fig. 4 and the following equation. 


^'^0^ Vn^ A . . 

~aU 9("Tp) 


( 1 ) 


<i(t) 


(A) 


4d(t) 




dtt)tsd(t) 




■ Tn*T 


n 'f2 


(B) 


Fig. 3(A) The duty-cycle signal at steady state d(t) 

/D\ Tu perturbation d(t)+ d(t) 

(B) The perturbed duty cycle d(t). 


Ad(t,^) 


LINEARIZED DISCRETE 
IMPULSE RESPONSE 
FUNCTION g(nT) 




Fig, 4 Linearized discrete power stage models. 

tl!rkth\!rifri disturbance at 

the switching cycle and fi\b(t._, ) is the 

cvr?p voltage variational the (k+n)th 

fng freqlencv1/l’"^ 

Ulation^ Through mathematical manip- 

ulation, the discrete impulse response q(nT ) can 
be expressed in the closed form as a function of 

st&te operating conditions. For convenience the 

Sr^enTdwelfti^^"^ with and without zero inductor- 
current owe 11 time are referred tn in +ho , 

MODE 2 OPERATION and MODE 1 0PER5fraN. fespIctiSly. 
^ ^ State Space Representations 

regulator power stage, during one 
niprL?^ oppation, can be represented by three 
piecewise linear vector diffential equations: 

m 

(3) 


A" FI ^ + G1 ]J during Tpi 
A" F2 ^ + G2 U during Tpg 
F3 ^ + G3 1^ during T 


ON 


(4) 
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d(t) = r 
<0 


where £ = Vj. 

■in time intervals TppTp-t and Tq,. are defined 
in hg. 2. The inductor'^durhent and tHe capacitor 
voltage, £= [i., v ]i are chosen as two state 
variables for buck and boost converters. For the 
buck/boost converter, however, the current through 
either the primary winding or the secondary wind- 
ing of the inductor is not continuous. The magnet- 
ic flux instead of inductor current is chosen 
as one state variable. The F's and G's matrices 
for each converter are presented in Table I It 
should be noted that, for Mode 1 operation, 'the 
time interval Tf 2 does not exist. Therefore, the 
vector differential equation (3) can be neglected. 

2.2 Linearized Discrete Impulse Response 
Consider the following duty cycle signal 
during Tq,^ 
othenvise 

whose leading edge of Tq|^ is always initiated by 
a clock signal. When the converter is subjected 
to a small duty-cycle disturbance, the propagation 
of the perturbed state can be illustrated in Fig, 

5, The steady state with a superscript is 
shown as the solid curve, while the perturbed 
state with a superscript is represented by the 
dotted curve. For a small duty-cycle perturbation 
at kth cycle from t^ to tj^, the perturbed state 

vl/^o propagation is expressed as 

± ^^k+r' trajectories for the perturbed state 
during each piecewise linear region can be repre- 
sented by the following state transition equations 
(5-7) which are the solutions for the vector 
differential equations (2-4) 

t° 

i*( ‘fcl )■»! ( tj, -t*)X*( tp-HU tf, ) y »1 ( -s IdsSlU 

‘f .. (5) 

^k2 

X^'(t^2^=<t2(tj^2-t*^)X*(t*^)+<l>2(t°2)y' 42(-s)dsG2U 

( 6 ) 


'i^l 


— *^^k+1^”'^^^^V4.l“tJo)X*(tj^, 


t° 

H4>3(t|^^y) y* ’^'*'^<!>3(-sldsG3U 


(7) 


^ic2 


where (j>i 's are the state transition matrices defined 
as, 

<i>i(T) ^ i = 1,2,3. 

Since the clock signal initiates the turn-on time, 
the time instant t *2 is equal to t °2 in equation(7) . 

The corresponding discrete impulse response 
for each switching pov/er stage represented by (1 ) 
can be obtained by performing the following vector 
differentiation 




( 8 ) 
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Fig. 5 State trajectories for steady state (solid 
curve) and perturbed state (dotted curve) 

Since the output voltage of the converter can be 
expressed as where C is a constant row 

matrix. Applying Chain Rule, one can express (8) 
by the following recurrence relation 






■dx*(t°,i)-|” 

TFTtjp-J 


dX*(t^») 


dX*(t°) 


dX*(t“) 

~w~ 


(9) 


where 
dX*(t 


•kV . dX*(t»^^) dX*(t°2^ dX*(t^“l) • 


dX*(tp " d^Tt|^2^ aX*Tt^j (10) 


- - - for Mode 2 Operation 
dX*(t^+l) dX*(tkl) 

TJ 

k 


'dX*(t°J 


01) 


- - for Mode 1 Operation 


It is proved in the APPENDIX A for all three 
converters that 


dX*(t^^-])^ fO 01 

-- '^(1‘p) = -<'30 'on)^2(T“2)[^ ^ 


^l(Tpi) 


Mode 2 


(121/ 

/ 


<5>3(T^,^)<1.1(T°.|)- - .. Mode 1 (•‘]3) 

dX'*('to^ t 

= (F3-Fl)r(t“)+(S.3-G])U _/ ( 14 ) 

Where ^°(tj“) is the state at the instant o/f sampl- 
ing and IS defined as [Tj^^ V^]' for buck a^id boost 
converters and V^]T for buck/boost jfonverter. 

It should be noted that, for boost and/buck/boost 
converters, the output voltage has/a jump at 

fhf oi" sampling, since the cijrrent throuqh 

the pR Rq of the output filter cap,acitcr is dis- 
continuous at the sampling instant^’ Therefore, the 
sampling instants need to be carefully defined. 

' the saniples are selected 

after the jump, V^^t^) = V^(tj°-f-), such that the 

effect of ESR to the jump is included in the model. 
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TABLE IV Linearized discrete impulse response 
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TABLE V Continuous impulse response- time domain and frequency domain. 



1 NODE 2 

L -WK 1 1 

TIME DOMAIN 

FREQUENCY DOMAIN 

TIME DOMAIN 
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Iijpulse Response g(t) = Ge’“'^ 

G(S) -X. g(t) ■= 1 ^- 
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Mha-e 6 ♦ ten-' . Lj -» nAN|/. . Y * 

Where D ^ Tg^/Tp . D' « Tp,/Tp , o = y(1 + ) 


2.3 Continuous Models -Time Domain and 
Frequency Domain 

The linearized discrete impulse response 
g(nTp) developed in the previous section charact- 
erizes the small signal behavior of the converter 
exactly but only at discrete sampling instant. 

If one is willing to neglect the detail waveforms 
between samples and study the long range trend of 
the converter, an equivalent continuous linear im- 
pulse response g(t) can be obtained simply by sub- 
stituting t=nTp into the expression for g(nTp) in 
Table V. [6,8]^^ It is important to note that the 
discrete-to-continuous transformation is meaning- 
ful only if the system response is much slower then 
the sampling rate. Otherwise, a significant phase 
delay can be introduced. Such a transformation 


is made plausible, in the present analysis by the 
fact that every converter power stage inherently 
has a low-pass LC filter which largely attenuates 
the high frequency switching ripple; the natural 
resonant frequency of the output filter is usually 
designed to be 1/15 to 1/20 of the switching fre- 
quency to achieve good output voltage regulation. 
The continuous linear impulse response g(t) 
so derived represents small signal low frequency 
characteristics of the converter up to one-half 
of the switching frequency. 

The continuous impulse response functions g(t) 
and their corresponding frequency domain transfer 
functions G(S) are presented In Table V for both 
Mode 2 and Mode 1 Operations. The relations 
given in Table VI are employed to derive the final 
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TABLE VI Equations for Inductor current(boost 
converter), magnetic flux(buck/boosf.converter), 
and output voltage? at the sampling instant. 
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♦k “ ^ '*1 

N, T,,, 
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expressions for g(t) and G(S) in terms of known 
circuit parameters and the input voltage. It 
should be noted that the transfer functions for 
Mode 1 Operation are pi-esented in the sane form 
as those developed using averaging techniques 
shown in Table 1 of Ref. 1, so that comparisons 
between corresponding models can be made conven- 
iently later in the paper. 


3. DISCUSSIONS 


3.1 Model Interpretati ons 


The discrete time domain modeling technique 
described in the previous sections provides a 
uni form approach which covers both Mode 1 and Mode 
2 Operations. Employing this uniform technique, 
the mathematical models derived for both Mode 1 
and Itade 2 therefore provide an ideal basis for 
comparitive studies. Conclusions of significant 
importance are drawn including the following; 

• All three converter power stages behave 
as first-order systems in Mode 2, as 
contrary to second order systems in Mode 
1, An abrupt transition of the transfer 
characteristic is shown when the inductor 
MMF emerges from Mode 1 to Mode 2 or vise 
versa. 


In Mode 2, the gain and the corner fre- 
quency are both functions Of the input 
voltage, the load, all power stage para- 
meters, the switching frequency, and the 
time intervals Tqj^ and while in Mode 
1, the gain is only related to the input 
voltage Vj and the duty cycle ratio D' 

“ Tpi/Tp and the corner frequency is dom- 
inated oy the output filter LC and the 
duty cycle ratio D'. 

The transfer functions for boost converter 
and buckyboost converter in Mode 1 contain 
a right-half “Plane zero(ug),if the follow- 
ing inequalities are satisfied 




I V 




RcC 

•-rp- for boost 
“ converter 


(17) 


L,,D 


D T , 
2- ip- 




L"''C 


R(,C 

for buck/boost 
^ converter 


(18) 


The above inequalities are often satisfied 
in Mode 1 design. The posi tive zero will 
provide an additional 90'^ phase lag. It 


is interesting to note that the positive 
zero is a function of the switching period 
Tp[7]. The longer the switching period the 
smaller the positive zero -u ; therefore, 
the effect of the additions r phase lag 
begins at lower corner frequency, 

The above conclusions are only general remarks. 
Additional insights to the models will be provided 
in the following section where analysis and test 
results of a single-loop controlled buck converter 
operating at both Mode 1 and Mode 2 are presented. 

3.2 Model Inprovements 

The frequency domain transfer functions for 
Mode 1 Operation in the present analysis are com- 
pared with those developed using averaging tech- 
nique by Wester et al,, Table 1 of Ref, 1, with 
the following important conclusions. It should be 
noted that the single winding buck/boost converter 
presented in [1] is a special case of the two 
winding buck/boost when « N^. 

• The transfer functions for the buck con- 
verter derived from both analyses are 
identical . 

• The power stage gain Gp and the natural , 
resonant frequency of boost and buck/ 
boost are about the same as those derived 
using averaging technique. The Q factors 
are snsller than those of the correspond- 
ing average models. 

e The transfer functions for boost and buck/ 
boost have one positive zero and one nega- 
tive zero in average niodels but only has 
one conditional positive zero in the pres- 
ent models, 

• TftS positive zero for boost and buck/boost 
Converters is a function of the switching 
frequency, while its counterpart is inde- 
pendent of the switching frequency 


For convenience, the transfer function of the 
boost converter derived from averaging technique 
is presented in the following: 
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q = ^^CR..+ 
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Gp = Vj/D'2 and 


. 1 

‘’o LC 


(19) 


For comparison, the gain and phase plots of a 
boost converter derived from both the averaging 
technique and the present analysis are sketched 
in Fig. 6, The following numerical values are 
used: 


Tp = IQ"'^ secs, L - 6mH, C = 41 ./yf, R,_ = 60w, 
Rq = 1st, Vj - 60V, Vq = 30V. 
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power stage ^ 
curves) and freifl the avei ci 

Exeeilent agreements are shown between I'esul ts of 
these two analytical approaches in the low fit- 
quency range, except a liigher resonant 
oeak is shown in the average model. [oj The <■**- 
feronces of tliese two iiwdols become sigm fi^ant 
when the frequency is greater than IkHz; the 
average modal has larger gain and '“1^],,^,; . 

This is primarily due to tha somawhat di ftyi cut 
effects of the capacitor ESR as results of tlu two 
differant modeling techiviquas. Comparing p.l) with 
tiv> eorrasponding transfer function in labia v, a 
stongar contribution of ESR to 
is shown in the average model due to the addition 

This may vary wall explain the repot ted . 

ancy be tweeii averaging niodps and axiasureip.it da t^ 

at hi^ih freauoaoy* Take ^9* ^ , 

axampio, the measvireimint data sliows a less gpn and 
a stiwller phase angle beginning at about 1/10 of 
the swi telling frequency. 

A. VERIFICATIONS 

A htiek converter, represented by the 
rii u'trim In Fig. 1 , was designed to operate in the 
continuous currant model under ^ 

inul conditions and in the discontuuiaus cun up 
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gram of the converter is sh w p H^^ n 
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A(t) " A,^(.t-nTp) 

^hare A - S .25x10*'- V/b is the slope of the ramp. 
The output of the PWM is a ainity wise train, with 
i ts pu1sa duration governod by (^.c) . 
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Fig.8 Waveforms for the pulsewldth modulator. 

The describing function of the I'WM was derived in 
Ref, 2{ the gain of PWM is simply 
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The circuit parameters osed for the power stage 

ire istedt Imli, C 

Rj 15 QW. Tp 50 us, Vj - 40 V, and uUV. 

cifi g shows the frequency response TPe 
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for Mode 1, when R, -iu57w, is also 
n FiV 0 as dottob-line curves. It 
tint the converter behaves as a first-order sys to 
■in mode 2 in contrary to a soeond-order systen 
mode 1 In mode 2, since the phase lag of OmO i- 
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frequency and no peaking effect. 

It has been uxide evident in the analysis that 
an bnuSt rSurtinn »f systt. orJon a Jnop phm- 
oLnm.) Is shown when tho "*TfT?' 2f, 

from ttode 1 to Mode 2 or vise versa. This was 
verified by measuring the opui'-loop crossover 
frequenev of the converter when the load is giad 
uaily reduced. Tlie crossover frequency, as shown 
in Table VM, remains unchanged as long as , 
ronvorton Is’opoontina jn/Mj ' • ’“f 

is reduced to appro.\imately 90 to 100 ohms, tne 
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voltage, load, and the time intervals correspond- 
ing to the ON and OFF of the power switch to a 
buck converter with the dwell time. Foundation 
is laid for power stage design and trade-off 
evaluation for converter operating with and with- 
out zero-inductor-current dwell time. 

Evaluations of converter performance are also 
made between the present models and the corres- 
ponding average models, in continuous current 
operation. Certain improvements of the present 
models are shown in tiie high frequency range when 
the output-filter capacitor ESR begins to shape 
relponses^^'^ phase of their corresponding frequency 

The present analysis can be extended to include 
the input filter and second stage of the output 
filter which in many applications are the integral 
parts of the power processor. 


APPENDIX A 


'iXMt,,, °) dX*(t.“ 

DERIVATIONS FOR and 


A.l Derivations for 


d)^(t|^°) dt,^* 


dx*(t)^°) 


(A-i: 


Applying Chain Rule, one can express 

dX*(t^+l“) dX*(t,^^.,") dX*(t^2°) 

dX*(t|^-p dX*(t|^“) 

The derivations for each term on the right hand 
side of (A.l) is presented in the followinq: 

(1) Computing — sy- 

Differentiate (7) in the main text 

<‘k2 ) 

dX*(t.2*) dt|^P* 

* J -“<Vi"-‘k2*>“ \ 

(A-2) 

Consider the following state transition equation 

x*(tki*) = ^i(tki*-tki°) x*(tki°) 

>i* 

+ J ■Ki (tk^*-S)d S Gi U 

t ° 

Hi 

i = 1. 2, 3 (A-3) 

Differentiate ^*(tk.j*) with respect to X*(tk^-°) 
dX*(tk,-*) d$i(t. -*-ti..°) 


''*kf* 


■ki 




dX*(tk.“) 


For small disturbance about equilibrium 
»"‘ki*-‘ki“) ■ 1 

dX*(t *) dt * 

(A-4) 

Since the clock signal initiate the turn on 
of the power transistor 


3FTtj;7r = .0 


(A-5) 


Substituting (A-4) and (A-5) into (A-2) 

dX*(tk,,°) 

ar rgr ■ v> = (a-si 

dx.(v) 


■— ' k2 ' 

(2) Computing t 


Differentiating eguation (6) in the main text, 
and substituting (A-4) into the result, one can 
obtain 

dX*(tk2°) , r 
JTOTT' ♦<‘k2°-*kl*> { ' + [(Fl-F2)X*(t,;,“) 


dt * 

^ } W-'l 


In the vicinity of t.,'“, consider the follow- 
ing equation: 


i*('ki*> ■ *i(‘ki*-‘ki°ii*<‘ki°: 


y kl* 

^ „ 4l(tk^*-S)Gl dS (A-8) 

Hr 

At t = tk^* the inductor MMF is equal to zero 
Cl X*(tk^*) = 0 (A-9) 

where Cl = [1 0] 


Differentiating (A-9) with respect to X*(tki°) 
C 0X*(t,.,*) dt,.,* 


'•kl 


- ;^kV ' u^ki ' _ 3X*(tk^*) 1 „ 

dX*(t.,“) ?X*(r/) J= ° 


therefore '^^kl* 
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■dF(tk7“) 

-CHI (tk]*-tki°l 


cHfi ‘^i(Hi*“Hr^- ^Hr^^‘^'^Hi*'HT 


(A-10) 


If the perturbance is very small, 
dt, 

K I ^ 

F~T'n" nrinv*^-! 

Hi 

Substituting (A-11) into (A-7), one can obtain 


kl -Cl 

dX*(tki ") Cl[FlX*(tki“)+Gl y 


(A-ii; 
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-^2(Tp2) { lH(Fl-F2)X*(t^l“) 


+(G1-G2)U] 


-Cl 


- Cl [FI X*(tj,^‘’)+Gl y 


} (A-12) 


For small signal disturbances, the following 
expression can be simplified, for all converters. 

I*[(Fl-F2)X*(t^,'K(G1-G2)U] cin U 

'I - [(F1-F2) |^°j+(Gl-S2)ia Cl/[ClFlPl 
'^0 

[ 0 0-1 
0 ,] 
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(3) Computing 


Differentiating eouation (5) in the main text and 


ig eoua 

and substituting (A-4) into it, one can obtain 
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dti. 


where 5 0, since the duty cycle disturb- 

— k 

ance is determined by the control loop. 

dX*(tk°) 


A. 2 Derivations for 


dtk* 


In the neighborhood of t^", one can express 

X*(tk°) i>i(V-v) x*(V^ 


+4l(tk“) y -l-K-S) dS G1 U (A-15) 

V 

Differentiate (A-15) with respect to t^*, 


dX*(tki“) , ^ . 


dx*(tk*) 


-FUl(tk°-tk*) X*(tk*) 

-$l(tk°-tj^*) G1 U = (F3-Fl)X*(tk*) 
+(63-61) y, (A-16) 


APPENDIX B 

DERIVATIONS FOR ■t"(Tp) 

Matrices <J>'^(Tp) are derived for buck, boost, 
and buck/boost converters in both Mode T and Mode 2 
operations. 

B.1 Mode 2 Operation 

The expressions for '^'^(Tn)' of the three con- 
verters are derived individually. 

(1) Buck Converter 

Referring to Table III 



(B-1) 

L'®‘21 '*’22. 


11*22 ■ *12*21 = ° 

(B-2) 

= e’^'^P (-^^ 1+1-22) *(Tp) 

(B-3) 


SI nee V 

One can express 

r . /t \ i2 


The following result is obtained by mathematical 
induction; 

[■^(Tp)]" = e“("'^)^'''p («^^+l.22)""^KTp)(B-4) 

(2) Boost Converter and Buck/Boost Converter 

It is shown in Table III that the expression 

ii>'^(Tp) for the boost converter and buck/boost con- 
verter is a special case of buck converter where 
'1>11 = 3>|2 = 0- Therefore, it is straight forward 

to show that 

lo 


-t"(Tp) = e"®"'^P$22 ""H I 

B.2 Mode 1 Operat ion 

(1 ) Buck Converter 

Since F3=F1 for the buck converter, it is 
obvious that 

*(Tp) ’='t3(TQ^) $l(Tp^)= e''^(W'^Fll= e''^ (B-6) 

and <t"(Tp)= (B-7) 

(2) Boost Converter and Buck/Boost Converter 

By definition 4>(Tp) - ^F1 (8-8) 

Applying Baker-Campbell-Hausdorff Series [10], 
which says 

e^ e^ = (B-9) 
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where 


C= A+B+ ^(AB-BA) + higher order terms (B-IO) 

Employing the first two terms of (B-10), one can 
approximate (8-8) by 

«(Tp) ^ e'^P = e'^3ToM+FlTF1+(F3ToN)(FlTFi) 

‘ (FlTn)(F3ToN) (B-11) 

Applying Table I of the main text, one can express 


FTp = 


fllD- 


fpiD’d+fpoT. 




Tp(B-12) 


'?.r ' ' '22'ON' '22 

Since the following inequality is always true 
Tn 


f ooT. 


'ON 


< < 1 , 


'22'ON' C 
equation (B-12) can be simplified by 


FTp = 


fllD' f^2^' 


f2i‘ 


■^22 J 


Therefore 


V\Tp) ^ e’'"^P = 4.(nTp) 


(B-13) 


(B-14) 


[8] B.C.Kuo, "Analysis and Synthesis of Sampled- 
Data Control Systems Book, Prentice-Hall 
Inc. , N.J. , Chapter 4. 

[9] D.Y.Chen, H. A. Owen, Jr., and T.G. Wilson, 
"Computer-Aided Design and Graphics Applied 
to the Study of Inductor-Energy-Storage DC-to 
DC Electronic Power Converters," IEEE Trans, 
on Aerospace and Electronic Systems, Vol . 
AES-9, No. 4, July 1973, pp. 585-597. 

[10] R. Bellman, "Perturbation Techniques in Math- 
ematics, Physics, and Engineering," Book, 
Holt, Rinehart and Winston, Inc., pp. 38-39. 
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appendix g 


DEBIVATION of# and D FIATBICES FOB 
EXAMPLE 2 OF SECTION 4.7.2. 


G.l SYSTEM EQUATIONS 

The circuit diagram of the boost regulator has been given in Figure 22 in 
the main text. The system is of 4th order. The following variables are chosen 


V = the voltage across the output capacitor 

c 

i = the current through the energy storage inductor 

e = the voltage at the R.C2 compensation network as shown in 

^ Fig. 1 

e = the integrator output voltage. 

c 

Two dummy variables e., ip are introduced to represent nonlinear 
characteristics of the system. 

The system equations a re, in the power stage, 


dv 


c _ 


dt 

dt 


^ r- Vr. + ^ 


Co ^ 

= {-Ftgi - e. + 


(81) 

(82) 


in the control loopS; 
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de 


R 


^S^L 


dt 

de. 


c _ 


/C " ^ Rs+Rl - C 2R5 R 
T Ro 


dt 


(- 


1 \ "^0 . 

) R^ ''C " C,R, ’ 


C^Rj R,+R2 

1 1 \ 1 Vl- . 


e., + 


C^Rg R C 


n „ n p , 1 c 

^ "i ■ C,R^ C,Rj R 


The output voltage (not a variable of the system) 


. ''l 

^ c 1., + Vc 


=0 ■ R^ D Rj+Rl 


(84) 


(.85) 


G.2 DIFFERENTIAL-DIFFERENCE EQUATIONS 

Since the power transistor and the diode are served as switches SI 
and S2, three possible modes of operation are presented: 

S2:0FF ^ power transistor is ON and the diode is OFF, 

(2) S1:0FF X ^ ^ 

S2:0N ^ power transistor is OFF and the diode is ON, 

(3) S1:0FF , ^ . 

S2:0FF ^ power transistor and the diode are both OFF. 

The system is designed to operate in these three modes in the steady 
state operation. However, during transient, the system may operate in 
mode 1 and mode 2 only, 

The time intervals during mode 1, mode 2, and mode 3 operation are 
assigned as t^^^, , and tQpp", respectively. In these three modes of 

operation, dummy variables e^ and i^ are assigned to different variables. 
The waveform of e^ is shown in Fig. 2. 

System equations (G1 to G4) can be rewritten in the form of state 
equations. 


Let 


= v. 


= i 


"l = 

Uo = E„ 


= e 


R 


= e, 


^3 


= E, 


u. = E 


(1) During tp^^, SI: ON, S2:0FF 


D 




^1 “ 


Ip = 0 


yR^ ^1 

17 "z * r “i - r 
0 0 0 


1 


R. 




X, - 


1 


^ 2^5 
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< 




( - 


C1R3 R^+R2 




) X, + 


nR. 


1 -2 


- 


u, + 


u„ + 


CiRg ''3 C^R^ “1 C^R3 “2 C-jR^ “3 


(2) During Tp^ SI: OFF, S2:0N 


R| R<;R| 


1 




1 1 L 

W\^ "1 ^ ^ ^2 

R 


• T 1 

^2 " “ LqIRs+Rl) ^ L^ ^2 L^ ^1 


1 


Lo 


1 


R 


^ X. . ^ 


h\ 


3 C2R5 Rs+Rl ^1 C2R5 Rs+Rl 2 C 2 R 5^3 


X, = - { 


2 + 1 


C,Rs R,+R2 ■ CjRj - C,\) Rj^R^ ><1 


R 


nR 

+ r 2_ _ ( _i 

^ C1R3 ' C-,R^ R>Ro ’ C-,R^ " C,R/ R^+R 


2 + ' 


R~R, 

n_\ ■ S. L _ -, 

D / D xD J 


'V'3 ^r‘7 ^rs 14 ''.S 'L 

1 n 1 

~ X 3 “ T' fi Ut + 7^ Pi Uo /~ n U 


^1^5 


C^R^ C^R3 ^2 C^ R^ "4 


(3) During , SI: OFF, S2:0FF 


F2 

^i = E 


I 


io = i = 0 


1 1 


Co R3+RL '^l 


X 2 = 0 


C2R5 Rg+R^ ^1 C2R5 ^3 
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( j- - rV^ Ar *1 ^ *3 ^ ^ 

*4 ^ '^l^'^Z ^ ^s >- '15 ' J 


The output volta9^» equation (5)» can 


be written in the same 


(1) During 

\ 

' (2) During tgpp' 




(^3) During i-Qpp' 

"o ^1 

The above system equations can 


be written in the following compact 


(1) During tQ^ 


X = FI X + G1 u. 


! : S . 

!' ' J ‘ ■ 
LI'- r 
I K" I 

1U * I 


Rs+Rl 1 


(2) During Tpi 


i = F2 X + G2 u 

R. ' 




L _ V + ^ Xo 

'o' ^ ^ 


(3) During 


X = F3 X + S3 u 


% " Rc^ ■> 


1 


1 . 


where FI, F2, F3, Gl , G2, and G3 are (4 x 4) matrices 


X = 



^1 

• 

X 

] 

1 


X2 


X2 


II 


. X = 

^3 





1 — 
' X 

1 



u = 


L"4 J 


3.2 Discrete Time Model 

The solution of a linear system equation of the form 
i = F X + G 


(G9) 


is 


x{t) = 


(GIO) 


where t is the initial time and x(t„) is the initial state. The solution 

Q ... "I" u. A 4*0 ri 


Where t miL.iai oiiii'- 

(GIO) can be generalized so that the state at t = tj, + T can be represente 
by the state at t = t^ and the time increment T. 


x(t^tT) = e'^T x(t|^) t e'^T [ e'^^ds] G u 


(Gil) 


Define the following matrices: 

$(T) = (state transition matrix) 


B(T) = e^^ i e'^^ds 
D(T) = B(T) G (input matrix) 


(612) 

(G13) 

(614) 
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ThGn, equation (GIT) becomes 

X ( VT) = *(T) X (t|^) + 0(T» “ 

The system equations (46) to (G8) 
equations. ~ ^ 

X (t'[) = x(tK*T![) = f,(T![) X (t|^) + 0, (T,) H 

X (tj) = x(tl + ° *2 ^^2 

X (%,) = i <‘2> ^ '’3(i> 

where the state transition matrices are 

$.(T) = e*"’ ^ i = 1, 2, 3 
1 

and the input matrices D. are 

Dj(T) = e^l T [ ; V*"! ^ds] 1 = 

The nonlinear discrete time system that describes the converter 
behavior exactly. can.noWbe obtained by combining the closed form 

solutions (G16) to (G18): 

,K> . /tKv-- f-rK' ' ' ■ '' 


(G15) 


(T^) u 

(GI 6 ) 

DjCTj) P 

(G17) 

03 ( 1 ^) u 

(G18) 


(G19) 

1, 2, 3 

(G20) 


xUk.i) = ^3(^3) < ^^ 2 )^* 1 '^^ ^ ‘V ^°l'^l’ 
+ Djd^) U } i-Djd^) U 

which can be written in the short form as 

i.(’^K+l' ' ^ W*k'’ ^1 • '^2 ’ ^3 ■ 


-®®£ooh 




is 

"nc 


The time period is a function of the current system stage x(t^).. e 
threshold condition, or the peak current limitor. Pr qfF. min 
control. The time period is a function of the 
x(t^), the inductor current. or the period of oscillation, 
period is a function of t!^. and the period of oscillation. 
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abstract 

A method for modelling switching-converter 
power stages Is developed, whose starting point 
Is the unified state-space representation of the 

"elworks and whose end result is either a 
complete state-space description or Its equivalent 
•mall-signal low-frequency linear circuit model. 

canonical circuit model is proposed, 
Whose fixed topology contains all the essential 
Input^output and control properties of any dc-to- 
de switching converter, regardless of its detailed 
configuration, and by which different 

converters 

can be characterized in the form of a table con- 
veniently scored in a computer data bank to pro- 
vide a useful tool for computer aided design and 
opf.mizatlon . The new canonical circuit model 
predicts chat, In general^ switching action intro- 
duces both j^ros and pbJes into the duty ratio to 
output transfer function in addition to those from 
the effective filter network. ~ 


1. INTRODUCTION 

1^1 Brief Review of Existing Modelling Techniques 

In modelling of switching converters in 
general, and power stages in particular, two 
main approaches — one based on state— space 
modelling and the other using an averaging 
technique - have been developed extensively, 
but there has been little correlation between 
them. The first approach remains strictly in 
the domain of equation manipulations, and 
hence relies heavily on numerical methods and 
computerized implemenca Cions. Its primary 
advantage Is in the unified description of all 
power stages regardless of the type (buck, boost, 
buck-boost or any other variation) through 
utilization of the exact state-space equations 
of the two switched models. On the other hand, 
the approach using an averaging technique is 

This work was supported by Subcontract No. A72042- 
RMBE from TRW Systems Group, under NASA Prime 
Contract NAS3-19690 "Modeling and Analysis of Power 
Processing Systems," 


baaed on equivalent circuit manlQti 1 /ir<,^n..^ 
resulting in a single equivalent llnsar circuit 
model of the power stage. This has the distinct 
advantage of providing the circuit designer with 
physical insight into the behaviour of the 
original switched circuit, and of allowing the 
powerful tools of linear circuit analysis and 
synthesis t i be used to the fullest extent in 
design of regulators incorporating switching 
converters. 


il? — Propose d New State-Space Averaging Aonroaeh 

The method proposed In this paper bridges the 
gap earlier considered to exist between the state- 
space technique and the averaging technique of 
modelling power stages by introduction of stace- 
spaee a veraged modelling . At the same time it 
offers the advantages of both existing methods - 
the general unified treatment of the state-space 
approach, as well as an equivalent linear circuit 
model as its final result. Furthermore, It makes 
certain generalizations possible, which otherwise 
Could not be acliieved. 


The proposed state-space averaging method, 
outlined in the Flowchart of Fig. 1, allows a 
'*^i^icd treatment of a large variety of power 
stages currently used, since the averaging step 
in the state-space domain is very simple and olearl\ 
defined (compare blocks la and 2a). It merely 
consists of averaging the two exact state-space 
descriptions of the switched models over a single 
cycle T, where f^ » 1/T is the switching frequency 
fblock 2a) , Hence there is no need for special 
knowr-how" in massaging the two switched circuit 
models into topologically equivalent forms in order 
to apply circuic-oricncod procedure directly, as 
required in [1] (block Ic) < Nevertheless, through 
a hybrid modelling technique (block 2c), the cir- 
cuit structure of the averaged circuit model 
(block 2b) can be readily recognized from the 
averaged state-space model (block 2a) . Hence 
all the benefits of the previous averaging 
technique are retained. Even though this out- 
lined process might be preferred, one can proceed 
from blocks 2a and 2b in two parallel but com- 
pletely equivalent directions: one following path 

a strictly in terms of state-space equations, and* 
the other along path b in terms of circuit models. 

In cither case, a perturbation and linearization 
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Fig. 1. Flowchmtt of «vei:»6«d modelling epproaches 


process required to include the duty ratio 
aodulation effect proceeds In a very straightfor- 
verd and formal manner, thus emphasiring the 
comer-atone character of blocks 2a and 2b. At 
this stage (block 2a or 2b) the steady-state (dc) 
and line to output transfer functions are already 
available, as indicated by blocks 6a and 6b 
retpcctively, while the duty ratio to output 
transfer function is available at the final-stage 
model (4a or 4b) as i‘.idlcated by blocks 7a and 7b. 
The two final stage models (4a and 4b) then give 
the complete description ot the switching 
Converter by inclusion of both independent con- 
trols, the line volCsge variation and the duty 
ratio modulation, 

I Even though the circuit transformation path 
height be preferred from the practical design 
standpoint, the state-space averaging path a is 
invsluable in reaching soma general conclusions 
about the small-signal low-frequency models of 
any dc-to-dc switching converter (even thoae 
yet to be invented). Whereas, for path b, on* 
hat to be presented with the particular circuit 
order to proceed with modelling, for path a 
the final state-space averaged equaciona (block 
4 nj give the complete model description through 


general matrices An , A, and vectors bj^, bj, 
c and C7I of the two starting switched models 
(ilock la). This is also why alonr; path b in 
the Flowchart a particular e.\araple of a boost 
power stage with parasitic effects was chosen, 
while along path a general equations have been 
retained. Specifically, for the boost power 
stage b, - - b. This example will be later 

pursued in detail along both paths. 

In addition the scaterspacc averaging 
approach offers a clear insight into the 
quantitative nature of the basic averaging 
approximation, which becomes better the turther 
the effective low-pass filter comet frequency 
f is below the switching frequency fg* Chat is 
f'^/f « 1. This is, however, shown to be 

equivalent to the requirement for small output 
voltage ripple, and hence does not pose any 
serious restriction ot limlcaclon on modelling 
of practical dc-Co-dc converters. 


Finally, the State-space averaging approach 
serves as a basis for dorivaclnn of a useful 
general circuit model that describes the input- 
output and control properties ot any dc-to-dc 
converter. 
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1«3 New Canonical Circuit 


*ny of the.e deriv.-- 

the general case, the model includes an Ideal 
tranafonner that describes the basic dc-Jc^dc 
tranaformatlon ratio from line to output- a 
lov^pass filter whose element values ’ 4 
the dc duty ratio; and a voltaJf and f 

*M«ratpr proportional to the duty ratio llTi 
tlon input. ^ tatio uodula- 

The CMonlcal model in block 5 of the Plow 

following either path ^ or 
path b, namely from block or 4b as w-m k 

A* ^ the final averaged model in block 

Eon«allcations about the canonical 

rSlevXl V ''hlch are otherwise not 

«hlevablc. Namely, even though for all currentiv 
.witching dc-to-dc converters (such l^rthe^ 
buck, boost, buck-boost, Venhble [3], Wc-inbera fil 
«d . number of others) the frequini; dependence ^ 

depenlent^eS'ce 

generator but not in the current ReneratoT — 
only .8 a first-order (slngle-rero) polj^o;ial in 

"either circumstance 

Will necessarily occur in some converter ver rn k 
conceived. In ceneral .j ^ 

loth ,L iT:T“’ 

transfer function, In addition to rhf. 

i;"" ;s“ 

ee.entlally constitute the line voltage to outnur 

dutrStioT*'^*'!!’ Beneral, both 

rent generators, voltage a^idTur- 

^nt, are frequency dependent (additioLl zeros 

P^ticular cases orthe 

reduces col ^^rs^orderpol^' 

the fact that^he ord*^ th^°sylFer3Sch Jr“ 

k**® .witching action is only two. 
general result, the order of the 
pol^omlal Is at. most one, though it could reduce 

J^verter [31^' ” 

The significance of the new clrp..<f- . 

th.h .r.r *■ 

'reduced to this canonical fixed topology foL 

effective filter networks could be compaM^i^to^'' 
diS\vfl"'n^r*““ '='’'‘»‘*Shout the range of dc 
dleLnt! w general, the effectlvl filter 

eleaenta depend on duty ratio D) , and the confl- 


■^.nce of rhe“twrd"u^ty-Pa°tio°V'’“ 

provides insight into th ^ ‘^®Pe'»‘'cnt generators 

once a regulatt' S^db^J.^ 

Trearn.>nk 

the coiverrer o^^ more"!!“"“ modcllln, 

vhlch effective!; ttkL t 

^hd """ 

and proper design nr r ' f 'mobility considerations, 
works for mSl/f compensating net- ' 

regulator conflg^ratloL?" single-loop 


2. STATE-SPACE AVERAGING 

«ethod"L'5eveIopII°IlIsI f averaging 

to-dc switching converter 
In detail for the partlcuial cas^of 
power stage in which parasitic ef jfts Iesr°oI 

5!::co“r: Sr.;! 

!sr!r;.;rof r:i 

K kiaj. case o£ the boost power stage. 

2 ^. Basic Starr- ^e Averaged M.Hal 

Of .witchinrconveItelf\s^rhi''°"r'^^'*'°'' 

switching between cwn achieved by repetitive 

». dd..ifrrrL".rr.“rr,L'«rr 

and capacitances, in practice Ihlr’r 
be obtained by use of ►’ *^^i® /""ntlon may 

which operate k '‘io^es 

P race as synchronous swi.Cf^h«»e i.u 
assumpclon that th*. a a. scenes. On the 

-d.i 3ho» ;io.nr.rr;g“"" \r'r' 
w. E»"» tLeh rr "riirrrrr 

r.r.!r n!' rr • 

“r ti ““ =«•- 

let us denote such a chLcrof system, 

variables by x. ^ of state- 

tlon ..dn onn j. d.Si!r“,' 

.OnnUnn, f„ ch. .w.tohL ^dUr 


(1) Interval Id : 


IJfOjQIH/in 

(±i) interval Td 


t»AGE ® 

Quioxrx 


X • 




X " A_x + b_v 

* 2 g 

yj “ 


( 1 ) 


Vhara Td denotes the interval when the switch is 
In the on state and TCl-d) = Td ' is the interval 
tot which it is in the off state, as shown In 
The static equations 

Yj “ are necessary in order to account for 

tha case wiien the output quantity does not 



Wg. 2. iJcflnlclon of the two switched' intervals 
Td and Td'. 


coincide with any of the state variables, but 
la rather a certain linear combination of the 
at.' varinblcs. 

Oat objective now is to replace the state- 
apace description of the two linear circuits 
emanating from the two successive phases of the 
awltching cycle T by a single state-space des- 
cription which represents approximately the beha- 
viour of the circuit across the whole period T, 

We therefore propose the following simple avera- 
ging step; take the average of both dynamic and 
Static equations for the two switched Intervals 
(1) , by summing the equations for interv.il Td 
aailtlplicd by d and the equations for interval 
Td' multiplied by d'. The following linear 
continuous system results: — — . 


i “ d(A^x+b^v^) + d ' (A^jX+b^v^) 

y “ dy^^ + d'y^ -> (dcj^^+d 


( 2 ) 


After rearranging (2) into the standard 
linear continuous system state— space description, 
VC obtain the basic averaged state-space descrip- 
tion (over a single period T) : 


X - (dAj+d'A^jx -b(db^+d'b2)v^ 

y - <dc^^4d 'c^^)x 


C3) 


Thla model fa the basic averaged model which 
ia the starting model for all other derivations 
(both state-space and circuit oriented) . 


Kote that in the above equations the duty 
ratio d is considered consc:int; it is not a time 
dependent variable (yet) , and particularly not a 
scitclicd discontinuous u.-)riable which changes 
between 0 and 1 .is in [1] and t2] , but is merely 
a fixed number for each cycle. This is evident 
from the model derivation in Appendix A. In 
particular, when d - 1 (switch constantly on) 
the averaged model (3) reduces to switched 
model (11), and when d « 0 (switch off) it 
reduces to switched model (ill) , 

In essence, comparison between (3) and (1) 
ahows that the system matrix of the averaged 
model is obtained by taking the average of two 
switched model matrices \ and A.,, its control is 
the average of two control vectors b, and b, , and 
its output is the average of two outputs y. "'.ind 
Yj over a perlotl*-!. ^ 

The justification and the nature of the 
approximation in substitution for the two switched 
models of (1) by averaged model (3) is indicated 
in Appendix A and given in more detail in [6] , 

The b.. oproxlma cion made, however, is th.ic 
of approxim. 'on of the fundamental m.itrix 
. 1 + Ac + ••• by its first-order linear' 
term. This is, in tum,sbS'Viv in Appendix B to 
be the Same approximation necessary to obtain the 
dc condition independent of the storage element 
Values (L,C) and dependent on the dc duty ratio 
only. It also Coincides with the requirement for 
low output voltage ripple, which is Shown in 
Appendix C to be equivalent to £ /f << 1, 
namely the effective filter Comer frequency 
much lower than the switching frequency, 

The model represented by (3) is an averaged 
model over a single period T. If we now assume 
that the duty ratio d is constant from cycle to 
cycle, namely, d « 1) (steady state dc duty ratio), 
we get: 


where 


X ~ Ax + bv 

E 

T 

y “ c X 


A - + D'A^ 

b - Dbj^ -f D'bj 


(4) 


(5) 


Bc^ 2 ' + D'c^T 


Since (4) is a linear system, superposition 
holds and it can be perturbed by Introduction of 
line voltage variations as v “V + ■? , where 
V is the dc line input vO'lcage? causing § 
corresponding perturbation in the state -vector 
X “X + X, where again X is the dc value of Che 
state vector and X the superimposed ac pertur- 
bation. Similarly, y • Y + y, and 


X - AX -+ bV ->■ Ax + bv 
8 8 

T + y - c^X ■+ 


( 6 ) 
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fro. scoady-BCatR (dc) part 


« + w - 0, y . 

g 


«od the dj^namlc (ac) node! 


^ f\ i/K 

X - Ax + bv 

-■ T*' 

y - c X 


g 


( 7 ) 


( 8 ) 


•t«dv interesting to note that in (7) the 

depend on the dc duty ratio D and resistances 
^ the original model, but not on the storage 
element values (L's and C's). This is so 
because X is Che solution of the linear svstera 
of equations 


AX + bV 


g 


(9) 


^ proportionality con- 

ts. This is in complete agreement with the 
first-order approximation of the exact dc 
Mnditlons shown in Appendix B, which coincides 
vith expression (7) . 

From the dynamic (ac) model, the line 
voltage to state-vector transfer functions can 
DC easily derived as: 


1^ - <>l-A)-^ 




T 


( 10 ) 


V,(.) 


c" (sI-A)“\ 


. 8*oce at this stage both steady-state 
(dc) and line transfer functions arc available 
as shown by block 6a in the Flowchart of Flc 1 
We now undertake to include the duty ratio 
modulation effect into the basic averaged 


2,2 Perturbation 

Suppose now chat the duty ratio chanc»= 

that is, dCt) - D + S where D ” 

d IS a superimposed (ac) variation. With the 
corresponding petturbatisn definition x - X + ^ 

LcoLt;^ *" '"S " ^'S (3) ’ 

• 

4 - AX+bVj. + Airt-bC^ + t(A^-A2)X 4. (b^-b2)v ]d 

dc term line duty ratio variation 
variation 

"Vb>^+ <V-2>'g)5 (u) 

nonlinear second-order term 


Y + ? - c'^X + + (c^^-c2‘^)Xd + (c^'^-c/)Jd 

term nonlinear term 

term term 

The perturbed state-space description is 
nonlinear owing to the presence of the product 
of the two time dependent quantities x and d. 

2tl_.LiH|ari=a^ .and Flnj ^ace-Space Avern p.4 

uon. thrt^s^aS^rrJsih:^— 

values tL'mSisf ^^"te 


V 

^ « 1 . 

s 


-i 1 X 


(12) 


SnllneS r (12) we neglect all 

(U5 n1 grT second-order terms in 

IncLdi system, but 

including uUv.y-ratiQ modulation d. After seoa- 

rfihf-ii^cnr p-ts 

Ot thi.. ilnearisea .system we arrive ac the 


Steady-state (dc) model; 

X- -A-Hv ; y - c^x - -c’^A-^bV 

g 

Dynamic (ac small-signal) model; 

X - aJ + bv^ + [(A^-A^X 4- (b^-b2)V Jd 


^ T T ^ 

X - C X 4 (c^l-c2’^)Xd 


(13) 


(14) 


In gese results. A. b and c^ are given as before 

aiennl^n'e°"® represent the small- 

two-state 

swltcuing dc-co-dc converter working in the con- 
tinuous conduction mode. 

the Important to note that by negicce of 

ifefS iv^clv^r of\armonlcs 

dLSoHiri^r the linear 

escrlptlon (lu) is actually a linearised 

escribing function result that is the limit of 

amplitude of thf 

smLl becomes vanishingly 

CheiretlSl ^ °i* this is that cL 
for iini r- response obtained from (14) 

trL«f - «i“ty ratio to output 

MnCai‘^Lscrlbl'’"“f'''"' t°“Pared with experi- 

^ 1 « 4 - M function measurements as 

e^lained in [1] . [2], or [8) in which small- 

signal assumption ( 12 ) is preserved Ver>' good 
agreement up to close to half the switching^ 




^ £QQS q uality 

in which I is the dc Inductor current V is 
the dc capacitor voltage, and V is rh« a ^ 
voltage. t. , ana X is the dc output 

(^c small signal) model; 

yg-D) crjir) a_r,)R -1 


2.4 Ex aaple; Boost Power Stage with Parasitics 

We now illustrate the method for the boost 
power stage shown in Fig. 3. 

/?/■ I 



Fig. 3. Example for the state — space averaged 

■odelling; boost power stage with para- 
■i-tlcs included « 

r'vv—mm— 


yy \juj — ^ 
>?/ Z * 

K 

5 




L 

1 ' 

y 

c 





Fig. 4, Tvo switched circuit models of the 

circuit in Fig. 3 with assumption of ideal 
switches. All elements in the final state- 
space averaged rnode^ (13) and (14) are 
obtained; ^ 1 ! ^1. itom a) for interval 
Td, and A 2 ,b 2 iC^ from b) for Interval Td ’ . 

With assumption of ideal switches, the two ' 
of «atf ‘Choice 


(1) interval Id: 

s 

X • A^^x + bv 


g 


(11) Interval Td ' : 
X - \,x + bv 


g 

05) 


where 


y*» “ c. 




0 


V^H r 

R ~ 

^1- 

L 

1 


L 

L(RfR ) 
c 


0 


R 

1 



(RfK )cJ 

c 


~ (R+-R^)C 

(R+R )C 
c 


fo 

-^1 

T 

irII r 

-5_1 


L 

RrR 1 

C J 

2 

L ' <= 

R+Rc J 


06 ) 


special case of (1) in 
which b - ' r, .. ..... 


b - [1/L 0]T. 


03) general result 

113) and (14), we obtain the following final 
state- space averaged model. 

£teady-atace (dc) model; 


.rn. Li r ^ 1 , 


07) 


±_ 

dt 


JL -m. 

(K+R )C 
c 


1 


R (d*r+r ) 
— . c 


V + 

S 

L R+R 

c 



R 

(R+R )C 

^ c -J 


L(R+R ) 
c 

1 

(H+R )C. 


V d 
R^ 


(18 


- V 


;.[a-D)(Rj|B A-J 
in which R* S (1-D)‘R + R + D(1-D)(R I|r). 

X, ^ H 

We now look more closely at the dc voltage 
transformation ratio in (17): 


(I-D)^R 


g ^(1-I))^R + R^ + Dfl-R) (R ||r) 

ideal 
dc gain 


correction factor 


Voltage gain is 1/D' 

When all parasitics arc zero (Pv** *0 R » 0 ^ 
that in their presence it is slightly reduced by 
fnctor less than 1. Als.o_wc obj^a^e 
that nonzero esr of the capacitance (r7'b) (wit 

..ga in an d a^pea r '4'* e £ tec tijclv-ai- a 

resist.,ncc R - 

^uctor resistance rJ . This effect due to 

voltage was not included 
correctly accounted for ii>-'(l].„ 

From Che dynamic model (18) one can find the 

trlLlT f voltage to output 

ohra^ J agree exact Jy with chos. 

^ following a different method o: 

orclfciir^f O" the equivalenc. 

t circuit topologies of two switched noewerks. 

pe fundamental result of this section is the 
development of the general state-space averaged 
model represented by (13) and (14). which can be 
«sily used to find the small-signal low-frequenc> 
model of any switching dc-to-dc converter. This 

®tage with 

r I resulting in the averaged model (17) 

important to emphasize that, 
unlike the transfer function description, the 
•tate-spacc description (13) and a4) gives the 
complete system behaviour. This is very useful 

wLj“t^rnr^^"® two-loop and multi-loop feedback 
when two or more states are used^in a feedback 
path to modulate the duty ratio d. For example, 
both output voltage .and Inductor current may 
be returned in a feedback loop. 


Of 
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3. HYBRID MODELLING 


In this section it will be shown that for ‘any 
■peclflc converter a useful circuit realization 
of the basic averaged model given by (3) can 
always be found. Then, In the following section, 
the perturbation and linearization steps will be 
out on the circuit model finally to 
arrive at the circuit model equivalent of (13) and 


The circuit realization will be demonstrated 
for the same boost power stage example, for which 
the basic state-space averaged model (3) becomes: 


dl'' 



d'R ■ 

dt 

K 

L 

L(1HR ) 
c 

dv 


d'R 

1 

dt_ 


(R+R )C 

c 

(JftfR )C 
c 





space averaged model (20) through hybrid 
modelling. 



Fie- 6. Basic circuit averaged model for the 

boost circuit example in Fig. 3. Both dc- 
to-Qc conversion and line variation are 
Bodelled when d(t)*D. ‘ 


In order to "connect" the circuit, we 
express the capacitor voltage v in terms of the 
ooolred output quantity y as: 

R+R 

V - y - (l-d)R^l 

or. In matrix form 


'i*! 


) 

O 


» 

• 



R+R 

V 


d'R 



L C R J 



Substitution of (21) into (20) gives 



From (22) one can easily reconstruct the circuit 
■*«P*««entatlon shown in Fig. 5. 


The basic model (22) Is valid for the dc 
TCKlsie, and the two dependent generators can be 
*®**®^*'* ideal d ' :1 transformer whose range 

extends down to dc , as shown in Fig. 6. 


As before, we find that the circuit model in 
Fig. 6 reduces for d - 1 to switched model in Fig. 
Aa, and for d " 0 to switched model in Fig. 4b. 
In^both cases the additional resistance R - 
dd'(R^||R) disappears, as it should, ^ 

If the duty ratio is constant so d D, the 
dc regime can be found easily by considering 
inductance L to be short and capacitance C to be 
®pen for dc, and the transformer to have a D':l 
ratio. Hence the dc voltage gain (19) can be 
directly seen from Fig. 6. Similarly, all line 
transfer functions corresponding to (10) can be 
easily found from Fig. 6. 

It is interesting now to compare this ideal 
d :1 transformer with the usual ac transformer. 
While in the latter the turns ratio is fixed, the 
one employed in our model has a dynamic turns ratio 
d :1 which changes when the duty ratio is a func- 
tion of time, d(t). It Is through this ideal 
tr^sformer that the actual controlling function is 
achl.-.ved when the feedback loop is closed, In 
addition the ideal transformer has a dc trans- 
formation ratio d*;l, while a real transformer 
works for ac signals only. Nevertheless, the 
concept of the ideal transformer in Fig. 6 with 
such properties is a very useful one, since after 
all the switching converter has the overall 
property of a dc-co-dc transformer whose turns 
ratio can be dynamically adjusted by duty ratio 
modulation to achieve the controlling function. 

however, see In the next section how 
«is can be o.ore explicitly modelled in terms of 
duty-ratio dependent generators only. 

Following the procedure outlined in this 
section one can easily obtain the basic averaged 
circuit models of three common converter power 
•Cages, as shown in the summary of Fig, 7, 


*•/ iuck itafr : 









Fig. 7. Summary of basic circuit averaged models 
for three common power stages: buck, 

boost, and buck-boost. 


The two switched circuit state-space models 
for the power stages in Fig. 7 are such that the 
general equations (1) reduce to the special cases 
Ai • A 2 " A, bi y b 2 ^ 0 (zero vector) for the 
bock power stage, and Ai 1 * A, , b. - bj “ b for the 
boost power stage, whereas for fhe buck-boost 


power stage A, Aj and bj 
general case is retained. 


¥ bi 


0 so that the 


( 


A. CIRCUIT AVERAGIKG 


As Indicated in the Introduction, in this 
section the alternative path b in the Flowchart 
of Fig. 1 will be followed, and equivalence ' 
vlth the previously developed path a firmly 
established. The final circuit averaged model 
for the same example of the boost power stage 
vUl be arrived at, which is equivalent to its 
corresponding state-space description given by 
(17) and (18) . 

The averaged circuit models shown in Tig. 

7 could have been obtained as In [2] by directly 
averaging the corresponding components of the two 
switched models. However, even for some simple 
cases such as the buck-boost or tapped inductor 
boost [1] this presents some difficulty owing to 
the requirement of having two switched circuit 
■odels topologically equivalent, while there is : 
no such requlxeaent in the outlined procedure. 

In this section we proceed with the perturba- 
nlon and linearization steps applied to the cir- 
cuit model, continuing with the boost power stage 
ns an example in order to include explicitly the 
duty ratio modulation effect. 


4.1 Perturbation 


If the averaged model in Fig. 7b la perturbed 
according to Vg “^Vg+v^, 1^- i+£, d - Ih 3, 
d' “ U'-3i V • V+v, y “ \-ky the nonlinear model 
In Fig. 8 results. 



Fig. 8, Perturbation of the basic averaged circuit 
model in Fig. 6 Includes the duty ratio 
nodulatioQ effect 3, but results In this 
nonlinear circuit model. 


4,2 Linearization 

Under the small-signal approximation (12) , 
the following linear approxiiaations are obtained: 

e % DD’CR^ll R)(H-1) + d(D*-B)(R Hr)! 
(D'-d)(Y+y) % D'(T+y) - dY 


(D'T.d)(I+l) D'(I+i) - dl 

and the final averaged circuit model of Fig. 9 
results. In this circuit model we have finally 
obtained the controlling function separated in 
terms of duty ratio 3 dependent generators e, 
and J, j while the transformer turns ratio is 
dependent on the dc duty ratio D only. The 
circuit model obtained in Fig. 9 is equivalent to 
the state-space description given by (17) and (18). 



Fig. 9. Under small-signal assumption (12), the 
model in Fig. 8 is linearized and this 
final averaged circuit model of the boost 
stage in Fig. 3 is obtained. 


-.5. THE CANONICAL CIRCUIT MODEL 

Even though the general final state-space 
averaged model In (13) and (l4) gives the complete 
description of the system behaviour, one might still 
wish to derive a circuit model describing its 
input-output and control properties as Illustrated ■ 
In Fig. 10. 
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Ig. 10 . Definition of the modeillng objective: 
circuit averaged model describing input- 
output and control properties. 

“• " «>•» of 

‘•hontsor .£ .o.=TS: 

circuit codel^^show^ Copology 

•■ • fcollctlcu 

yfa ^ 


( ^ons/ormafioft 


/lUer mtm/orir 



ns. U. “;»Jo.l^uirt„U^.u« r„u:,;iu„ £ 

three eceutlcl function, oI .n“ 5 c^jLdc 
converter: control, bdsic dc cLversLf 

•nd low-pass filtering, ersion, 

of the "black box" in Fig. lOb. We call th-)« a ^ 
the canonical circuit model 

converip;^^^ ^^jehing 

represented in 

■lnmlv bv’ converters are represented 

four iicLc".':?”!';*:? •“ s'j'rr'^h 
•Culvuleur eiee„££. ^Ihe Vci.rjS’.f rh^'llSr''" 

the power^sr^"" is determined by whether or not 
tne power stage is polarity invertinc Trc - 

•MuLd > purposes the transfonnet is 

bwirdc-to^drf*" P^^'ides the 

r^«^ 1 ^ conversion. The single-sec- 

^on. low-pass L^C filter is shown in Fig.®ll 
nimb ^ iilustratlon purposes, because the actual 

ps: iriSj“‘s;SuVL“?ii:%“L^^^ 

cSSu^i »;«rr‘" “o 

of Fig' irt^r'"' included in the model 

that accounts for various 

ildUlonaJ^-s:i cb^ng"%\. 1 rr"^ 

. j .s-Lcning resistances due to cH«- 

1 in the boost circuit example). 


and also a ".odulatlon" resistance that arises 
.r:r.gV:J:;*un transistor 


^^ Hff^ Space °^ the Can .onic^^^ 

and mi general state-space averaged model Cir 


y(s)»c‘^^(s)+(c^’'-C 2 ^).Xd(s) 


(23 


- Pc“; ct%:“ELTdL"cl";r!" 

input-output properties, namely 


y(s) “ G^g v^(s) + 2 (s) 

!(*) “ Cj,g V (s) + d(s) 


(24 


a'^ explicitly in terms of 

the matrix and vector elements in ( 23 ) . 

Equations ( 24 ) are analogous to the. two-port 
network representation of the terminal properties 

cLent"f "n yCsJ and input 

current i(s)). The subscripts desicnafe cL 
cocr.cpc.dIug 

Gy„ is the source voltage v_ to output voltage y 
transfer function, Gi^ is tfie duty «tlo ftf 
Input current i(s) transfer function, and s^on. 

FiD *^11 pynposed canonical circuit model in 
Fig. 11 , we directly get: 


y(s) - ({? +ed) (s) 
K M e 


i(s) “ j d + (ed+v ) — r — i — — 

p\iCs) 

or, after .rearrangement into the form of ( 24 ): 


(25) 




l(s) 


-S V 

P Z^j(s) 8 


V^(s) + 


r “1 

i+-r^ 1 d^s) 
L p\j(siJ 


)' CM “Ed'??/"'"-* 

ch. hu.™ „c..fEr’;u„ 1 ?;„rE ' "J " r'-LE' 

Gid “S! Vg' vd' ig 

efsJ - ‘"vd<»> 

^ - *<*)Gig(s) 
(27) 






Mote that in (27) the paraneter 1/u repreaenta 
th* ideal dc voltage gain when all the parasitica 
arc aero. For the previous boost power stage 
otaaple, from (19) we get p • 1-D and the correc- 
tion factor in (19) is then associated with the 
effective filter network K^(s). However, p 
could be found from 

• -c^A~^ " —X (correction factor) (28) 

by setting all parasitics to lero and reducing, 
the corjtection factor to 1. 


The physical significance of the ideal dc 
gain p is that It arises as a consequence of the 
avitching action , so it cannot be associated with 
the effective filter network which at dc has a 
gain (actually attenuation) equal to the cor- 
rection factor. 


The procedure for finding the four elements 
la the canonical model of Fig. 11 is now briefly 
reviewed. First, from (28) the basic dc-to-dc 
conversion factor p is found as a function of dc 
duty ratio D. Next, from the set of all transfer 
functions (23) only chose defined by (2A) are 
actually calculated. Then, by use of the'se 
four transfer functions G^ , G , G^ in 

(27) the frequency dependent generators e^s) 
end j(s) aS' well as the low-pass filter transfer 
function h^(s) are obtained. 

Tbs two generators could be furthe'. put 
into the form 

e'(s) - Efj, (s) 

j(a) - 3f2(s) 

where f,(0) “ f 2 ( 0 ) “ 1» ®“ch that the parameters 
E and J‘''could be identified as dc gains of the 
frequency dependent functions e(s) and j (s) . 

Finally, a general synthesis procedure [10] 
for realization of L,C tr.msfcr functions 
terminated in a single load R could be used to 
obtain a low-pass ladder-network circuit 
realization of the effective low-pass network 
Be^(a) . Though for the second-order example of 
He(«) this step is trivial and could be done by 
inapection, for higher-order transfer functions 
the orderly procedure of the synthesis [10] is 
almost mandatory. 

S.2 Example; Ideal Buck-boost Power Stage 


For Che buck-boost circuit shown in Fig. 7c 
with Mg ** 0, Rq ” 0, the final state-space 
averaged model Is: 
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dl 
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dt 
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dv 


D' 
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fj 


-V 

dt 


C 

" RC 


V 




D*RC 

L - 


M 





.... 


. -J 


i (29) 


oHSOrAO n«sE b 
aseSOKfilMUOt 

A 

in which the output voltage y coincides with the 
state-variable cap.rcitance voltage v. 


From (28) and (29) one obtains p ■ D'/D, 

With use of (29) to derive transfer functions, and 
ppon substitution into (27) , there results 




H^(s) 




1 

1 + s/RC + s^L C 
e 


j(s) - — — j— 
(l-D)'^R 


P 


1-D 

D 


(30) 


in which V l.s the dc output voltage. 

The effective filter transfer function is 
easily seen as a low-pass LC filter with » 

L/D' and witll load R. The two generators*”in the 
canonical model of Fig. 11 are identified by 



f^(s) B 1 



(ii) 


j 


(I-D)^r' 


fjCs) = 1 


We now derive the same model but this time 
using the equivalent circuit transformations and 
path b in the Flowchart of Fig. 1. 


After perturbation and linearization of the 
circuit averaged model in Fig. 7c (with R}“0, 

Fc“0) the series of equivalent circuits of Fig. 12 
is obtained. 



fig. 12. Equivalent circuit transformaClons of the 
final circuit averaged model (a) , leading 
to Its canonical circuit Teallzatlon (c) 
demonstrated on the buck-boost example of 
Fig. 7c (with V-0 , R^-0 ) . 
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The objective of the transfermetiona Is to 
reduce the oriclnal four duty-ratio dependent gen- 
i** rig. 12a to Just two generators (volt- 
age and current) In Klg. 12c which are at the In- 
put port of the model. As these circuit trans— 
formations unfold, one sees how the frequency de- 
pendence in the generators arises naturally, as 
In Fig. 12b. Also, by transfer of the two gen- 
erators In Fig. i2b from the secondary to the 
primary of the 1:D transformer, and the Inductance 
X to the secondary of the D':l transformer, the 
cascade of two ideal transformers Is reduced to 
the single transformer with equivalent turns 
ratio D';D. At the sane time the effective filter 
nctworh Lg, C, R Is generated. 

Expressions for the elements in the canonical 
equivalent circuit can be found In a similar way 
for any converter configuration. Results for the 
three familiar converters, the buck, boost, sod 
buck-boost power stages are summarized in Table I. 
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Table I Definition of the elements in the 
canonical circuit model of FI . . 11 
for the three coamon power stages 
of Fig. 7. 

It may be noted in Table I that, for the buck- 
boost power stage, parameters E and J have negative 
Signs, namely E « -V/D^ and J - -V/(D'2r). 

However, as seen from the polarity of the ideal 
:D transformer in Fig. 12c this stage is an 
inverting one. Hence, for positive input dc 
voltage V the output dc voltage V is negative 
<V < 0) since V/Vg - -D/D'. Therefore E > 0, 

J > 0 and consequently the polarity of the voltage 
and current duty-ratio dependent generators is 
not changed but is as shown in Fig. 12c. More- 
over, this is true in general: regardless of 

any Inversion property of the power stage, the 
^larlty of two generators stays the same as 
In. Fig. 11. 


5.3 Signific ance of the Canonical Circuit Model 
.and Related Generalizations ’ “ 

The canonical circuit model of Fig, 11 in- 
corporates all three basic properties of a dc-Co- 
dc converter; the dc-to-dc conversion function 
(represented by the ideal U :1 transformer) ; control 
(via duty t;acio 3 dependent generators) ; and low- 
■P*** filtering (represented by the effective low- 
~P** ® filter network Hg(s)). Note also that the 

generator J(s) 3 in the canonical circuit 
-model, ey^eu though superfluous when the source 
voltage V (s) is Ideal, Is necessary to reflect 
the Influence of anonideai source generator (with 
aome Internal impedance) or of an input filter (7] 


upon the behaviour of the converter. Its presence 
enables one easily to Include the linearized cir- 
cuit model of a switching converter power stage In 
ocher linear circuits, as Che next section will 
lUus crate. 

Another significant feature of the canon- 
ical circuit model Is Chat any switching dc-co-dc 
converter can be reduced by use of (23), (24), 

(27) and (28) to this fixed topology form, at 
least as far as its input-output and control prop- 
erties are concerned. Hence the possibility 
arl,s?s for use of this model to compare in an easy 
■nd unique way various performance characteristics 
of different converters. Some examples of such 
comparisons are given below. 


I* The filter networks car. be compared with 
respect to their effectiveness throughout the 
dynamic duty cycle D range, because In general 
Che effective filter elements depend on the 
steady state duty ratio D. Thus, one has the 
opportunity to choose the configuration and to 
optimize the size and weight. 


2. Basic dc-to-dc conversion factors P]^(D) and 
1 J 2 (D) can be compared as to their cffectlvfe 
range. For some converters, traversal of the 
range’ of duty ratio D from 0 to 1 generates 
any conversion ratio (as in the ideal buck- 
boost converter), while in others the conver- 
sion ratio might be restricted (as in the 
Weinberg converter [4], for which i<p<i) . 

2 

3. In the control section of Che canonical 
model one can compare the frequency dependences 
of the generators o(s) and J(s) for different 
converters and select Che configuration that 
best facilitates stabilization of a feedback 
Regulator. For example, in the buck— boost con- 
verter e(s) is a polynomial, containing 
actually a real zero in the right half-plane, 
which undoubtedly causes some stability 
problems and need for proper compensation. 


4. Finally, the canonical model affords a 
very convenient means to store and tile infor- 
mation on various dc-to-dc converters In a com- 
puter memory in a form comparable to Table I. 
Then, thanks to the fixed topology of the 
canonical ';ircuic model, a single computer pro- 
gram can be used to calculate and plot various 
quantities as functions of frequency (i.,put and 
output Impedance, audio susceptibility, duty 
ratio to output transfer response, and so on). 
Also, various input filters and/or additional 
output filter networks can easily be added if 


been Intentionally skipped so far. From ( 27 ) it 
s concluded that in general the duty ratio 

generarLth^ ^ Hence, in 

5£Ilg^.both some new ze ros and poles are liTtro- 

duced into the duty ratio to output transfer 

a ching action , (n 

ddicion to the poles and zeros of the' effective 

cuo:) transL uir 

ctlon). However, in special cases, as in all . 
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thoa« ahown in Table 1, the frequency dependence 
adthc reduce $>fnipl)r to polyuomiolu, and even fur- 
ther it Hight: show up only in the voltage 
dependent generators (as in tlvu boost, or buck- 
boost) and reduce to a constant (f^(s) 5 1) 
lor the current generator. Nevertneless , this 
doea not prevent us froni modifying any of these 
circuits in a way that would exhibit the general 
result — introduction of both additional seros as 
well aa poles, 


Let us now illustrate this general result on 
a almple modification of the fanvildav boost cir- 
cuiti with a resonant circuit In series with 

the input inductance L, as shown in Fig, 13, 


n 

->Tr<5^ 





1 

-i 

=: 

" j 


Fig. 13. ilodlflod boost circuit as an lUustratian 
of general frequency behaviour ,o£ the 
generators in the canonical circuit model 
Of Fig. 11. 


By introduction of the canonical circuit 
model for the boost power stage (for the circuit 
to the right of cross section M') and use of dat.T 
from 3'ahlo 1, the equivalent averaged circuit 
model of Fig, JAa is obtained. Then, by applica- 
tion of the equivalent circuit .tr.ansfonnation as 
outlined previously, the averaged model in the 
canonical circuit form is obtained in Fig, 14b. 

Aa can bo seen from Fig. 14b i the voltage 
generator has m dovib le pole at the reson.mt fre- 
quency Wr“ of ulve parallel Li.Cj^ net- 

work. However, the effective filter transfer 
function has a double zero (null in magnitude) at 
P*^®ciscly the same location such that the two 



Fig. 14. Equivalent circuit tranaforinatlon leading 
to the canonic-ii circuit model (b) of the 
circuit in Fig. 13. 


pairs effectively cancel. Hence, the resonant 
null in the magnitude response, while present in 
the line voltage to output transfer function. Is 
not seen in the duty ratio-ta output transfer func- 
tion. Therefore, the positive effect of rejection 
of certain input frequencies around the resonant 
frequency u i.s not accompanied by ,i detrimental 
effect on efio loop gain, which will not con- 
tain a null in the magnitude response. 

This example demonstrates yet another impor- 
tant aspect of roodeiUng with use of the averaging 
technique. Instead of applying it directly to the 
whole circuit in Fig. 13, wc have instead impje- 
menced it only with respect to the storage eiemenc 
network which effectively takes part in the swicch- 
Ing action, namely L, C, and R, Upon substitution 
of the switched part of the network by the averaged 
circuit model, oil other linear circuits of the 
complete model are retained as they appear in the 
original circuit (such as in Fig. , 

Again, the cur cent generator in Fig, lA-a is the 
one which reflects the effect of the input resonant 
circuit. 


In the next section, the same property Iq 
clearly displayed for o closod-ioop regulator- 
converter with or Without the input filter. 


6. SWlTOilNG MOPE REGULATOR MODELLING 


This section demonsfatc'? the ease with 
which the different converter circuit models 
developed In previous sections can be incorporated 
into more complicated systems such as .r switching- 
mode regulator. In addition, a brief discussion 
of modelling of modulator stages in general is 
included, and a complete gcner.al switching-mode 
regulator circuit model is given. 


A general representation of a switching-mode 
regulator is showi^ in Fig. 15. For concreteness, 
the switching-mode converter is represented by a 
buck-boost power stage, and the input and possible 
additional output filter are represented by a 



rig- 15. General switching-mode regulator with 

Input and output filters. The block dia- 
gram is general, and single-section LC 
filters and a buck-boost converter are 
ahoun aa typical rcallcations. 
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•Inglc-section low-pass LC confiRuration, buc die 
discussion applies to any convercec and any 
niter configuration. 

The oaln difficulty in analysing the switch- 
ing mode regulator lies in the- nodelling of its non- 
linear part, the swlcchlnp— aioiic converter* Hout- 
ever, uc h.iVe succeeded in previcus sections in 
° taining the small-sigr\.\l low-frequency circuit 
model of any "cwo-stacc" svitening dc-to-dc con- 
verter, operating rti the continuous conduction 
Biodc) in the canonical circuit fom. The output 
filter is shown separately, to cmph.asise tne fact 
that in averaged modeiliag of the switching-mode 
converter only the storage elements whic.h are 
actually involved in the switching action need 
be taken into account, thus minimizing the effort in 
Its modelling. 


The next step in development of the r»<.ulo- 
tor equivalent circuit is to obtain a modeFfo? 
the modulator. This is e.asllv done by writing in 
expression for the essential function’ of the modu- 
lator, which is to convert nn fanalog) control 
voltage Vg to the switch duty ratio 0. This ey-" 
pression c.m be written D - \\/V,„ m which, bv 
efinitlon, is the r.wge ot control signal 
required to sweep the duty ratio over its full 
range from 0 to 1. a small variation v super- 
imposed upon Vg therefore produces n correspon- 
ding variation d - - - . . . 


u which can be 

generalized to account for a nonunlform frequency 
response as i 

d - -y V (32) 


In which fj^(O) « 1 . Thus, the control voltage to 
duty ratio small-signal transmission characcer- 
isclc of the modulator can be represented In gen- 
eral by the wo parameters and fa(s) , regard- 
less of Che detailed mechanism by which the modu- 
lation is achieved, Hence, by substitution for 
d from (32) the two generators in the canonical 
Circuit model of the switching convertor can be 
exprcEsod in terms of the nc control voltage v 
«nd the resulting model is then a linear ac cqSi- 
valent circuit that represents the small-signal 
transfer properties of the nonlinear processes 
in the modulator .ind converter. 


It remains simply to add the linear amp 11- 
tler and the input and output filters to obtain 
Che ac equivalent circuit of the complete closed- 
loop regulator as shount in Fig. 16. 

The modulator transfer function has been In- 
corporated in the generator designations, and the 
generator symbol has been changed from a circle 
to a square to emphasize the fact that, in the 
closed-loop regulator, the generators no longer 
arc independent but are dependent on another sig- 
nal In the S- 2 S system. The connecticn from 
point Y to the error amplifier, via the wference 
voltage summing node, represents the basic vol- 
tage feedback necessary to establish the system 
mm a volt.age regulator. The dashed connection 
from point Z indicaces a possible additional 
feedback sensing; this second feedback signal may 



Fig. 16. General sa.ill-signal ac equivalent 

circuit for the switching-mode regulator 
of Fig. 15. 

be derived, for example, from the inductor flux, 
Inductor current, or capacitor current, as in 
various "two-loop" configurations that are in use 

[ 9 ]. 

Once again the current generator in Fig. 16 
is responsible far the interaction between the 
-switching-mode rogulator-converccr and the input 
filter,^ thus causing performance degradation and/ 
or stability problems when nn arbitrary input 
-,-ilter IS added. The problem of l^ow properly to 
design the input filter is treated in detail in 


As shown in Fig. 16 we have succeeded in ob- 
taining the linear circuit model of the complete 
switching modo-regulatar. Hence the welX-known 
body of linear feedback theory can be used for 
both analysis and design of this type Of regula- 
tor. 


7. CONaUSlOHS 

A general method for modeiling power stages 
of any switching dc-to-dc converter has been 
developed through the state-space approach. The 
fundamental step is in replacement of the cqacc- 
spacc descriptions of the two switched networks 
by thcar average over the single switching period 
, -aich results in a single continuous stace- 
apace cqu.acion description (3) designated the 
basic averaged state-space model. The essential 
-approximations made arc indicated in the Appen- 
dices, and .ire shown to be Justified for any 
practj.cal dc-to-dc switciiing convercori 

The subsequent perturbation and llncari- 
aation step under the smaU-slgn.ii assumption 
( p leads to the final state-space averaged 
mp e j, ven by (13) and (14). These equations 
then serve as the basis for devolonmont of the 
most important qualicatlve result of this work 
'xhe caaonlcal circuit model of Fig. 11. Different 
converters are represented simply by an appropri- 
ate set of formulas ((27) and (28)) for fo« 
Clements in this gcivcrai cqulv.Uenc circuit. Ec- 
»1 es Its unified description, of which several 
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examples are given in Table 1, one of the advan- 
tages of the canonical circuit model la that 
various performance characteristics of different 
switching converters can be compared in a quick 
and easy manner. 

Although the state-space modelling approach 
has been developed in this paper for two-state 
switching converters, the method can be extended 
to multiple-state converters. Examples of three- 
state converters arc the familiar buck, boost, 
and buck-boost power stages operated in the dis- 
continuous conduction mode, and dc-to-ac switch- 
ing inverters In which a specific output wave- 
form is "assembled" from discrete segments are 
itXAnplcG of iBul tip 1 g“S cate converters. 

2n contrast with the state-space modelling 
approach, for any particular converter an alter- 
native path via hybrid modelling and circuit 
transformation could be followed, wnich also ar 
rives first at the final circuit averaged model 
equivalent of (13) and (lA) and finally, after 
equivalent circuit transformations, again arrives 
at the canonical circuit model. 

Regardless of the derivation path, the 
. canonical circuit model can easily be incorpora- 
ted into an equivalent circuit model of a com- 
plete switching regulator, as illustrated in Fig. 

16 , 

Terhaps the most important consequence of 
the canonical circuit model derivation via the 
gen..ral state-space averaged model (13), (14) » 

(23) and (24) is its prediction through (27) of 
additional zeros as well as poles in the duty 
ratio to output transfer function. In addition 
frequency dependence is anticipated in the duty 
j^xtio dependent current generator of Fig> 11, 
even though foi: particular converters considered 
In Table I, it reduces merely to a constant. 
Furthermore for soma switching networks which 
would effectively involve more than two storage 
elements, higher order polynomials should be ex- 
pected in fj^(s) and/or f 2 (s) of Fig. 11. 

The insights that have emerged from the 
general state-space modelling approach suggest 
that there is a whole field of new switching dc— 
to-dc converter power stages yet to be conceived. 
This encourages a reii' wed search for innovative 
circuit designs in .a field which is yet young, 
and promises to yield a significant number of in- 
ventions in the stream of its full development. 
This progress will naturally be fully supported 
by new technologies coming at an ever increasing 
pace. However, even though the efficiency and 
-performance of currently existing converters will 
increase through better , faster transistors j 
ideal capacitors (with lower esr) and so on, it 
will be primarily the responsibility of the cir- 
cuit designer and inventor to put these components 
"to best use in an optimal topology . Search for 
■jiew circuit configurations, and how best to use 
-present and future technologies, will be of prime 
importance in achieving the ultimate goal of near- 
ideal general switching dc-to-dc converters. 
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wil’J’EN DICKS 


In chifl #<snnenq« of Appvudioes S«>v«i‘;a of cha 
Hueations to sviUstitutioo of Uia two 

■^cchad mtsdcXs (l) by tha si;abe-«p«ce doscYip^ 
tion Q) «.re diaewKsad. ' 

In Appendix’ A it is bTiafiy indlcatad for 
< stopllfled avttonowQus axAiapio hovf thacorrala- 

avofasinji atep aiuj 

^ne Xtoeaf approNimaUou ot cho fundamancal ..unixa 
' In Appemii,x l\ eha cjvact d.o 

conditions^ which axo genetaily dopandent on tha 
• cwaga Oleraent values, are s),ow,\ co reduce 
t»d«r the sauie linear approxiavation to tivose 
obcalned from (J). In Appendix C it is dewon^ 
Btwod both analyciv'a,Uy and tpmntitutiveiv 
Cn^cxitally) , for a typical set of parawecer 
values for a boost power stage, that the linear 
j*ppfoxiiaaciQ'rt Gt the -fundatti^Gtal \uac 7 iit is 
equivalent to << f where is the effective 

corner frequency of the low-pass filter and f 
*« Che switchins frequency. This inequality^ 
turn connected wi-th the condition for low 
output voltage ripple, and hence does not impose 
■any Blgnlflcnnc restriction on the outlined 
■Odelllng pgqcedure, 

AITEMDIX A 

^llLJ^?5j»gju cnI app roxiava tion in the state-sn«p« 
mveraRinK nnnroach ~ '' — 

li!t the two linear systems be deScriued by 
(i) interval Td, 0<t<t^t 11) interval Td',c ecerj 


» Aj^x 


* * A,x 


(33) 


Jhe exact solutions of these state-space equations 


A.t 

x(c) e ' ac(0), 


t C lQ,tJ 


x(t) - e c € [t^,X] 

The stiVte-varlable Vector x(t) is continuous 
•croas the switching instant t . and so* 

0 - '' 


(34) 


A^(X-Id) 

3e(» - e * x(t ) 


d*A^T dA.T 

« " e x(0) (35) 


Suppose chat the following approximation is 
■now in troduced into (35) { 


d’Aji dA.3' (dA.+d’A^)l 

« e ve * * 

xcaulcing An .*« approximate solution 

(di^+d'A.)l 

■ixCl) % e at(D) 


(3fi) 


(37) 


r , ^“me aa the solution 

i Che following linear system eqviatlon for 
*<T) } 


iho last modnl (IS) is, cherefnro, the averared 
rtevs the two awlcched models givl^ 
wifP^^ i'dlld provided nppruximntion (3t>) u 

veil satisfJod. I'his is so ,lf cUe fniloving 
Uuear approximations nt the Cundamrntal 8u»crL*es 

AAA' 




'1* 

d'A,,! 

«t ‘ I + d'AjT 


(39) 


the *‘^PPWxtmation to 

serierisf * fi^-t^hr-Campbell-Kausdocff 

At - (dA.^+d 'Aj>T b cUl'CA^^Aj-AjAj)!- -b * - ( 40 ) 

where 


.Ay 


.. d'A,,y dA,!' 

^ ' am ■** ii. 


* “ •* ^ ,(41J 

Menec, when two matrices am commutative, that is 

* ■■ * "''h 


Appimix » 

do couditlona and their 

Ve now derive the exact stfeadv-state (<ic) 

of'Se^r" state-space description 

of the two switched circuit modela. Ut x - xv 

(■L!*!** vector fop interval y» ^ 

QO<;t<Ci,) «hd 3t •* X, that for interval Th' ft <t<y), 

1) interval TO, (Qststo) t 11) Interval Ti((t^<cvT) 

*1 '' V '*■ ‘^'’g *' A,x + bV^ (42) 

The respective solutions n,re{ 




where 


w c Xj^(O) -b Vj.»j (t)b 

A.,t 

X2(t) w a ^ x-2(t^) -b V.j.B2(q^c^)h 


(43) 


A,T 


Aft 


»^(t) - I r^'dr - A^'’=^(e''^^l) for 1 - i,? (A4) 

, _ Q 

-provided inverse m.i trices Av"^k A,"^^ exist. 

Constanc?Tfm^^ f‘H«in two yet undetCTOined 
conatantr, x^(q) and s,(t V, We therafoTe impose 

two boundary Souditlons; “ v impose 
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m) the vector o( stacc variables la 
continuous across the sulcchlng Instmic Cq, 
■Ince the Inductor currents end capacitor 
voltages cannot change instantaneously. 

' Hence 

* 1 ^V " 

b) from the steady state requlrowcnt, 
all the state variables should return after 
period X to their initial values. Hence: 

*^(0) - *2<T) 

The boundary conditions (AS) and (46) are 
llluatratcd In Fig. 17, where v(Q) - v(X) , 

1(0) « 1(T) and i(t) and v(t) are continuous 
across the switching instant t^. 



rig. 17. Typical state-variable time dependence 

over a single period X in the steady-state, 
for the boost circuit numerical cx.’kwplc 

with f -IkHs. 
s 


Insertion of (AS) and (A6) into (A3) results 
in solution for the initial condition: 

D’A,T DA T . D'A.T 

* 1 < 0 ) - Vg(I-e c )"'^(e ^ Bj^(DT)+B^(D'T))b 

(47) 


Aa seen from Fig. 17, the average values of 
Inductor current and capacitor voltage Could bo 
found by Incegration over the period X; in 
general, the stcady-^Statc vector X is found from: 


X «• 


r 

I Xj^(t)dT + I 


X2(T)dT 


(AS) 


Hence, by use of (43) through (47) in (48) , the 
integration could be carried out and the explicit 
aclution obtained as 


X(X) - g(Aj^,A2,to,T) (49) 

dn which the actual expression could easily be 
found [6] .| 


For the boost circuit example of Tig. 3, 
mnd irith parameter values V„ ■ 37-SV, D - 0.25, 
Rg - 0.46n, Rg - 0.2Sn, I, -‘^6mH, C - 45vi5, and 
R •• 30n, the output dc voltage obtained from (49) 
and the initial inductor current t(0) from (47) 


are plotted as functions of switching frequency 
fg - 1/T in Fig. 18 via a computer progr.Mw, 

As seen from Fig, 18, the point where the initial 
inductor current becomes teco detctrolnes the 
boundary between continuous and discontinuous 
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Fig. 18. Typical dependence of the steady-state 
(do) conditions (output voltage) on the 
Bwltching frequency f in the continuous 
conduction region (to the rigivt of the 
dotted line). 


conduction regions. It is also evident from Fig. 
18 that the output dc voltage changoa with swicch- 
Ing frequency fg, particul.nrly when becomes 
close to £^, the effective filter corner fre- 
quency. 


If the llno.nr approximations (39) are 
Buhstituced into (49) , the first-order .approxi- 
mation of the dc state-vector X becomes indepen*' 
dent of X, namely 


X - -(DA^+D'A^'^b Vg (50) 

which is equivalent to the state-space avcr.agcd 
result (13). 


For a given sw-icching frequency, one can find 
the initial condition itj(O) and, with use of (43) , 
plot vhe time dependence of the state variables 
during a period T to obtain the steady state 
switching ripple. For the same numerical example 
for the boost power stage, and with switching 
frequency £«. “ 1 UHc (point A on Fig. 18) , 
substantial ripple in the output voltage and 
Inductor current is observed as demonstrated by 
Fig. 17. However, if all condicions are retained 
but the Switching frequency is increased to 
fg “ 10 kHz (point D on Fig. 18), the plot of 
Fig. 19 is obtained, from which it is evident thac 
the switching ripple is subst.mcl.ally reduced. 
Moreover the state variables show very strong 
linearity in the two intervals Td and Td ' . This 
is hy no means an accident, but a consequence 
of the fact th.at linear approximations (39) are 
well satisfied at point B since f../fc ^ ^3.5 » 1, 
aa verified in Appendix C, 
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Fig. 19. Same mb Fig. 17 but with f "lOkHs. Strong 
linearity and small rlpplc*exhibl|ed by 
the curves are consequences of c «I -h AT, 

since f /f «1. 
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APPENDIX C 

On the linear approximation of the fundamental 
Sictrix 

W« now demonstrate the linear approximations 
C39) for the boost circuit example (16) , in which- 
for simplicity of presentation - 0 and " 0 
is assumed. The two eyponential (fundamental) 

SM trices arei 


A^OT 

s 

AjD'1 


1 + Aj^DT 


1 + AjD‘T 


( 54 ) 


For the typical numerical values in Appendix B, and 
for fjj " lOkHz, replacement of the fundamental 
matrices by their linear approxlsuiclDns Introduces 
insignificant error (less than 2S) since conditions 
(52) arc well satisfied. Furthermore, since 
usually lOjj » a (as also in this case) , condition 
(52) becomes 


Ui X « 1 
C 


(55) 


or, with sn even greater degree of inequality, 


f « f 

c I 


(56) 


where 2n£j, •<*>£.“ is the effective filter 

comer frequency. 


JLin 

e ^ - 


ri 

0 


.J^DT 


where 


-oD'T 


-2aur 


COSO D*T+ — sinti) D'T 
o to 0 
o 


(51) 


sintt) D*T 
o 


ti) 1 

o 


slnto D'T 

— ° cosu) D'T- — sin(v) D'T 

(DC O . li) o 


1 • 

“ 2RC • ■ o ^LC 


Suppose now that the switching frequency 
- 1/T is much greater than the natural fre- 
quenciea a and uig of the converter, such that 


1 and oD'T « 1 (52) 

then, by incroduction of the linear approximations 
— oD’T , , 

• %1-oD'T, cosii) D'I;>1, sinci D'T \ u D'T 

o o o 

(53) 

■*Q » »ti«*»s (51) reduce to ; 
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ABSTRACT 

A meMiod (joa. modzlting iuiitcking aonvwteM in 
ikt dihcontinuoLii conduction mode ii developed, wlioic 
itoA-ting point ii tilt unified itatc-ipacc aepae^en- 
tation, and ivhoic end ne^uit ii a compleXe. ZineM. 
cOicwU. model which cofiAcctly Ae.pA.ej,cnti alt ciicntial 
^catuAti, namely, the input, output, and tnaniicA. 
pAop&Atici litatic dc ai welt ai dynamic ac iwalt 
iignal} . While, the method -ii genenalty applicable to 
any iuiitching conueAteA openating in the diicontinuoui 
conduction mode, it ii extemivety iHuitAoted ioA the 
thnee common poweA itagei Ibuck, booit, and buch-booit) , 
The Aeiulti ^oa, theie conveAteAi oAe then eaiily tabu- 
lated owuig to Mie iJixed equivalent ciAcuit topology 
of theiA cationical cOicuit. modet. 

The outlined method lendi itiel^ eaiily to inveiti- 
gation 0 )j the diicontinuoui conduction mode in tnoac 
complex itAuctuAei (cascade connection 0|5 buck and booit 
conveAteAi, ^oa example) , in which moAe than one inductoA 
cuAAent may become diicontinuoui , 

Ai oppoied to otheA mode,lling techniquei, tiie 
new method comideAi the diicontinuoui conduction mode 
«.i a i pedal caie o^ the continuoui conduction mode. 
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I iMTROPUCnOM 

Swltcblng-iBode Uc-co-dc converters afford an 
eff j-oient means of transforming power at one dc voltage 
to another. There are many circuit configurations 
capable of performing dc-to-dc conversion, of which 
the most common are the buck, boost, and buck-boost 
converters shown in Fig. 1. In each converter, the 
basic dc-to-dc conversion function is achieved by con- 
trol of the switch fractional closed-time (transistor 
on-time), or duty ratio. D (0 < D < 1) with constant 
switching frequency £ _ 1/T , where T is the switching 

period. 88 8 

Two modes of switching converter operation may be 
distinguished: the COlttcMUOUi conduction mode (inductor 

currant never falls to zero, as in Fig. 2s) , and the 
diicontinuoui conduction mode (inductor current becomes 
zero for a portion of switching period, as in Fig. 2b)> 
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Ocean Syst.ema Center through MIPR No, N0095377MP09018, 


fig. 1. ThAce comon iuUtching dc-to-dc conveAteAi; 

a) topological con^guAo^on .bidcpe>ideM.t 04 
iwitch Aealizationj fa) bipoloA tAorniitoA 
implementation o4 the iwitch S. 


Consider, for example, the buck-boost converter of Fig. 1. 
If the energy stored in the inductor during the first 
Interval DT = D.T is completely released to the out- 
put load be%OAe thi switching cycle has ended, the 
inductor current becomes zero for the last portion 
DjT^, as seen in Fig. 2b. 

<7,) 6j 


indatior current iff) 


b \hjL slope V/L 





inductor curreni nil 



Fig. 2. InductoA cuAAent mveioAmi and definition of 
two conduction modei. a) continuoui con- 
duction iwde; fa) diicontinuoui conduction mode. 
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n»u« Che tranaiclon fro* coivcinuoue to dlacontln- 
-uoua conduction taode ia obtained by either ^CACOie of 
load R (hence by iowering of the average dc current t) 
or by de.cAe.aie. of inductance I. or swicchlng frequency f . 
in any caac> however, the operation in the discontin- * 
uoua conduction Bode reaulca in 4^/iAee different awlcched 
natworka, aa illustrated in Fig, 3 for the buck-boost 
converter (aa opposed to two switched networks for con- 
tinuous conduction operation) , An analogous situation 
exists for the other two converters of Fig. 1 as well 
ss for a number qf other switching converters. 

a).o1erval DTs' b) ,bierval DjTs: c) mUrval DiTk: 

„ ,V „ y 


'aL 1 



|.Q 


Ftg. 3. riiKee MaUdtad nttieonJa ioA the budi-booit 

conve^en. opeAating .yi die diicoiitujiuoui eon- 
ductiOK node: a] .duuiiZstoA on, diode oU; 

h) tmu.a,toA 0^^, diode on; c) tAani-UtOA 
066, oLode o66* 

In Section 2 an extensive overview of the complete 
structure of modelling of switching converters and regu- 
lators in Che discontinuous conduction mode by use of 
the new method is provided. In particular, the steps 
leading to the equivalent circuit models that describe 
both steady-state (dc) and dynamic (ac small signal) 
behaviour are briefly explained. The subsequent sections 
then give a detailed and thorough account of the new 
method outlined in Section 2. 

^ Section 3, the procedure for modelling 

in discontinuous conduction mode is viewed as a special 
case of that for continuous conduction mode [l,2 3l 
(provided the state-space averaging step of [2] is 
properly generalized to include three or more structural 
‘aching period as shown in Appendix) 
^d addeCeoiiaX, COMtAOAnti imposed to model special 
Inductor current behaviour. Though the results obtained 
are in terms of linear equations, the useful circuit 
realizations may be obtained as in Section 4. The 
straightforward perturbation and linearization steps 
in Section 5 lead to dc and ac ciAclUt npdels. They 
result for three common converters of Fig. 1 in the 
fixed topology, (Wi0»uca£ eiAcuU tnodel and are easily 
tabulated. Because of the need for complete presen- 
tatlon of the theoretical background of the new method, 
and lack of space, only cursory experimental verifi- 
cation is included at the end of Section 6. Finally 
in Section 7 the eompteteneii of the obtained converter 
circuit models is reemphasized by their direct incor- 
poration in iMcteking AesaiatoA models. 

Since the method presented here ia essentially a 
consistent extension of the technique for continuous 
conduction mode [2], the eraosltlon will closely fol- 
low^ the format given in [2}, such that the common seeps 
to both methods become immediately transparent, and 
those that are different clearly distinguished. 


STATE-SPACE HODEI.LIMG ThQlNTnilR 
IN THb mSCONTINUOUS CONDUCTIO^TmoEe — 

2 .1 Brief review of existing modelling tachni.uies 

^ Owing to the relatively more complicated nature of 

^^^^“"tinuous conduction 

mode, dynamic (ac small signal) models have been lacking 
valid models for continuous conduction 
mode have already been obtained) until recently several 


approaches ([4]-Clo3) have been proposed. However, 

While all these teclmlques ([4]-L10J) provide through 
various linearization procedures the proper linearized 
tranafer^^fuactlpns (duty ratio ■odulaCion 3 to output 
voltage V and line voltage v to output voltage v trans- 
fer functions), they are Inc&psble of representing the 
input properties of the converter, and hence fall to 
arrive at the eonptete linearized converter laodel. Tliis 
is an entirely analogous situation to that for contln- 
uoua conduction mode [2,3], where chese methods could 
not model the input properties (open- and closed-loop 
input impedance, for example) of the converters and 
regulators in cont.lnuous conduction mode of operation. 

In addition, they stay throughout modelling in the do- 
main of equation tmUpulatiom only, and thus the use- 
ful Insight which can be gained from tineoA CAAeu.Lt 
models (as demonstrated in [l,2,3] is loat. Hence Che 
primary objective of the development here becomes Co 
overcome all chese difficulties by extending the power- 
ful state-space averaging technique of [2], together 
with its circuit model realizations, to the discontin- 
uous conduction mode of converter operation and finally 
to arrive at Che conipiete ZineaA eiAcuit model of various 
converters (like, for example, chose of Fig. 1). 

•Ii2 New state-space and circuit averaglOR methods for 

switc hing convertera in the discontinuous conduction 

mode 

The state-space and circuit averaging methods pre- 
sented in [2] are now to be suitably modified to account 

the discontinuous cond'ictlon mode of operation, and 
Che results are summarized In the Flowchart of Fig. 4. ‘ 
As before for the continuous conduction mode, the star- 
ting model for the switching converter (block 1 in the 
Flowchart of Fig. 4) ia either In terms of che itote- 
■4 pace deiCAiption of che switched networks (as in block 
la), or in cenas of lineoA cuAeuit motkli of the switched 
networks (as in block lb). 

Tl>e difference, however, from the previous descrip- 
tion is not only that now there are thAee different 
structural configurations within each switching period, 
but also in che fact chat instantaneous Inductor cur- 
rent Is AeitAceted in its behavior: it starts at zero 

ac Che beginning of a switching period and falls to 
zero current again even before the swicchlng period 
has expired (see the instantaneous Inductor current 
waveform in block 1 of Fig. 4). 

It la actually this second differenca^which clearly 
dis tiuguishes che discontinuous conduction mode of 
operation, while the first difference, that of having 
three different structural configurations, appears in 
a way to be merely incidental. That is, in Appendix A 
it is shown that the state-space averaging step of [2] 
can be directly extended to include "three-state" con- 
verters (converters with three structural changes Within 
each switching period), provided such converters are 
operated in the continuous conduction mode, and any 
restrictions on state-space variables (Inductor currents 
and capacitor voltages) are avoided;. Therefore, our 
objective in modelling converters operating in the dis- 
continuous conduction mode (and exhlblcing "three-state" 
configuration behavior) becomes chat of supplementing 
this generalized State-Space averaging step for "three- 
state" convertera by additional constraints which re- 
flect the special behavior of one of the state variables, 
the inductor current. Hence the swltchlng-niode con- 
verter operating in the discontinuous conduction mode 
(and having three structural changes) may be viewed as 
a 4pccia£ca4 a of the ordinary "three-state" converters 
which are free from any restrictions on state variables. 
Tlius the primary goal is properly to determine these 
additional constraints and Co find how they propagate 
through various paths of the modelling (such as pachs 

a and b on the Flowchart of Fig. 4). 
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Fla 4 Flowchart oi aveAaglng appAoaciau In modelilng iMltciiinQ dc,--to-dc. aany&AteM In -die d^_con.tt»tuo^ 

coZa^m mudz. pJi aT gineMit UcFtt-ipatl modOUna; c^aiuX lAmu^iomatLon mi.t}wd. 
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verter is followed, owing to the requlrenent for the 
Specific converter topology along that path. Specl- 
tlcally, for the boost power stage. A, - A, ^ A« are 
X 2 matrices, and b, - b, 0, b. - 0 are vectors. 
p»is example will later be pursued in detail alone 
both paths. 

We now follow path a more closely. Tlie crucial 
step is made in going from block la to 2a in that the 
original description through three state-space equations 
(block la) is substituted by a single state-space 
averaged model (block 2a). This is Justified as fol- 
lows. The fundamental perforisance requirement of 
switching converters (negligible switching ripple) 
results in natural frequencies u and f much lower 
than the switching frequency f This, *^10 turn, leads 
as shown in Appendix A to the generalized state-space 
averaging step. So far this would be the sai&e aver— 
aging step as applied to any ordinary "three-state" 
switching converter. However, as Indicated before, 
the inductor current i dou not behave as a true state- 
space variable in the discontinuous conduction mode 
since it does not have free boundary conditions (but 
fixed at zero) which is shown to lead to the following 
constraint: 


ii 

dt 


= 0 


( 1 ) 


This immediately reduces by one the order of the basic 
state-space averaged model (block 2a) , since one of 
the dynamic equations (that for Inductor current) 
reduces to a static equation. In addition to this, 
an expression describing the average Inductor cur- 
rent 1 can be found directly from the converter it- 
self (block 1) and becomes the second constralnti 
termed perturbation equation I, which la 


i(v„ 


d. V 


( 2 ) 


Thus, the two additional constraints (1) and (2), 
together with the generalised state- space averaging 
step, cpnspietely determine the converter model in the 
discontinuous eoaduction mode. It remains only to 
apply the standard perturbation techniques (block 3a) 
and (on the basis of the small— signal assumption) the 
linearization techniques to both state— space averaged 
equations and the perturbation equation of block 2a 
in order to arrive at the final state-space averaged 
'■Abdel (block 4a). This model gives separately both 
dc and ac siaall-slgnal descriptions through general 
matrices A., A,, A» and vectors b., b., b, of the 
starting switched ttodels (block IS) and constraints 
corresponding to those of (1) and (2) . 

Naturally, we can now proceed from the basic state- 
space averaged model (block 2a) via hybrid modelling and 
circuit recognition (block 2c) to arrive at the very use- 
ful CXACtoU: realization (block 2b). Note, however, that 
now the constraint (1) effectively leads to shorting the 
inductance L in the circuit twdel since v. • L di/dt “ 0. 
This, for the particular boost circuit example, reduces 
the circuit to firat order. The other conotralnt (2) 
is slso easily specified (see additional constraint in 
ock 2b) with the help of the inductor current wave- 
form (block 1). The same circuit model (block 2b) could, 
however, be obtained directly from the switched circuit 
models (block lb), by following the circuit averaging 
path, provided the circuit averaging step for "three- 
state" converters is supplemented by the aforementioned 
equivalents of the constraints (1) and (2). Again, the 
remaining circuit perturbation (block 3b) and circuit 
linearization steps are straightforward and result in 
the final circuit averaged models (block 4b) separately 
for dc and ac small-ai^al. . As seen from block 4b, the 
dc part of the perturbation equation, current I, together 
With the dc circuit model, cooplately determines the dc 
conditions, while its sc pert £ contributes to the 
final ac circuit averaged model. 


Finally g both models (block. 4a or 4b) can be used 
to determine the transfer functlone of Interest: line 

voltage variation v and duty ratio modulation d to 
output voltage v (blocks 6a and 6b respectively) . 

2.3 New canonical circuit for dlscontlniiniis 

conduction mode 

As for Che continuous conduction isode, the cul- 
mlnetlon of the modelling is egsin a canonical circuit 
Mdal (block 5 of Fig. 4), whose fixed topology (though 
different from the one for continuous conduction mode) 
lias all the features necessary to present e compltte. 
cuAniut modtt. However, this fixed topology of the 
Bxidel for discontinuous conduction mode came merely 
as a by-product, since for the three converters of 
Fig. 1 (buck, boost, and buck-boost) the ac small-sig- 
nal models all resulted in the fixed topological struc- 
ture of the model in block 4b of Fig. 4 without any 
need for equivalent circuit or other transformations. 

It does not appear that this canonical circuit topology 
could be directly extended to some arbitrary converter. 
Even though this canonical circuit model is not sp 
general as that for two-state converters [2], a use- 
ful coiBparison between the two canonical circuit topo- 
logles can be made (at least for the coomon converters 
of Fig. 1 in both operating s«sdes). 

While in the continuous conduction snde the effect 
of duty ratio modulation d was represented by voZtage. 
and ammi duty ratio dependent generators at the 
input port (hence properly representing negative closed- 
loop input Impedance at low frequencies as shown in [2], 
here in discontinuous conduction mode there are t*!o ' 
duty ratio dependent cwuie/it generators, one in the in- 
put circuit (again, properly to model converter input 
properties as shown later in Section 7), and the other 
In the output circuit to generate the duty ratio 3 to 
output transfer function. 

salient feature of the canonical circuit iiu>del 
in block 5 of the Flowchart in Fig. 4 is that both trana- 
er functions are obtained using only the output port of 
the complete canonical circuit model, unlike the situ- 
ation for continuous conduction mode Where the complete 
circuit model was necessary to determine them. This is 
also why other methods which properly represent the trans 
ter function in discontinuous conduction sxide ([4]-[l0l) 
have completely omitted modelling of the convetLr in- 
put properties. 

— Extension to co mplete regulator treatment 

^ Section 7 how the linear model 
of the modulator stage can be obtained. It remains 
simple to incorporate the canonical circuit model (block 
n the Flowchart of Fig. 4) to arrive at the linear 
circuit “Odel of a closed-loop switching regulator oper- 
ating In the discontinuous conduction mode. 

A word of caution, however, is appropriate here. 
Namely, since the very nature of operation in the dis- 
continuous conduction mode is that the order of the sys- 
tem is reduced at least by one, this would definitely 
change the dynamics and posaible compensation networks 
necessary for stable operation of the closed-loop regu- 
lator. Furthermore, if both conduction modes are exwccfec 
to take place for the particular application, the com- 
peneation network should be designed to ensure stability 
of the closed-loop and acceptable transient performance 
of the two modes. Hence canonical circuit 
models for both continuous and discontinuous conduction 
mode become an Invaluable tool in the proper design of 
switching regulators. In addition, comparison of the 
advantages and/or disadvantages between the two modes 
of operation become feasible, and possible trade-offs 
between regulator performance and choice of parameters 
and operating conditions is clearly displayed. 


In summary, the new method is generally applicable 
'to any "three-state'' converter operating In the discon- 
tinuous conduction mode (block 4a), even though for an 
arbitrary converter the final circuit model (block 4b) 
may have different (more complicated) topology than the 
canonical circuit model for the three coimion converters 
(block 5). We also emphasize the fact that the methods 
for finding dc and ac small-signal models are con6iiteJlt 
with each other. Namely, for both models we need only 
the standard state-space or circuit averaging step (de- 
pending on whether path a or b is chosen) applicable to 
any converter with Xh'itLC, switched network configurations. 
Then to distinguish that the converter is operating in 
the discontinuous conduction mode, additional restric- 
tions (1) and (2) are imposed. Now, the dc part of per- 
turbation equation ( 2 ) together with the dc state-space 
or circuit averaged model completely determines the 
final dc model, while the ac part i of ( 2 ) helps in com- 
plete definition of the final ac small-signal state-space 
or circuit averaged model. 


for this particular example and discusaad in 
including determination of the boundai^ 
aodes of converter operation.. From the 
sisnal) model, the two transfer functions of interest 

(a) and v(a)/a(a)) are also determined to enable 
comparilon with the corresponding transfer factions 
derived from the final circuit averaged model for the 
boost converter presented in Section 3.3. 


lioiia itcUii-ipace. avoAaytd wodeZ 

We first define the time-domain description of an 
arbitrary three-state switching converter operating in 
the discontinuous conduction mode with the help of lig. 5, 
wiilch displays the switch drive (Fig. 5a) and instantan- 
eous inductor current (Fig. Sb) which becomes discontin- 
uous. The definition of the three intervals T^d^, T^d^, and 
T d, (or corrasponding steady-state quantities T 
T^Dj, and Tgb^) vialble on Fig. 5. 


It may seem that the method outlined holds only for 
"three-state" converters in discontinuous conduction mode. 
This is not So, since it can easily be generalized to 
include more complicated schemes of discontinuous con- 
duction mode of operation. As an illustration of this 
generality, consider the new class of switching conver- 
ters of Appendix A, the cascade connection of ordinary 
buck and boost converters, which could also be classified 
as two-inductor converters ( as opposed, for example, to 
the converters of Fig, 1 which are one-inductor conver- 
ters) . Suppose also that the two switches are driven 
synchronously with the same switch duty ratio D, thus 
resulting in a two-otate converter for continuous con- 
duction operation. If, however, one of the two Inductor , 
currents becomes discontinuous, a three-state converter 
operating in the discontinuous conduction mode is obtained. 
But now the matrices A^, A 2 , A^ and A would be of 4th 
order (as opposed to 2 nd order'^for the converters of 
Fig. I) and the final state-space or circuit averaged 
model would be of the 3rd order (reduction of order by 
one due to discontinuity of one of the two inductor 
currents) . Moreover, there is also the possibility that 
both inductor currents could become discontinuoue under 
certain operating conditions in which case four-state 
converters are generated. Therefore, the generalized 
state-space averaging step (Appendix A) applicable to 
four-state converters is supplemented with additional 
constraints: for each discontinuous current there will 

‘ be two constraints imposed analogous to ( 1 ) and ( 2 ) . 

The immediate consequence of these constraints is that 
the fourth-order original converter model becomes only 
a second-order final state-space or circuit averaged 
model (with two Inductances effectively disappearing 
from the final circuit averaged model) . 
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b) initantanesmi indactox cuxxent. 

As seen from Fig. 5, the "off" interval 
is now subdivided into two Intervals' Td, and T d- (or 
T D, and T D,). While the first "on" interval T D is 
dictated by the switch drive and is a known quantity 
(at least in open— loop converter usage) , the second inter- 
val T d, (or T D,), which will be termed the "decay" 
interval, is as yet unknown and depends in general on 
both the length of the first interval and some circuit 
parameters, and describes how deep in the discontinuous 
conduction mode the converter is operating. Nevertheless 
we assume that the decay Interval *^-^2 exists (hence the 
discontinuous conduction mode) and leave it to the model- 
ling procedure itself to reveal how it is actually 
determined. 


Despite this demonstration of the generality of the 
method. We will restrict ourselves in the remaining 
Sections to the "three-state" converters in the discon- 
tinuous conduction nx>de since all the essential featurea 
of the method are present there. 

3 STATE-SPACE AVERAGING IN DISCONTINUOUS CONDUCTION 

Various paths on the Flowchart of Fig. 4 will now 
be followed in detail, first With general derivation and 
then illustrated by examples. 


For each of the three intervals in Tig. 5, there 
exists in general a different switched network (compare 
with Fig. 3 for the buck-boost converter example), which 
can be described by a corresponding state-space equation 
as follows: 


X " A,x + b.v 
1 1 g 

X - A 2 X + b2V^ 

i - A.x + b,v_^ 
3 3 g 


for interval dj^T^, (0 - t - t^^) 
for interval d 2 '^ 8 * ^*’1 ” ** ” ^ 2 ^ 


for interval ^ 3 ^^, 


(t, - t - T^) 


3.1 State-space averaging 

In this section, the final state-space averaged 
mjdel (block 4a of Fig. 4) is derived, first in general 
for any three-state switching converter in dlecontin- 
uouB conduction mode, and then demonstrated on the 
idsallzcd boost circuit example (parasitic effects not 
Included). Steady state (dc) conditions are obtained 


While for the continuous conduction mode a similar 
expression is sufficient to describe the converter, here 
in discontinuous conduction mode, (3) does not describe 
the switching converter completely. Namely, the instan- 
taneous inductor current is restricted in its evolution 
since from Fig. 5 

1(0) - l[(dj^ + “[ ° 5 0 for t ECt2»Tg] W 


01 yOOK 





Therct'ora (3) togccl^cr with (4) coiapletely deturminh Che 
‘beUuvior of the switching converter. However, directly 
from thla deacrlption, even the deccritlnetlon of the 
aceady-steCe (dc) condiciona on an exacX baaia might be 
a very difficult (If not Insunaoun table) taak, and more- 
over the cremendoua complexity of the reault may be un- 
neceseary. In addition, the direct perturbation of (3) 
and (A) to obtain the dynamic reaponae of the converter 
would become by an order of magnitude more difficult if 
not virtually impoaalble. Our objective then becomes, 
aa it was in [2] for the conclnuoua conduction mode, to 
replace the original converter description tlirough three 


(“/i 


d^A^ 


U3A3>x + 


(d^bj^ + djbj + d3b3)v^ 


(«) 


With additional constraints 


ii 

dC 


- 0 






(9) 


( 10 ) 


The two additional conaCrainta (9) and (10) modify the 
ordinary averaged model (8) to accovait for the diacon- 
tlnuity of the inductor current. This model (block 2a 


state-space equations (3) by a single atate-apace deecrip-j^^ the Flowchart of Fig. 4) la the starting point for all 
tion which will accuratley represent the evolution of the other derivationa (both state-space and circuit-oriented) 
state-vector at the switching instants. It is also represents an averaged model over a single period T^. 
able that the additional constraint (4) be appropriately 


accounted for to modify this averaging equivalent, but 
in such a way as to interfere the least possible with its 
orderly procedure. 


The 


Note, also from (7) that the caluclation of the 
average inductor current i ia actually based on the asaump' 
tion of the linearity of the inductor current waveform 
(triangular waveshape in Fig. 5). However, this does 


first taak is accomplished by application of the ^ limitations at all, since the linearity of 

ed acace-SDBce svaraQinB steo for three-state r ^ ^ 


the inductor waveform la again a consequence of the small 


generalized state-space averaging step for three-state 
converters (Appendix A) to (3), which results in a “l«8le therifore consistent 

..a-.. .... with the some basic assumption made in the continuous 

conduction mode. 


Btate-apace description 

i - + d^A^ + d3A3>x +(d^b^ + d^b^ + d3b^)v^ 


(5) 


Note, however, that this continuous description is a 
cofttutuouA e.qabjateiit to the originally derived approx- 
imate discrete system [l]. Hence the definition of a 
discrete derivative [l] transforms the constraint (4) 
into 

i(T^) - 1(0) 

— 0 (6) 


S'"’'.* 


It follows that the inductor current in the equi- 
valent continuous system (5) ce.(UC4 XO bt. A -t/lUC, 
ipace VAA^ahte., since according to (6) it has lost its 
dynamic properties. Nevertheless, despite the zero con- 
Btralnta l(nT ) “ 0 and dl/dt(nT^) • 0 for n " 0,1,..., 
a line voltage perturbation v (as seen in Fig. 5b) doei 
cause a perturbation of the iXatoncaneoua Inductor cur- 
rant (ahown in dotted lines on Fig. 5b) from its steady- 
state waveform (heavy line in Fig. 5b), which in turn 
results in a corresponding perturbation v of the output 
staady-BCate voltage. Nota that there is alao pertur- 
bation of the average inductor current i (defined in Fig. 

,5b for Interval (d, + dy)'^. when inatantanaous Inductor 
currant l(t) is dilferent from zero) from its steady- 
atate average current X. Thla la in sharp contrast to 
the situation in the continuous conduction axide where the 
average inductor currant doid not chAttgi under any small- 
signal perturbation, but rather initial and final con- 
dltlone 1(0) and 1(T ) change accordingly to acconsodate 
parturbatlon. Hata,"i(0) and 1(T ) are fixed at zero, 
and tha average inductor current la the quantity which 
reflacts the effect of introduced perturbation. 

Since the objective In modelling the dynamic per- 
formance of the converter is faithfully to represent 
departure from the ateady-state, we introduce the average 
inductor current as a aubatltute for the "loat" state- 
variable (the Instantaneous inductor current) . But, 
rather than change the symbol, we assign to the same 
designation 1 this new meaning. Then from Fig. 5b we 
obtain 

1 . 


We now consider first tha simplest possible case, 
determination of the baaic dc conditions in the steady 
state regime. In the steady state all quantities become 
dc quantities and are denoted by capital letters , that 
ia, d, - D, - ». d “ D,, d. - D , V - V , x - X. The 
average inductor current i Becomes tne iXXAaiJ AtttlC _ 
average Inductor current I (aea Fig. 5b, for example) and 
the steady-Btate vector X ■(!; V ...). Since then 
dX/dt = 0, the atate-apace equation (8) reduces to thf/ 
linear algebraic ayatem 


AX + 


bV - 0 
8 


where 


D3A1 + 


b ■ D^bj^ + 




D^b^ 


+ D3A3 


( 11 ) 


( 12 ) 


+ °3‘>3 


while the firet constraint (9) la 
and tha second constraint becomes 


automatically satisfied 


I - i(V 


V, Dj, L, T 


.) 


(13) 


i(v 


8’ 


d, L, r) 


(7) 


and designate it peJUuAbAtioti equation 1, for reasona 
which will become apparent later. Naturally, the other 
constraint (6) for this average Inductor current 1 ia 
malncalned (aa seen alao from Fig. 5b) and we finally 
obtain the basic state-space averaged model for discon- 
tinuous conduction ax>de: 


it is now Intereatlng to compare cheae results for 
dc conditions (11), (12) and (13) with those for the con- 
tinuous conduction mods [2]. For easier correlation of 
thaat results, the notation d, d and “ D henceforth 
will be used Interchangeably. The steady state vector 
X la the solution of the linear ayatem (11) aa it Was 
before In [2]. Hence storage elements (L's and C's) ate 
proportionality constants in the linear syatem (11) and 
it appears as though solution X of '(11) is independent 
of them and dependent on dc duty ratios and reals tancea 
in tha original model. However, Since D. +• D- + D3 = 1 
or D_ - 1 - (DiD,) from (11) and (12) it follSwa that the 
steady state vector X is now dependent on too duty ratios 
D (given) and D, (aa yet undetermined) as opposed to only 
D in [2], The additional constraint (13) which expresses 
the aveAoge. dtV.Ady itate. inductor current I in terms of 
circuit paraiaecer values can now be used together with 
(11) to Bolve for the unknown duty ratio D, , and hence to 
determine the length of the second interval DjT^. In 
general, then, D, ia dependent on circuit parameters (such 
as I. and T , for^example) and hence dc conditions are also 
aubatontlaily dependent on switching frequency f ^ and 
inductance L. This la in sharp contrast to the contin- 
uous conduction mode [2] , where dc conditions are depen- 
dent on duty ratio D and resiatancea only. 
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ewtesslmib (U) ana (13) COwptMy 

SrienRCh °i “a second Interv.l D^T^. which was unknown 
«c thii beginning of this analysis. 

We now umlertake to obtain the dyiWo nodel by per- 
turbation of the basic model (8-10). 

PcAtu-iljatton 

Suppose that the switch drive duty ratio d changes 
f on, rvcL to cycle, in addition to the line voltage 
vitiation, lienee, the general perturbation equations 


l)i,?iajntc (ar. itgiu.tl 

i - Ai+bO +dC(Aj^-A3)X+(bj^-b3)V^]+d2[(A2-A3)X+(b2-b3)Vg] 
* ( 22 ) 


subject to constraints 
0 


ii 

dt 

. n I A 31 * , Si j 

V +-f^v + -rr<i 

^ ’dv '*8 Sv 3'' 

8 


(-3) 

(2A) 


D + d 


82 “ O2 ^2' 


83 - O3 + 83, 


V* - V + V , X - X + X, 
g 8 8 


and 1 “ I + t 


(14) 


introduced into the basic-state space averaged model 
given by (8), (9). result in 

i . [(l>+-d)A3^ + (D2+d2>A2 + (03-8-82) A3] (X+x) + 

+ [(m-d)b3 + (D2+d)b2 + <D3-d-82>*>3l<Vg+Vj^) 

with additional constraints 

di n 


(15) 


dt 

1 + 1 - i(V +« . V+v, I>+-d, L, Tg) 

8 8 


(16) 

(17) 


V.- + d + d H 1, when perturbed by (14), we got 

STd'. 0 Ca V 0;. ^3 -i 1 or. Since also 0 . I>2 . 

D - 1, we finally arrive at 

^ (18) 


dj “ - (d+dj) 


which was then used in (15) . 

The perturbed model given by (15). 

1. „„SLr.r »lns w .1.. 

order terms. 

L^itaxizcLaon md 

loA. dlicontinuoai conduciUon mode 

We now make the small-signal approximation, 
that Se Ilp^tures from the steady-state values are small 
co^pa^d to^he steady-state values themselves: 


where A and b are as given before by (12) • 

From (24) it also becomes obvious why 

olnallv called "perturbation equation I. ,,r,n- 

ginally caiifo p t introduction of con- 

inlo (22) reduces the first dynasde equa- 

and circuit parameters. 

The dynamic state-space equation 

f23) became a static one, can now be designate p 

(23) , became a sc u* , determine the 

bation equation li, since ic uuiH Tn»,.ther with 

other unknown perturbation quantity ^2 ' 

(24) this uniquely defines the line transfer i“"Uuion 

f(sU M bx,dulation transfer 

v(n') /dfa) • However, owing to the preeenct. o.. 

(23) and (2A) no closed-form expression io availa 
2e^fa^sfer functions, unlike the case for the con tin- , 
uous conduction mode. 

■1 .1 section with illustration of these 

We conclude this section wee 

general detail and some 

small-siBuaT. models ar of the boost converter 

unique insights into are obtained. Do 

in the discontinuous =°"‘‘“^"^°™\irboundary of the 

:rsr.rSp?»o»”‘ .hop.us.« 

Kxdmp^a.- -idzal booU pmeJL Aiage Xn dt4 
eortdaotion mode. 

... Jnr. 

of operation are shown in Fig. ?• 


(19) 


^ « 1. D 4 ^ ^ 

8 

Usina approximations (19) we neglect all second (or 
higherfl^rdirrelms. and obtain once again 

i“S= ho p«.. ^ 

rating t ^^mu-clons (15) and constraints (16) and 

both state-space equations (lb) “ ^ final 

(17) we arrive at the following results to 
scste-space averaged model. 


a) Interval 

dTs 



L 


V 

1 


1 

— 1 

''1! 


J 

Le i 




□ 



Fin 6 T(iA£C. diuitc/ic.d in’x(wo.^fii .the. idcat faooit 
cononAteA oi Fi.g. 1 operating in the. duton 
■tuuioui conduction mode.. 


For the choice of state-space vector x = (i v) , 
the state-space equations of the three linear switched 
networks in Fig. 6 become: 


SUadij itate Idcl mode£: 


X " -A~^bV 


Subject to constraint 


1 - i(Vg, V. D. L, Tg) 


( 20 ) 


( 21 ) 


i - A^lf + b^Vg 
X - A2^ + b2Vg 

; - A3X + b3Vg 

where 




for interval dT 


for interval 82T2 
for interval d3T^ 


^.1 


( 25 ) 


\-[i ° 


* 

0 

f 


0 * 
0 

^2 “ 


"^3“ 



1 1 


1 

J 

c ~ SC 


~ RC, 




(26 

T 



IT 

‘> 2 - 

i “1 

^ 3 “ 

1 

0 
. 0 


In addition to this, perturbation equation I (7) Is needed. 
However, it can easily be fouiid from Fig. 6 a as 

i V 

i - ^ - i(v . d. L. T ) f ■)7\ 

Z\i s 


i(Vg, d, L, T^) 


The same result could have been concluded also from Fig. 5b, 
which actually represents instantaneous Inductor current 
for the boost converter (or buck-boost converter since 
both have the same slope during Interval dtj. 

Equations (26) and (27) contain now all that is needed 
to determine both dc and ac small-signal models by appli- 
cation of the general result, equations ( 20 ) through (24). 

We first analyze in greater depth the steady-state (dc) 
model . 


Ste.ady i.tcU^ Ida) model, analyih, 

By use of (26) in (20) the following linear algebraic 
system results 


0 (28) 


in which the quantities A, X and b are clearly identified 
and obtained by use of their definition (12). The general 
remark made previously about the solution of this linear 
algebraic system (28) becomes clearly visible. Storage 
elements (L*s and C*s) are indeed proportionality con- 
stants, and the solution of (28) is 

V , ^ D 

V- - 1 + D, (29) 

g 2 


Hence, the dc- conditions depend only on duty ratios D 
and and resistance R. From (29) we conclude also that 
the boost converter has even in the discontinuous con- 
duction mode the boosting property (dc gain V/V - 1), 
since D, D, are by definition positive quantitils. How- 
ever, the dc conditions are not quite determined since 
is as yet unknown. But, by use of the additional 
constraint ( 21 ), as further specified in (27) as 
V DT 

1 “ (31) 

together with (29) and (30), dc conditions (and also D«) 
are aompleXely determined. For example, substitution ‘ 
of (31) into (30) results in 


V 


V 2L 
R DT V 
® 8 


where the Important diraenaionless quantity K is defined 

as 


K il ^ £ iil f /,ov 

RT R *s (^3) 

s 

This dimensionless parameter K plays a key role in the 
discontinuous conduction mode since it combines uniquely 
all the parameters responsible for such behavior. Ano- 
ther quantity which will frequently appear is the dc 
voltage gain V/V , so we define also another dimension- 
less parameter M*^as 

4 V 

M ~ (34) 

g 

Finally, by use of (32) and (34) in yet unused dc rela- 
tion (29), the quadratic equation for dc gain M is ob- 
tained 

- M - D^/K “ 0 (35) 

Since from (29) the dc gain M is positive, only the 
positive solution of (35) is meaningful and we obtain 


Finally, the substitution of (36) in (32) determines 
the previously unknown duty ratio Dj as 

1 t A V.2 


n , K 1 + 4 d"/K 

2 D 2 (27) 

Hence, we have succeeded in expressing, through (36) 
and (37), two Important quantities, the dc gain M and ‘ 
duty ratio D„, in terms of the driving condition (duty 
ratio D of the transistor switch), and the ilngZe. 
dimensionless quantity K which solely reflects the effect 
of ciicuit parameter values (L and R) and the other oper- 
ating condition, the switching frequency f , upon the 
dc conditions in the discontinuous conduction mode. If 
desired, the remaining dc quantity, the steady-state 
average Inductor current I, may be found in terms of 
D and K by use of (37) in (30). 

All these expressions (36), (37), and (30) are very 
useful in predicting the dc conditions when the switching 
converter is used alone, that is in an open-toop ^aikion 
since the duty ratio D is given (Independently generated) 
and the constant K may be calculated from element values 
with use of (33). However, if the converter is used In 
a closed-loop switching regulator the output dc voltage 
V is predetermined by the choice of the reference vol- 
tage and kept constant regardless of any variation of 
input dc voltage V , by appropriate self-adjustment 
of the dc duty ratio D (internally generated) in a 
negative feedback manner. Hence in doizd-Zoop opeAa- 
tLQK , D and D 2 become dependeni on the external dc gain 
M and the dimensionless parameter K. These dependences 
can easily be found from (36) and ( 37 ) to get, for 
closed- loop consideration: 

D >= /km(M- 1 ) ' / 30 s 


Hence, (36) and (37) conveniently determine dc quantities 
for open-loop considerations, while (38) and ( 39 ) are 
likewise useful for closed-loop considerations. 

It is now Interesting to compare the open-loop dc 
gain in the discontinuous conduction mode given by (36) 
with the corresponding dc gain in the continuous con- 
duction mode, which, for the Ideal boost converter is 

“ “ (40) 
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Iltfucu, Uia J.Ub« 1 (le gain (AO) i« dapaivdunt duty t’ittio 
1) ovUy and not on circuit paramatat-a (such aa L, K) or 
witching frequancy f , m aharp concraac to thla, the 
dc gain H in the dlaeontinuoua conduction wodo (36) la 
dopondanc alao on K In addition to P and hanco la a 
Htrong function of awitchlng freijuuviry £ , Inductunco I, 
and loud R. Navertlveiuaa , when the convortur ia uuud 
in thiu mode In a cloaod-loop fugulator, thu nuI i- 
correoting fouture o( tho duty rntlo I) would compenanio 
any poaaiblu changea ot load R or awitching fteqnoncy £ 
and utlll keep the output voltage relatively conatanti * 

Another qnuatlun naturally arlaua in coiupariaon o£ 
the two dc gainas when do we calculate dc gain fron one 
(36) or tho other formnla (AO), or, what ia the criterion 
to determine in wlilch of the two niodeB (contlnuoua or 
dia continuous) the converter la operating? The answer 
la provided eaaily with roforonco to Fig. 5, When the 
aeoond intarvel D„T ia smaller thdti interval (l-D)T . 
tho converter le operating in tho diacontinuous con-* 
duccion mode, and in contlnuoua mode othotwiao, so the 
crltaxioii biicouGs 


ca»i.ttmiouA coiuiueMoti worfe 


D:, » 1 


titiftOittuiUOUA CO)tJuc.tlpll llWito 


(U) 


(A2) 




from which 


K 


otic 


Du 


.2 


W) 

of (AA) since 

always pS^tllve Sga^dJesa rtvatln/L“‘ 

positive right-hand side of (AA), With this, the'ert- 
^ <:l>e operatiig 


contuuimus aonitiictimi moda K > k 
diiaon tinuotti tdnduction made. 


or it 


K s K 


‘crit 


dpwxdtVuj httoreen -Oro coiitiiation inotlcA 

K - K 


'crit 


(46) 

(47) 

(48) 


Where K. as given before by (33), ia a function of 

paramatcra t,. R, and f while R 1« a function of 
the duty ratio a only. >.i.Aon or 

fAfl^ We Jiow investigate liow these criteria, (A6) through 

10 facilitate this insight, K ia > , i , 

ot -UW „Uo » ,0 H,.*,/ k“ '“S “ 

crit' 


has a timxlmuui of 4/27 at a >- 1/3. 11\la now onablcB an 
important conclusion, about operating mode to be dvaw,), 
Nnuoly, if the paraneters U, R, and £ ate auch that the 
computed parameter K is greater than */27, expresaion (46) 
is satisfied AeiinAtifcAA of duty ratio 1), Uenco for 
K > 4/27 thu convertor (itiPayi opurutca in the coiu lniioua 
conduccion mode, nu matter what tho uporntlug uoiuU, on 
(duty ratio U) in. However, if piirnrouturs 1,, U, and 1 
are such that K '• 4/27 a, 0,15 the altuatiun bocomeu as** 
shuwn in Rig, 7a, Where the particular example ot K - 
0,08 < 0,15 ia chouen. Rot a certain range of duty ratio 
D, that is D . V 0 t ('•I* shown by the shaded area 
in Rig, 7a) , the condition (47) is satisfied and the con- 
verter operatea in the diimitimoui coiuiucOtCm mode, 
while for the remaining portions of tho operating range 
(0 < D < and D s D < 1.0) It again OpevaceS in 
the continuous conduction mode, since then inequality 
(46) holds. 

i)| open loop consid«rei(on bl closed loop considcraiinn 



fli-«i*^\h'^^f‘' “ quantltatlvu measure we find 

two modes of convertor operation, or 

hpimriivit/ 6d.a«cen ,tpo e.o>tduQ,tion niodei 

^2 " ^ “ (A3) 

critiLlka?^^ dotormlne the 

r— — — 

\vlt ^^crlt*^ ' “ *^crit 


7, piiCcAmttiatton x/ie opcAaOtaij mdc. (coiiCui* 
aouA OA. del coittthuma 1 ([oA .(iic 4dcM booi t 
conucAtiiA 0 ^ Fig. I. ’ 

This discussion has bean In terms of open-loop con- 
Siderstlons, when duty ratio 0 la given and externally 
controlled, However, as before for dc COndltlona, it is 
doalrnblo to liavo the boundary condition (AS) in terras 
of the dc gain M, which is a more suitable quantity for 
closed-loop considerations. tl,l» caiv easily be done 
since the dc gain M is co»tt<3mmu across the boundary 
(as seen by use of (A3) in (29) rodulting in (AO)), and 
thus subjititueion D - (M-l)/M in (?»5) gives 

M-1 

crit " „3 (49) 

N 


K 


■nue function K ^.(M) is plotted in Rig, 7b, and a 
*^.» **■ applies, However, now the roaximvuii 

^Ctlt ■ ^ 4/27 is obtained for gain M - 1.5, 

As betbre, for K s 4/27, the converter is in the dls- 
contlnuDua conduction mode, but noW for dc gain H iiv 
tl»e range ^ M e M «, ahown by tho shaded .area 
in Ug. 7b, YhiS reveals a potentially serious problem 
if the boost regulator Were designed (and compona.ntad) 
to opurate in the discontinuous conduction mode only. 
Namely, during the initial turn-on process, the out- 
put voltage uturts from zero, and the converter would 
through the continuous conduction region 
jWA,C (for 1 < K < M i ), before Coming to the dia- 
contlnuouB conduction region (shaded area in Rig, 7b) , 
This would suggest possible stability problems, if tbe 
cloaed-loop were not C0m),enautad to assure 4.fnbfc 
operation in the continuous conduction mode as well. 

From the standpoint of the dc gaiiia (aa a fimction 
Ot duty ratio H) , the situation ccrruspondlng to chat 
Ot Fig, 7 ia ahoun in Fig. 8 for some R < A/27. 

^ From the dc gains for both conduction nmdea shown 
. obvious that thu actuaf dc gain 

will follow .tlic .fdAgCA of the two gains. tUua the mode 
Of oporatlun will change accordingly ns the duty ratio 

f'2oae Vicinity of 

onnrAHne ^4 ^ ~ Converter Is iilways 

operating in the contlnuoua conduction mode. 'Chus, the 


5 P 3 lNXlt'R*eairw 

Of rooR quauty 
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^1 ““'‘■y ® liocltiouu onaf uinca k. fr.« 

Shlf iftM""?".® CooJucac, «,da and honcc nic apju- ' 
cuhla in the viciiiicy of and at gain N - 1 . ’ 



Cuii/cjiuoiw acmducMon mode 

R < K , 

«Ti C 

aonduation mde. 
crit 

boiuidaAy beduveH du'o modnA 

« - H 

erit 

U 880p>, f - 20kUi wa calculate ,R « 35. 2Q. l)y the 
Ban* argument «« before (eae Figa. 7"SSd 8, fo r exlS? 


(S3) 


(54) 


(55) 


R R 
4 nom 


exampias and rcLtad\uLtitative 

flcance of the dlaan.8ionlaaa pirL,SrT^\'“'^^''“ 

for the eat of paramoterB L - Ran u 

aOlcHt, we compute “- 21? /r - n ‘“‘d f - 

K - 0.16 > 4/27. Che converter 

paraaaterB alwaya operate in Iht l ! Of 

mode. However if, for examni« conduction 

is reduced to f - lOkHi chia* *''0 •“itching frequency 

should be expected (see VIbs 7 operation 

reduction of parameter k“o 1 ow 4?27 ^’''««^“fote, the 

cion. From the definition of K tranal-. 

and change to the discontinuous ^ ^ reduction 

qualitatively achieved bv h ‘^“"duction node is 

quency f^. There is also a fourth ’^'itching fre- 
continuous conduction mode and tLt ? dls- 

operating condition, the duty JuCiri/“ the 

-^t.uiiz.TZ'uZZ’y °isi 

of load R affects the opLnttor^dJ 

parameters L and f are usim’iiv T j’ t>'u 

•Choice may depend ?n the sice Lf eiScienr'“"“<“*'°““ 

mencs of the converter or reeula^r n require- 

the range of variation of duty ratio n ® 

of gain M, is a design requiSmen^ln a m “‘J'jfraiePtly 

implementation si„ce*the outjurvoltag V isH":". . 

constant against the range of variat?fn “sintalned 
V (hence range of M - V/V I hv iopuc volfage 

xiodback, The load R also^^Ln^) “otlon of negative 
change depending on chfler !!r “ «f 

nation of the converter deterai- 

changes of load R becomes imp or cLr*^\-hi"“' ***7“*'*' 

“f (^raJd 


(56) 

r M »f^®",«^rical example for R < 2380. When 

cOnd^eJSn ^de?"''"‘‘'‘‘" discontinuous 

TWs concludes the extensive dc analysis and ue now 
cuyu to the dynamic (ac sqwll-signal) modL analysis of 
thla ideal boost converter example, “‘HUJSis of 

Vijnmlc. (fift 4ir(ft££-A.tgtta£) moda amtijiii 

8®'‘«rul result to this idosl . 

^ suitable form by using the 

Hteady^atate average Inductor current I of (31) to get 

r dT„ V d 
i *" " r; ' — — 8-. T 

21 V D ^ 

8 

"!6rLd°'a«l"it»“‘S2?T“h' “"“Iptl"" 

«) .“b.i'''" '“"i' >■» 


(57) 


dynamic (ac small-signal) model 
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(58) 


a , 
crit 


R , -ill g 

crit M-l ‘‘nom 


(50) 
(SJ) 

(52) 

The criteria for doterminatinn .-b. 

(46) . (47). and (48), then icL“e ■soda. 


with additional constraints 


dc 


where R^^^ i« a design parameter defined by 


I ' I .. 

r\ + jd 


(59) 


(60) 


R ^ 2Lf 
noin Q 


this general eusulc, we can now for 

this specific example enter the conscrainta (59) and ffii 
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0 - - D,^v + (IH-D2 )v^ + Vgd + (Vg-V)d2 


C ^ - Dji - v/R + td^ 


(61) 


whera 


(62) 


_ M-1 

p ” »-l RC 


( 67 ) 


with addiClonal conBcralnc (60). tlocAi Uowcvot;, thac now 
chn flrat ncaclc equaclon (61) actually dctaitalnAB the 
Utlltnotvn aodulatlon quantity d^ (modulation of the ttecond 
interval d,X aa shown In Figf 5, for aaample) In terma 
of the other'^dc and uc quantlclea. In the remaining 
dynamic equation (62) • besides this modulation d^^which 
we can now express from (61), current modulation 1 also 
appears. Bqt, from the perturbation equation X (60) it 
is also determined ip terms_of the known ac quantities 
(forced andulatlons v and d) ■ In general, bot)i equa- 
tions^ (60) and (61) could have both modulation quanti- 
ties 1 and d^ for some arbitrary converter, Hut, they 

<(ra linear algebraic equations and could be solved for 
1 and do in terma of ocher ac quancities and then aub- 
BCltutod in Che remaining dynamic description (which could 
be, for some converter with more chon two storage elements 
higher than the first order model given by (62)). 

Another general feature, which la hidden in this 
model, is that (61) can be considered as a consequence 
of the equation 

(d+dj)v^ - djV (63) 

which after usual perturbation and linearization steps 
and subtraction of dc terras reduces to (61). Hence, 
in analogy to (57), equation (63) can now be designated 
perturbation equation XX. Uiu appearance of (63) in 
the modelling will become more apparent later in the 
hybrid modelling and circuit averaging tochniqups. Bpt 
In any case, the unknown modulation quantities 1 and d 
come as the solution of two linear algebraic equations^ 
which are essentially linearized versions of pettur- 
hatlon equations I and II, (57) and (63) reapoqtlvely. 


and 

“og-“- «» 

Aa seen from (66) both transfer fuiictions have a 
single pole u_ and no zeros. This is qualitacively com- 
pletely different dynamic behavior than in Che contin- 
uous conduction node Where two poles and even a right 
half-plane zero are obtained [2) (for the C . transfer 
function only). This in turn suggests easier compen- 
sation (even no compensation at all) and reduced sta- 
bility problems if the converter as a part of a swit- 
ching regulator is operating COtUliteAXltJ in the dis- 
continuous conduction mode. But, a potential danger 
exists there: any significant transient ch«iges (such 

as sudden change of input voltage or temporary substan- 
tial change of load R) could move the operating point 
to the continuous conduction region (see Fig, 8) and 
cause Inotabillty. Another problem is Inherent to the 
discontinuous conduction mode. Xn addition to the out- 
put current, now Che Input current becomes pulsating 
as well (as showii ’^T.g. 5) which Increases elect- 
romagnetic Interference problems, Hence, a decision 
on Che choice of operating oxide becomes a complex one, 
depending on the particular design requirements. To 
facilitate that decision, we now undertake the task of 
developing useful oiAcutt models of the switching con- 
verter operating In the discontinuous conduction mode. 


HYBRID MODELUNG IN DISCONTINUOUS COHDUCIlON MODE 


To complete the dynamic model description we simply 
substitute (60) and the solution of d, from (61) in (62) 
Co get ^ 



(64) 


Since this dynamic model has significance only for the 
closed-loop regulator, it is convenienc to express all 
dc quantities In terms of M, K, R and output voltage V, 
as was explained before in the dc analysis. Hence by 
use of (38), (39) and (30) We obtain 



2M-1 1 ' M 2M-1 

M-1 R ' M-1 R 


V + 

g 


2V 1 * 

T7T5^'^ 


(65) 


In (65) all proportionality constants would become Infi- 
nite and meaningless when M-1, However, it was ex- 
plained in the dc analysis that In the vicinity p£ and at 
gain M ■ 1, che boost convertor always operates In the 
ctilttoiuouA amdaction mode, hence a different dynamic 
model applies . 


We demonstrata In this aection how for any specific 
converter a useful CAJimU. modal of the basic state- 
space averaged model (8) can be found, appropriately 
modified by inclusion of the constraint (9), and sup- 
plemented by the additional constraint (10). In terms 
of the Flowchart of Fig. 4 we will proceed from block 
2a through 2c to arrive at the circuit model in block 2b. 
^gsln this is illustrated on the same ideal boost con- 
verter example as in the previous section. 

When the boost converter description (26) and (27) 

Is applied to (8), (9) and (10) the following basic 
state-space averaged model results: 
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with additional constraints 


Is is now easy to obtain from (65) two transfer 
functions of interest 


G - -iiSi . G 

V (a) og X + s/ui 
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G > lliii - C , ■— 

d(s) 1 9- sAo 
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( 66 ) 


dt 
i ■ 


“A 

2L 


(70) 

(71) 


It now becomes clear that Introduction of (70) into (69) 
reduces the first dynamic equation to perturbation equa- 
tion II as given before by . But, instead of Intro- 
ducing this substitution, lejt as first find the circuit 
realization of the State-space equations (69) as shown 
in Fig. 9. 
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aha constraint (70) loads, in the circuit model of 
Vig, 9, to effccClvo disappearance of the Inductance L, 
since V, " Ldl/dt “ 0. Tlie roaulting equality of the 
two voltage generators producea again the pcrtucbiitlon 
equation It given by (63). At the same time shorting 
of Che Induccimcc causes reduction of system order by 
one, and effectively a single pole transfer function 
result becomes apparent. 



Fig, 9. CLkcuU. Aaalization oi -the i-tcita-jpaci mdit 
(69), titWi coni tAiUK t l70l oXia Include cl. 

Let us now put the circuit of Fig. 9 into more 
elegant forst, by introducing a dc and ac transformer 
in plact> of the two dependent generators in Fig. 9. Also 
it is desirable to haye source voltage v effuotivcly 
at the Input of the converter, ratber thfin as some 
modified quantity as (d+d2)v in Fig. 9. However, this 
is easily accomplished by Inl^roduction of ai\othcr dc 
Wrd ac transformer at the input of the converter. In 
addition, die true Input current into the converter 
becomes properly exposed as seen in Che basic circuit- 
averaged model of Fig, 10, In addition Co the circuit 
model in Fig. 10 we need the remaining constraint (71) 
to complete the description of the converter in dis- 
continuous conduction mode (as also displayed in Fig. 10), 
As before, the circuit model and the additional pertur- 
bation equation are valid for both dc and ac conditions. 
Hence the two Cranaformers in Fig. 10 ace operating 
both ac Me and dc and Che appropciaCc symbol Is introduced. 



I : (df dj) da ; i 


Fig, 10, Btulc. ciActiU aveMgad model {oa iiia Ideal 
boat cottucAtcA I)\ iiie. diicontbiuoui co«- 
duc,tion mode.. 


A word about the new transformer symbol introduced 
in Fig. 10 is appropriate here. In the modelling of 
dc-Co-dc converters a need naturally acisas to have us 
a C-OiiviDucitt modelling tool special types of transfor- 
mers: a transformer which operates for both ac and dc 

signals, as for example chat in Fig. Itt, and also a Crans- 
foewr which only works ac dc (for which the need will 
arise later in Section 5,1), Even chough these trans- 
formers are not physically realitable they are, never- 
theless, useful in modelling the basic convertor function: 
dc-to-dc conversion. Hence, as an indicator of their 
specific functions, the symbols of Fig, 11 are Intro- 

a) dc and ec tpahsfoi‘m»r b)dc transformer clac irensformer 



Fig. 11. Dtilultion oi oaAlooi tfiatn^ome.A hipboth tued 
•ui fflodciXiiig mirtetung dc-to-dc. conocAteM, 


ducod. For consistency, the conventional, physically 
rcallcablc, uc transformer only, is plctorlnlly ropre- 
aented as in Fig, 11c, Later in Section 5,2, for si- 
milar purposes, the aumc overprint glyphs will be used 
with resiacm'.co symbols. 

Following the procedure outlined in this section 
one cast easily obtain the basic averaged circuit models 
of the three common power stages of Fig. 1, These 
models for discontinuous conduction mode arc summarized 
in Fig. 12. 



1 : d (d*d^l;l 


b| baosi power stage; 



i;[dtd2l djt I 


c) buck-boost power stage: - 

; l-Vadl/<2L 



I : d dg! I 


Fig, 11, SummaAij the. ijoltc ciAClUt auiyuiflild modelh 

loA tJiAce common paoeA A.tagc.4 I>\ dlicon-tinuous 
conduction mode. 


5 CIRCUIT AVERAGING IH DISCONTINUOUS CONDUCTION MODE 

In this section the alteniatlve path b in the Flow- 
chart of Fig. A is followed and the perturbation and 
linearization Steps corresponding to those in state- 
space averaging path a. are applied to the circuit model 
to arrive at the filial circuit averaged models, separ- 
ately for aceady-state (dc) and dynamic (ac) response. 

We continue with the same ideal boost converter 
example and hence use as a starting model the circuit 
model of Fig. 10. Even though that circuit model was 
obtained by following hybrid modelling, we emphasize 
also the other possibility. Namely, it could have been 
obtained directly by averaging the .tiiAee Moltchcd ctA- 
ciut models of Fig, 6 using the standard circuit aver- 
aging technique and supplementing it by the appropriate 
constraints (70) and (71). 

PeA.tuAba.tIon 

If the averaged circuit model of Fig, 10 is per- 
turbed together with its perturbation equation 1 ac- 
cording to 

''S “ V\* ^ dj, - D^+dj. V - V+0 

( 72 ) 
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the nouiieuar nodal o| Hij. H X’OSUlta. 


^.2 Uynanlc (n«i) clfcolt iaodol 



f'ig, 13, t^e.A.tuAbation .(/itt bai,ic. avc^agnU c,iACtiCt 
md&l ,tn Pig, JO Auutti 6i i/iiA nonUn&aA 
c,LxcuLt mdeX, 

LbuiaALiatLon 

With the snall-signel *8Bumptiou on pittuxbation. 
that !■ r . » 

d « D, d^ 1 « I, V « V, V V (73) 

B B 

the sacond-otdor tec«n In Vig. 13 can bo nogloctod md 
the linoarliod model of Pig. H obtained. 
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Aftov the acoady-atate (do) quantltlea are aub- 
critccod Icon the circuit model In Vig. 14 (and pOf 
curbacion equation aa well) the ac circuit model in Pig. 
16 la obtained. 


(n*Dflt.fd.d,41 


D£Vt5gV 



J 

ln»0jic^+(d'Cij)Vg 
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0 i,c 
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CC 1 


t-Id/D + lCvj/Vg 

F-tg, 16, 0{/H(Urtic (nc <iii«.£i-l.tgnaC|* QUciiit hiorieC ioA. 

.t/tc booi,t amwKtuK idtiit .(/jt coH4iAatM-t oti 
mdulatLon Z (ptAtuAba.tion dquatton I| no.C 
!/U inctMe.d xn Jt/ie oxAcu.it mdai. 

From Fig. 16 It is obvloua that the two dependent 
currant genera tora are funcclone of^^two yet undatur™ 
mined modulation quiintltlea d, and i, elnue the other 
quantitioe are oitber alraady'^doter’mlned from the de 
circuit model (auch aa i),, 1) or ace known driving 
quai\cltlea (aa D and d) . While the current modulation 
la already available through the linearised pertur- 
bation equation 1 (see Fig. 16) , the Other modulatiA' 
quantity d^ can eaaily be obtained from the Inalde loop 
of Fig. 16. Namely i alnce the two voltage generntoxs 
In Fig. 16 meat bo equal, wo get 


t+iwVgDTs/2L+ 13 /d ♦'Kij/'A) 


Fxg, 14, Uods.:t Fxg, ?3 .itiidttAtied .to xnciude da. a>id 
ttc imlt-iZgnat inodtCs, 

lha circuit model in Fig. 14 together with the 
dc and ac part of the perturbation equation I (alao 
ahoun in Fig. 14) completely detotralnoa both modela, 

At thla point, we continue to develop eeparately the 
two circuit modela -- the atoady-atate (dc) circuit model 
and the dyn.amic (ac amall-algnal) model, 

5.1 Steady-atate (dc) circuit model 

With all ac quantltlea aet to zero, the dc circuit 
model ia obtained directly from Fig, 14, and upon aub- 
stitution of dc dependant generutora by the dc trana- 
former aymbola, the circuit model In Fig. IS roaulta. 


(m-p )v + (d+d,)v„ 




(7A) 


Note that thie la the aamc equation aa the firet (static) 
equation (6l) of the atate-apace averaged model. Now 
it la aeay to see that (74) and (6l) came out actually 
aa a consequence of the perturbation and .linearisation 
acepa applied to the perturbation equation II (63) , since 
the voltage genoratora in Fig. 16 resulted from the 
perturbation and linearization of the voltage genor- 
atora in Fig, 9, wtilch have been showi\ to be equal for 
dlacontlnuous conduction mode (owing to di/dt " 0 con- 
atrutlnt) . 

Tlie equation (74) can now be aolved for the iwknown 
modulation 3, and, together with the perturbation equa- 
tion defining i, determines the two current generators 
in terms of the known modulutlou quantities as follows: 
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'' 1 , 

rV (76) 
S 


Pxg, 15, Pfiiat da aiKmiZ wdal toA tht bOoH mwtKteA 
XH .file diicoiUiiiuoui conrfaetwn worfe, 

this circuit model is also supplenmnted by the dc 
part c£ the perturbation equation 1, which is, of course, 
the same as (31), From the circuit model in Fig, .15 
the other two dc relations (29) and (30) are obtained. 
Hence the do eifcuit model leads to the Aiunc do con- 
ditions and Tosults diaeusaed ac length in Section 3.1 
on atate-apaec Bvarnglng, ' 

We now turn to the development of the dynamic (ac) 
circuit model. 


Since the converter dynamic model is usually used in 
closed-loop regulator applications, we conveniently ex- 
ptese all dc quantities in terms of M, K, R and output 
regulated voltage V (as explained before) to arrive at 
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2y M " 

i R d K(H- 
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(77) 


2V 


j _ w if- — . , 3 4 . M( 2 >l- 1 ) 1 A 
° R '/KH(H-iy M-1 R 


JL 1 " 

— -c- v (78) 
M-1 


use of (77) and (78) in the circuit model of 
Fig. 16, the circuit model in Fig. 1? is generated. 
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boost >”0dU oi the. 

ios. modataUon I 

Uqmt^ 0({ the LttLe^^‘^°^ iquaUon u 
^ictuded tn the aUcu^ modu!^^'^ 

«re purposely ''show'irdotteriln^B^t'* '"° h" 

fact that they are no ZongeA essenti/^ emphasize the 
formation provided by them ‘^*'e in- 
to find modulation d^ InrsubeM^ ! “«ed 

circuit model, xherlw elsewhere 1„ the 

the circuit modal. Flnallv “an now be omitted from 
ganerators in Fig. 17 which ’are the current 

t.gea .cross tha^as a?ieil«Lr°‘’;’“^""“" "“l- 

cult «,d.l of Fig. 18 obtained. 




topologies for the ^continuous" circuit model 

appropriate here. Wl,lle in thr^ 

“Ode the effect of duty ratio conduction 

through duty ratio depL^J “X expressed 

ators, here two duty ratio current genet- 

(one at the Input and the otho ent current generators 
appropriately Lco^t fSr bor^/' P°tt) 

perties (and output proolrtiea transfer pro- 

tinction and unlJIL L^re ' ^P^her'dls- 

Pls- 18 is the presence of nn elrcult model of 
are in general dependent on ™®^®‘^®nees only (which 
the gain M) , a characteristirn°r*^“*^^"® condition, 
Clnuous conduction mode T i" the con- 

qualitative differences the topological 

tlnuous conduction mode [l 2l nnrf models for con- 
duction mode (Flfi discontinuous con- 

In common: they ^otS^^n"^ aomethlng .very important 
circuit model which accurltel^*^re linearized 

transgr properties but 4u?an^ro”Srpro1erSs 

for tre\oL'5°L“veSr? 2 2Jller2°th ^^^u^trated 
converters of Fig. 1 and rLu?r« 

tabular forms (including th^boo8^''^‘"'^®®"‘'^‘^ various 
section 6 on a canonicL* c2c2t“de2“^^ 
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Also since r and i- 

Proprl.te symbol coL^te^ wlt^tW^^^''^^- '^‘'® '“P" 
Ideal transformer designation adopted for the 

is used In Fig. la. Th^ 2“"/ ® example) 

the dotted-llne box In Fig, 18 generators Inside 
syiabolB to emphMlze the fact thir 

»th„ 

SAi r- R. 

before, f (66), (67) and (68))“22 obtained 

An interesting observation * state-space averaging 
of the clrcuil modeI \2 Fig !In**b“ topologT*’ 

to arrive at these two trJefer f ! Namely: 

Sle^nts in the output port f ^‘“ctlons. only the 
used, without ana need fnr 89 ^ave been 

ever, the input Jort Sescrlptfe H ‘^®^c^iption. How- 
the determination of the “““datory if 

Sired, since it prop.rlj Ss 
properties (both open- Ind inportant input 

example), as will be lUustraLd"? i“pedances. 

Moreover, the output port mnsfi Section 7 . 2 . 

put properties through the denlna°” “ffect the in- 
gjv in Fig. 18. * dependent current generator 


~CONDUC'^m°^DE ^^ ms rONTINUOUS 

discontinuous ^co2uction circuit model for 

of Fig. 4 or Fig. 18) is obtalnp 2 f^ ^ Flowchart 

switching converters of Flc i an/^ru^^t conraon 

circuit topology, the reaufi^«^’ ^ fixed 

in the form of various tables summarized 

«c small-signal circuit 222. * 

vatlona Pre8ented"l2222n*3‘*i'’^the^^r2* 
for determination of the boundi!^ simple formulas 
ductlon modes may also L between the two con- 

booet converters! These res 2 f 
( 49 ) through ( 51 ) for the bo 22 Lr‘^°®°“® ®"d 

tabulated for all three com^n are again 

Tills then ultimately deter 2 ^ converters of Fig. 1. 
models (those of [2! or th^ *=‘’s circuit 

should be chosen f2 giv2 par^2“^°"" 5 . 2) 

atlng conditions of a^loser^r^ °P®>^- 

An Interesting plcto^rj regulator, 

this decision is given in facilitating 

Finally, both dc and ac trans<^., ^ 

axperiaentally verified on a are 

verter breadboard and excellent ^“‘=‘‘-*’°ost con- 
dlctlona is obeervpd . agreement with the pre- 

^f^the circuit model; fo2th2"d222in2\n2:us2l2c2L2" 

do and ac 82ll-sl2al'’2r2u'^2d ‘ 

“sinlng converters^f Fig 2 «~ 

clrcult averaged models In Flg! l2! from the basic 

Bad. ciucon^.aoa. co«d:at.on mod. 

geher:S2b22:22 s^ms^^S^a^t^ ® 

dc, circuit model of the booBt ^ ^ '®“' Namely, the 

have been obtained ^2.2220728“"^^ 

trom the unperturbed cir- 


342 




•to taking all quantitlea 

citancaVrb1'J;:„“^oV 

h*v« baen axpaccad, the cwf^daa irFia“\f 
gather with the additional expreeslons for rh« 

aodela rnn'iiu ... Attcr all, ac Bmall-alimal 

a". iitaX^'L "« 

.up.ai;bo.rt dl 

dc circuit nodal for i-k„ u , Therefore, the 

u-irK j r**7 ' buck converter la «a In Flo 19» 

with dc quantltlea d - D, d - i' ^ _ r .. 


Uuck-bOOi^ COnvCAtiiA ,cn :Clni dU COIlCUiUOUi 

conduction mode 

la oSr‘'i buck-boost converter 

le obtained directly from the circuit nodel in Fl> 12c 

dTOaIirr“l‘’“i'‘^°"/"‘‘ linearization of the model.' the ' 
dynamic (ac) circuit model In Vlg. 20 la obtained. 
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(•c) circuit model In Fig. 19 la obtllned. ^ ‘‘y«.aic 


^(,|i 


Ifo 


4=c IR 


Fig. 20, 


Dy ^Vg lD»Djlvt(5(3 ^)V jO+DalTf 


^9© i.m 3;, 


\ 


1 V 




^ J f' T ■'> 

Vmamic (ac imZt-.ii.gno.t} cUcuit modal loA 
•Ciii bucli-booil cotweJtteA In diicontinuoui 
conduc^on mode icith pa/utuAbation aquation I 
1 ioK .t) ikooin axpticLtluj. 


Jo SpC I R 


th» . equation I Is now the same as for 
3i wn In^Fir'^O^^^^ *"**d*^f! current generators 
tSe fouling element values for the buck-Lost convertei 


Ftg. 19. Vgnmic Ulc itmU-iZgnal] cUaUX midal (OA. tJia 
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The perturbation equation I la dlffar.>rr c l 
for the boost converter and la from that 
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•After perturbation and llnearitotlon of (81) we get 

(82) 

'!ZxUy "2 ^•‘>“'‘1 from 

by uae It f82l Seneratprs^ln Fig. 19, and 

C°2), the two ciU'X’eut Konex'itbors "In » to 
after expression of dc quantities 1^^^ of litlAl’ 
loop parameters M, K. k, and V, become «^l‘>‘»ed- 
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^aln the same circuit topology of Fig. 18 results but 

<87). However, theS’ls a 

jv . jtff ''' * ^1 * Therefore, there is no 

cult Mdel frin^th^ *"th 

loop input impedanca 1. Just “"“B^t^this”^^^ 

“rji buckibooat converter, since 

ilrxluTLZl “‘"'f ''hinh the energy trans- 
m.t indnntmice la present either solely in the in- 

S. SSjvifjTf “;•*>’ *" ‘J S.:- 

elfect on ft n ‘ represents a loading 

ettect on it. Hence the feedback action tlirouch cur- 

IZyarZZ^ 

A ^°r all three converters (buck, boost 

and buck-boost) are suramerized in the next section. 

Summary of the canonical circuit model results 

-jfftT three common converters 

In this section the results for both dc and dynamic 
(ac) canonical circuit models for buck, boost, and buck- 
boost converter are sumnaritad and, owing to the fixed 
cables*^ Copology, conveniently listed In several 

■i.w 5^*' polarity of the second transformer 

1.^ la Inverting for the buck-boost converter and 

«dfrnf\r “o?*"’* 1« Che dc circuit 

in the first three columns 

S.K remaining two columns tabulate the 

dc relations dcAtuerf from this circuit model. Note 
however, that this circuit model con be used to deter- 
^ne other dc quantities as well, such as the dc input 
durrent In terms of the defining parameters. ' 
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STEADY STATE (DC) CIRCUIT MODEL 


dynamic (AC SMALL SISNAL) CIRCUIT MODEL 
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them will operate In the dlotoncinuoua conduction mode 
for a portion of the duty ratio range. With this, and 
the firat column in Table II, the dc voltage gain aa a 
function of duty ratio can be ahoun aa in Fig. 23b for 
K < 4/27, while the correaponding reault for continuoua 
conduction node ia illuatrated for comparison p, .poaea 


in Fig. 23a for K > 1. 
a) continuous conduction 


where K la aa defined before K “ 2L/RT " 2Lf /R. 
Following the same procedure outlined in Section 3.1 for 
the boost converter example, the parametera “8 

R can easily be found for the other two converters 
^S^all resutla are shown tabulated in Table V. 


converter 

type 

opcivlrtop cOrtS*d> 2 ri.^Hor) 

(.lo^ed-loop coniai'lcretion 

Kcnt(D) 

Rent! 0 |Riioit 

Kcrit(Ml 

Rcril(M,Rnornl 

buck 

1 -D 

Rhom 

1-6" 

t-M 

Rnom 

l-M 

bnciit 

Dd-of 

Rnoin 

Dil-Dl’ 

MrJ 

m3 

mh 

buck- 
boo£ + 

11 -Df 

■■R.n.cny 

1 1 - or 

1 

(MHl® 

(M * l| Rnom 


TABLE V. 


Vetcunination .the boundafiy between the tuo 
conduction modei, exp/ieiied ^ox open-loop ai 
loell ai iox cloied-loop conix.defiotA.oM , 

In Table V nominal resistance 
meter defined by 


R is a design para- 
non 
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TA8LC VI . Sunvnufiy the pafiometex detefiminLny the 
xegion oi unconditional. continuoM conduction 
iox ^xee common conventexi oi fig. I. 

From Table VI it is obvious that when K. > 1 any of 
the three converters listed will oiwoi/A operate in the 
continuous conduction mode, and When K < 4/27 each of 


b] discontinuous 

1 K<tl27 

/y 


conduction 



It has already been demonstrated in Section 3.1 for 
the boost converter that parameter K can be chosen 
<K > 4/27), such that the converter is aXimji operating 
in the continuoua conduction mode regardless of the 
operating point, that is dc duty ratio D, ^ile the 
discontinuous conduction mode can occur only for K a/ It 
and Chen only for a portion of the dynamic range of duty 
ratio D. The same holds true for the other two conver- 
ters, and the following criteria can be set! 

a) when K > the converter is always in con- 
tinuous conduction mode regardless of D. 

b) when K < discontinuous conduction mode 
can occur ,^ut only for a limited range of 
duty ratio B. 

Parameter K. is actually the maximum cE Che duty 
ratio B dependent function of firat colum in Table V, 
and is for comparison purposes listed in Table VI. 


F.cq. 23. CompoAlion oi the dc volti^e gain cJiaxa^ex- 
iitici in the tu)o conduction modes 6ox tfie 
common conoextexs fig. I. 

In Fig. 23b heavy lines designate the region of 
actual discontinuous conduction operation, whereas 
dotted lines signify that Che continuous conduction 
mode cakes over and the dc gain characteristics beg n 
to follow those for the continuoua conduction node 
(see for comparison Fig. 8). From Fig. 23b it la also 
evident that in Che buck and the buck-booat converter, 
the transition between the two conduction modes occurs 
only once at higher duty ratio D, and not also at Che 
lower end as it does in the boost converter. There- 
fore during initial atart-up of the converter, when the 
duty ratio changes from aero to the value required by 
the steady-state gain M, the two converters (buck and 
buck-boost) can be designed to stay in the diacontlnuous 
conduction mode only, even in this transitional period. 

We now present another viewpoint, which in an inter- 
esting pictorial way and a unique frequency Interpretation, 
illuminates the determination of the converter operating 
mode and the basic small switching ripple requirement. 
Nanely, from Fig. 1 it is apparent that the three coBBon 
converters essentially consist of the single switch S 
positioned differently among the source voltage V^ and 
three elements. Inductance L, capacitance C, and load R. 
With only these three elements three different inherent 
frequencies can be defined regardless of the converter 
type. Two of them, 
are defined as 


and u , termed natural frequencies, 
c 


1 

2RC 


1 

/ic 


(92) 


However, yet another "inherent" frequency can be 
defined by these three elements as 

u) - — (93) 

“e 2L 

The dimensionless parameter K, which plays a crucial role 
in the determination of the conduction mode, can now be 
expreaaed as 

K - (94) 

“b 

Therefore, the position of this new frequency u with 
respect ot the switching frequency f^ determines the 
conduction mode. Hence for K > 1 ot «„ < f , each of 
the three converters will always be in **continuous con- 
duction mode regardless of D. On the other hand, 
u « f and bi « f are requirements for small switching 
rSpple.^ Tlie information contained in the position of 
these three "inherent" frequencies u , u and f with 
respect to the switching frequency f“ is^conclsely sum- 
24. The diagram in fig. 24, with the 


matized in Fig. 
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high switching ripple 

smcill Tipple 



vurter operates In the discontinuous conduction mode 
from D “ 0 until D = 1~®2 “ experimental 

dc gain characteristic is shown in this duty ratio range 
on i’ig. 25. 


J l_L 


IkHz 

t^c - 
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ft, frequency scale 


lOkHz 

lOOkHz 

.a 1 

discontinuous 

conduct ion 

continuous 


conduction 



F-cg. 24. FAequoici/ -ctUeApfLe-tation the. eondnation 

mode type and 6mti 6uxitdUng Kipple Kequ.iAemnt, 

help of definitions (92) and (93), displays In a con- 
vincing manner the interplay between conduction nede types, 
switching ripple requirement and choice of parameter 
values L, C, R, and f . For example, increase of load R 
can cause change to discontinuous conduction nx)de with- 
out deterioration in switching ripple. However, if in- 
ductance L or switching frequency is reduced, change to 
discontinuous conduction mode can occur, but at the 
price of higher switching ripple since separation be- 
tween and f^ is also reduced. One would have to in- 
crease capacitance C to remain at an acceptable switching 
ripple level. Thus the frequency diagram of Fig. 2A gives 
valuable insight, both qualitative and quantitative, 
into the basic relationshlpci inherent to switching con- 
verters. It is Interesting that from (92) and (93) a 
very simple relationship follows 



2/u 


a“0 


(95) 


F-cg. 25. Ve voltage gain meoMiAementi ^OA the buck-boot, t 
coiiveAtea In the dueontcnuoiu conduction mode. 

As seen in Fig. 25, the experimental points follow 
very closely the theoretical straight line characteristic. 
The experimental data, however, are slightly lower than 
the theoretical curve since the transistor saturation vol- 
tage and diode drop have not been accounted for in the 
theoretical model, although this could easily be accom- 
plished. The inductor current waveform was monitored, 
and confirmed discontinuous conduction operation for 
P e[0,0.72] while D measured was constant as predicted 
at D„ - 0.28. 


which may further facilitate quantitative analysis. 


Ac tAani^eA {^unction meaiuAementi 


6.4 Experimental verification of the transfer properties 

Both dc and ac transfer properties have been exper- 
imentally verified on a circuit breadboard of the buck- 
boost converter shown in Fig. 12c. Because of lack of 
space, only cursory experimental verification is included 
here. 


The buck-boost converter was chosen because of several 
unique features which clearly distinguish it form the 
other two converters, and which are easy to check. A 
.quick look at Table II, for example, reveals that it is 
the only converter whose second interval D„T is inde- 
pendent of the operating conditions (duty raiio D or 
gain M) , but rather is fixed determined by the parameter 
K only . 

likewise, a look at Table III shows that the ac 
resistance r„ is also independent of steady-state oper- 
ating condition (gain M) . Therefore, the single pole 
of the two transfer funcitons G and G , does not move 
with change of operating condit^fei (gain rl) as it does 
in Che ocher two converters. 

Finally, the open-loop, input impedance of the buck- 
boost converter is R. - R/M^ since there is no internal 
feedback (g^ ■ 0) . Hence the input impedance is purely 
resistive, which is not the case for the other two 
converters. 

The transfer properties have been verified on the 
test buck-boost converter with Che following switching 
components; transistor 2N2880 and diode TRW SVB ,100-6. 

Pc gain meaiuAementi, 

For the choice of element values L » 890pII, C - 12pF, 

R s 220n, f^ * lOkHz and V *• 6V we compute K ** 2Lf /R ■ 
0.81 and I >2 " •'Ic " 0.28. Therefore, the buck-boost^con- 


The duty ratio modulation d to output voltage v 
transfer function is now measured using the des- 
cribing function measurement technique [llj and results 
are shown in Fig. 26. 


Ill(db) 



Fig. 26. Experimental magnitude- ioeqaency ketponAe oi 
Gyj = v/ci tkani^ek. function ^oa buck-booAt 
convekten. In the dlicontinuoiu conduction mode. 


Tl»e element values used are the same as for the 
dc measurements, except that the inductance was in- 
creased four times to L - 3.5mH to reduce the superimposec 
switching ripple and to reduce the ringing effect in the 
°3^s ^“i®rval. Hence for L - 3.5mH, C » 12pF, R = 2200, 
f - lOkHz, V « 6V we calculate K - 1.62 and D„ = 0.56. 
The range of fiiscontlnuous conduction operatlon^is then 
reduced to D c [0,0.44]. The single pole of the transfer 
factions G and G^^ (see Table IV) becomes f = 1/rRC - 
120Hz, which is in excellent agreement with thi exper- 
imental data shown in Fig. 26. 
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Hie meaflureiu^nta vere repeatcii for aevoral operating incluaion of the canonical circuit model 

Voints in thn aiscontlnuoua conduction region, uamiily, for 22 ) and an appropriate model for Che modulator a Cage (96J 
D “ 0,1. 0.2, 0,3, and 0.4 hut the dingle pole at f , as switclilng regulator (Fig. 27) resulta in a corn- 

predicted, did not move. plete circuit model of a switching regulator In the a 

continuous conduction mode, as shown in Fig. 2o- 


The experimental measurements therefore have con- 
firmed the high degree of accuracy of the canonical cir- 
cuit nxidel (Fig. 22) for the discontinuous conduction 
mode of operation. 

Tlie question of input properties of switching 
converters and regulators, and particularly of open- 
and closed-loop input impedances, Itt thoroughly analyzed 
in the next section on modelling of a swltcl'ing mode 
KcgaicUoK in Che dinaUimoai CimduatfaH mode. 


7 MaPELLIMG OF SWITCHING REGULATOR IN 

DISCONTINUOUS CONDUCTION MODE 

This section demonstrates how the canonical circuit 
model for a switching converter operating in the discon- 
tinuous conduction mode can easily be Incorporated into 
the complete swltehing-roode regulator model, Consider 
now a switching-mode regulator as shown in Fig. 27, an 
illustrative example since the discussion applies to any 
converter. 




Etfl. 2S, Genc'iafi ac 4 iiia£t-i.tgna£ ciAoilt model Joa .die 

dtut-tc/iutg oi Fig. 25 opc'iating in ind 

diisontinuoiU) conduatcon mode. 

The generator symbol for Che current generators 
j.(s)d aJid j.j(s)d at the input and output ports, respec- 
tively, has Been changed from a circle to a square to 
emphasiie that in the closed-loop regulator they have 
become dcpciliietii generators (on output voltage variation 
V in particular). A closer look at the circuit model in 
Fig, 28 reveals some unique properties of this negative 
feedback circuit. Namely, it has been previously shown , 
in Section 3 that only the output pott^network (con- 
sisting of current generators g^v , resistances rj 

mid R and capacitance C) effectively takes part in deter- 
mination of the open-loop transfer functions G and G 
The immediate implication of this is that for iSecil ioSAce 
voltage v , the loop gain T is defined only with respect 
to the Quiput port as shown in Fig. 28 • Likewise, the 
output impedance Z and line transmission characteristic 
F (audio-8UBceptib?llty) become solely defined in terms 
of the output port elements, while the input port takes 
part only in determination of the input impedance 
Tliis is easily confirmed by analysis of the equivalent 
circuit in Fig. 28 , which leads to 


Tig. 27. 5tc(.tciung-niodc a&galxitoA 


7.1 Modulator stage modelling and co mplete reRuXator 

circuit model 

So far, we have obtained the canonical circuit model 
for the switching-mode converter. The next step in 
development of the regulator equivalent circuit is to 
obtain a model for the modulator. This is easily done 
by writing an expression for the esaential function of 
the modulator, which is to convert an (analog) control 
voltage V to the switch duty ratio D, Tills expression 
can be wrJtten D - V /V„ in whlcli, by definition, is 
the range of control^^slgnal required to sweep the duty 
ratio over its full range from 0 to 1. A small variation 
v superimposed upon V therefore produces a corresponding 
variation 3 “ v^/V in''D, which can be generalized to 
account for a nfinuniform frequency response as 


G^j(s)A(a)f^(s)/V„ 


Z (s) 
eo^ ^ 

1+T 

G (s) 
VS 
1+T 


(97) 

(98) 

(99) 
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T 

1+T 


.l!:vfi 
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l+T\r^ 



( 100 ) 


Tile first three expressions are rather obvious and 
are a consequence of the general resulta of linear feed- 
back theory. They also confirm that T, Z , and F are 
functions of the output port elements only, since the 
open-loop transfer functions G and G , are independent 
of input port elements. 


d 


i Cs) 


V 
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(96) 


in which f (0) «. 1. Thus, the control voltage to duty 
ratio BBiaiT-algnal ttatismiSBlon characteriatic of the 
modulator can be represented in general by the two 
parameters V and f (a), regardless of the detailed 
mechanism by which ¥iie modulation is achieved. 


It should be noted, however, that this peculiar 
dependence of soma feedback quantities T, Z , and F on 
output port elements only, is a quite ApaciRt case, 
which is a consequence of the ideal iouA.ee voltage v . 
If the source voltage had an internal impedance, or §n 
input filtei were included in front of the converter, 
even the open-loop transfer functions G and G , would 
become depejideilt on ofi;. circuit elements? the feedback 
quantities even more so, and this Special feature would 
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dlBiippear, ThlB once again demonatratea how powerful 
these converter equivalent circuit models are, since any 
of such additional effects can be dUiZCUy included in 
the circuit model of Fig. 28. owing to its c.ompZ<U^ 
clAcatt representation of the converter properties. 

We now investigate in more detail the important 
input properties of the circuit model in Fig. iD. 


Again by using element definitions from Table III 
in (106) we get for citt three converters 
R /V \2 


R 


in 


M" 


V 


(107) 


7.2 


Input properties of switchinK reRulators In 
discontinuous conduction mode 


As seen in (100) the input impedance 1 


also 

dependent on the input quantities J., r^, and g^. In 
addition the input duty ratio dependent current gener- 
ator J Is now responsible for the negative input impe- 
dance at low frequencies. Indeed, if j, “ 0, and since 
at low frequencies T'+<», the input resistance R would 
appear to be positive, in obvious conflict with the 
actual physical requirement. 

Let us now verify this for the dlscgntlnuous con- 
duction mode, and consider first the limiting case of 
(100) for high loop gain T-h» (at low frequencies) 


( 101 ) 



which correctly predicts the open-loop low-frequency 
input resistance to be positive. 

From these results and the corresponding one for 
continuous conduction mode [l], it follows that the closed- 
loop low-frequency input resistance R, is given by (104) 
ACgaAti£eA4 of the conduction mode type and switching 
converter type (buck, boost, or buck-boost). The same is 
also true for the open-loop low-frequency input resis- 
tance Rj^^ given by (107). 

Hence, this section has confirmed that the canonical 
circuit model for discontinuous conduction mode (Fig. 28) 
properly models the regulator input properties (closed- 
loop input impedance) in much the same way as the canon- 
ical circuit model for continuous conduction mode [l,2] 
did, through the presence of duty ratio dependent cur- 
rent generators at the input of the converter model. 

The Immediate consequence of this is that the regulator 
circuit model (Fig. 28) is a coinpleXa circuit model which 
represents all essential properties; input, output and 
transfer properties. 


From the circuit model in Fig. 28 the converter open-loop 

transfer functions g and G . are easily found as 
va vd 


8 


CONCLUSIONS 


°vg ■ + sifF^lRT 

°vd “ J2^’^2ll^^l 4- sC(r, |1 r) 


( 102 ) 


By use of (102) in (101) we finally obtain the 
ctoie.d-ix)0p Incremental resistance R^ as 


Rl-- 


69 *“ 


(103) 


8 


Using now the definitions of element values j,, 

6 , «nd r, from Table III in (103), we obtain for ilZt 
tRr^e converters (buck, booBt and buck— boost) that 

R - - ^ - -( R 0-04) 

1 M 

From (103) it is also evident that despite the 
presence of the positive term, the negative term has pre- 
vailed, correctly predicting the negative closed-loop 
input resistance. 

Let us now consider the other extreme when the loop 
gain is very small, that is T-»-0 (or equivalently at high 
frequencies). Then, the input impedance approaches the 
open-loop input impedance obtained from (100) as 


in 


■ ®l“vg 


(105) 


The same result could be obtained directly from the open- 
loop converter model in Fig. 22. From (105) it seems as 
though Z, could be negative owing to this negative in- 
ternal effect of the current generator g.v in the model 
of Fig. 22. However, this is not true, since the low- 
frequency value of the open-loop input impedance R^^ 
becomes from (105) 

R, - ^ IT TT- (106) 


in 1 - g^rj.g 2 (c 2 l 


R) 


A general method for modelling a>UJ three-state 
switching converter operating in the discontinuous con- 
duction mode has been presented. The fundamental step 
Is In replacement of the state-space descriptions of the 
three switched networks (3) by their average (8) over the 
single period T , the same step as taken for any ordinary 
three-state converter. This is then supplemented by 
additional constraints (9) and (10) which properly 
account for the discontinuous conduction mode of operation. 

The subsequent perturbation and linearization steps 
are applied not only to the state-space or circuit 
averaged models but also to the constraints, which then 
provide the additional information needed to define com- 
pletely both dc and ac small-signal models. 

An extensive analysis of the dc conditions in the 
discontinuous conduction mode has been given, in Section 
3, which then enabled the definition of the boundary 
between the two operating modes for a specific boost con- 
verter example. An easily interpretable formula ((45) or 
(49)) led to simple criteria ((46), (47) and (48)) for 
determination of the converter mode of operation. 

. Analysis of the dynamic (ac small-signal) model 
confirmed the general modelling prediction - reduction 
of the system order by one. Thus, common converters of 
Fig, 1 showed a single-pole frequency response in the 
discontinuous conduction mode, as opposed to their two- 
pole response in the continuous conduction mode. 

Then, following the hybrid modelling path (Section 
4) and the circuit averaging path (Section 5) , a new 
circuit model (Fig. 18) with a rather unusual topo- 
logical structure is obtained for the boost converter, 
which provides a complete model for dynamic (ac small- 
signal) behavior. 

The canonical circuit model with the same topo- 
logy (Fig. 18), but with different element values. Is 
obtained in Section 6 for the other two converters of 
Fig. 1, and the results are conveniently summarized in 
various tables. Experimental verification of dc and ac 
transfer properties of a buck-boost converter in dis- 
continuous conduction mode are also provided. 
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FlusUy, the model of the awltching-mode A£.guIatoK 
operating in the diicvn-Uniwui conduction mode la ob- 
tained In Section 7, and important Input propertlea 
(both open- and cloaed-loop) are thoroughly analyzed. 

The outlined method la general and diJiCcttif appli- 
cable to Invaatlgatlon of the dlacontlnuoua conduction 
node In more conplex avitchlng converter atructurea, 
aueh aa thoaa daacrlbed In [l2,13]. Involving apra than 
a alngla Inductor. 


tl2] Slobodan Cuk and R. I). Mlddlabrook, "A Hew Optimum 
Topology Switching Dc-to-Dc Converter," IEEE Power 
Eleetronlca Speclallata Conference, Palo Alto, Calif. , 
June 14-Ib, 1977. 

[13] Slobodan djk and R. ». Hlddlebrook, "Coupled- Inductor 
end Other Kxtenalona of a Mew Optimum Topology 
Switching Dc-to-Dc Converter, "IEEE Induatry Appll- 
caclona Society Annual Meeting, Loa Angelea, Calif., 
Oct. 2-6, 1977. 
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APPIEMDIX A 

STATE-SPACE AVERAGING STEP EXTENDED TO CONVERTERS WITH 
MULTISTRUCTURAl (THREE OR MORE) TOPOLOGICAL CHANCES 

We derive the state-space averaging atep for 
awltchlng convartera characterized by thACt structural 
changea within each switching period. Each topological 
structure can be described as before by linear state- 
space equations, hence 


• A,x, 

+ b.v 

for 

interval 


(0 - 1 ; 

1 1 

1 8 



1 s 


■ V 2 

Vg 

for 

Interval 


•(t, ^ t 

“ ^3*3 

^ Vg 

for 

interval 

«‘3^a- 

(t2 ^ t 


Tim boundary conditlona are now imposed. Since the 
state-space vector la continuous in transition from first 
to aecond and from aecond to third regions, 


Xj(ti) - Xj(t^) 
Xj(t2) - *2^^2^ 


(A. 2) 


Solution of (A.l) under the amall signal assumption for 
(where v^ * ^g '''' '^g^ yields 

A, t 

Xj^(t) - e ^ Xj(0) + VgBj^(t)bj^ for t e [0,t^j 

A«(t— t.) r T . 

X2(t) - e ^ Xj(tj^) + V^B2(t-t,)b2 for t e (A.: 

X3(t) - e*^^^ *^^X2(t2) + VgB3(t-t2)b3 for t e [t2.T^] 


where 

B, 


f At 

^(t) - J e ^ dT , i - 1,2,3 


(A. 4) 


Use of boundary conditions (A. 2) in (A. 3) gives 

,, , Ws Ws Ws 

• e e e x^(0)*r 

+ v^[e 3 2 2 ^ 


A d T 

+ e ^ ^ *®2^‘*2^8^*’2 ®3^'*3'^s^‘’3^ 

With introduction of the linear approximations 

(A. 6) 


A,d,T 

e' ^ ® V I + Aj^d^T^ , i - 1»2,3 
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Into (A. A) and (A. 5), and after retention of only firat- ■*! Sion.S^offl 

order terse (linear In T^), (A. 5) reduces to 

“ (I+‘>i*i+‘*2A2+d2A2)x^(0) + (^i*>i+d2b2+d^bj)v^ (A 

This leads to a single continuous linear system 


b) Si on ,82 on: 


, A “ d.A^ + d,A, + d,A, 

X - Ax + bv where * ^ ^ ' 

* b - d^b^ + d^b^ + d303 


(A. 8) 


It remains i finally, to characterize the state- 
space averaging step for the generalized switching con- 
verter with n structural chenges within each switching 
period, namely, one described by 

djT - t.-t._, 

X " A.x + b.v , * 1 " 1,2 (A. 9) 

* tt[t3_-i,t^] 



F-Lg, A. 2 VaJiioui 6uUXch&d nc^o/tiw the conventeA -in 
Ftg, A, la. 


for which the corresponding basic state-space averaged 
BKidel Is ^ 

A-^Vl 

X “ Ax + bv^ ,j n (A. 10) 

1-1 


As an Illustration of a switching converter with 
such oHiltlstructural change, consider the converter 
shown In Fig. A.la vdtose two switches and S„ are 
driven as specified In Fig. A. lb. The two switches 
end Sj are shown In their "on" position In Fig. A. la. 

It can easily be recognized that this converter Is 
actually a boost converter cascaded by a buck converter 
whose switches are driven synchronously but with dif- 
ferent duty ratios, d^^ and d^+d^ respectively. 


On the other hand if the converter is looked upon 
as consisting of cascaded boost and buck converters and 
each of them has been modelled separately as a "two-state" 
converter as In [2], and their models put together, the 
same result would have been obtained. 

However, for the discontinuous conduction mode, in 
addition to the state-space averaging step (A. 8) for 
"three-state" converters, other restrictions ((1) , (2)) 
are Imposed to reflect the limited behavior of inductor 
current (Fig. 2b) with fixed (zero) boundary values. 

But in any case, for either continuous conduction 
mode [2], or discontinuous conduction mode, the corre- 
sponding state-space averaging step is justified on the 
basis of the fundamental performance requirement for 
switching dc-to-dc converters of small (negligible) 
switching ripple, as follows: 

switching natural « switching fundamental 

ripple small frequencies frequency matrices 


<3) 





■ 1 

-L| 



b) switches 


dir 


r 


c) switches 

sj 


* “ — n 

— IclfdpTs ‘ 


off 


off 


r 

f 


^ linear state-space 

approximation^ averaging step 

This, together with proper inclusion of the inductor 
current discontinuity as additional constraints (1), (2), 
enable the extremely simple, powerful and accurate scheme 
for modelling and analysis of switching converters in 
dit continuous conduction mode to be established. 


Fig, A. I Suiitching convexteA exhibiting mittistxuctuxat 
change! a) boost convextex cascaded by a buck 
convextex; b) suiitch dxive ^ox "thxee-state" 
behavioxj c) suiitch dxive iox " ioux-state’’ 
behaviox. . 


However, If this converter Is looked upon as single 
system, the switching action of Fig. A. lb would produce 
periodic sequential change among three different struc- 
tures (shown In Fig. A.2b,c, and d) , while that of Fig. 
A.l.c would produce periodic sequential change among all 
four different switched networks of Fig. A. 2. In any 
case. It demonstrates the .feasibility of realization of 
a switching converter having three or more switched net- 
work configurations, even in the continuous conchiction 
mode of operation. 


350 



APPENDIX K 


DERIVATION OF DESCRIBING FUNCTION OF THE DIGITAL 
SIGNAL PROCESSOR IN A MULTIPLE-LOOP CONTROLLED SYSTEM 


Inherent in the multiple-loop digital signal processor (DSP), shown | 

in Figure 8 on page 38 of the text, is the triangular ramp at the integrator- 
amplifier output as a result of the rectangular inductor voltage at the 
integrator input. This ramp, when working in unison with the externally- ! 

generated threshold level, produces the necessary mechanism to effect the 
regulator duty-cycle control. 

One is therefore interested in how the duty cycle d(t) of the power 
switch is being effected by a sinusoidal disturbance at point B. The use 
of d(t) is more versatile than the voltage at point A, as the result is 
then applicable to all types of power-circuit configurations. In the case 
of the buck regulator shown in Figure 8, the voltage at point A is simply 
E.d(t) where E^ is the input voltage t, the regulator. 

The sinusoidal-disturbance propagation is protrayed in the figure 

included. The figure includes both circuit implementation and waveform 

propagation. The switching-frequency triangular ramp and the lower-frequency 

distrubance are designated by v^ and v^, respectively. The sum of v and 

Vy is compared to threshold level E^. Using a constant Tq^ duty-cyc^e 

control as an example, the intersection of (v^+v ) with Ej marks the i 

initiation of the T^j^ interval. The length of Tq^ is unperturbed by v , | 

as the DSP is configured for a constant T^^. After the programmed 1 J | 

interval elapses, the length of the subsequent off time is determined by 

the next intersection of (v^+v^) with E^. Following this pattern, the > 

duty-cycle signal d(t) is illustrated accordingly. 

Let the DSP input signal be: J 

(Vx+Vy) = A sin u)t j 

and let the DSP output, d(t), be expressed by its Fourier series as: 

d{t) = D + a^ sin wt + v^ cos wt ... 
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Then, by definition, 
becomes : 


the describing function of the pulse modulation 
. « 1/2 

^^1 ^1 ^ tan"^(b^/a.^) 

M “ A 


Once and b.^ can be determined, the gain/phase of the pulse modulation 
are obtained. 

Derivations for a^ and b^ are rather tedious tasks. Since the major 
objective of this appendix is the formulation of the physical mechanism 
through which d(t) is being effected by (v^^+Vy), the detailed mathematical 
derivations is not included. 

For the constant-T^j^ duty-cycle control, the describing function can 
be shown to be: 

T 9 n V2 

” SpT L ' ' 2 ' J 


where D is the steady-state duty cycle without the disturbance, Sp is the 
slope of the steady-state integrator output ramp during the off time, and 
u) is the angular velocity of the sinusoidal disturbance. Based on this 


describing function, 


the gain 


phase 


from point B to A clockwise in Figure 8 


becomes: 



^r 

^F^ON L 


u)T rt fc I 2 
1 + (^) 


] 


V2 




This value of K , when used in conjunction with eq, (150) on page 107 of 
the test, completely defines the open-loop transfer function of the mult- 
iple-loop control. 

A point of (Jarticular interest is that the gain of the digital signal 
processor stage increases with the frequency of the disturbance signal. 
Realizing the validity of the equation for Kp only holds for frequencies 
much lower than the switching frequency due to approximations made in its 
derivation, the equation for Kp has been indeed verified within the signal- 
frequency range from essentially dc to a decade above the corner frequency 
of the output filter. 
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ABSTRACT 


A power processing optimization methodolog,y 
is established to effectively conceive a design, 
to meet all requirement specifications and concur- 
rently optimize a given design quantity deemed 
particular desirable, Such a quantity can be the 
weight, efficiency, regulator response, or any 
other physical ly-realizable entity. Four design 
examples are given to demonstrate the methodology. 
The method of Lagrange multipliers is applied to 
three examples to acquire optimum solutions are not 
closed form. When closed-form solutions are not 
amendable in the other example, a nonlinear 
programming algorithm is used to conceive the 
optimum design numerically. Areas of future 
investigations are outlined to foster the power 
processing ootimization into its ultimate matur- 
ity. 


1. INTRODUCTION 

Partially due to the traditional supporting 
role it serves in relation to other seemingly 
more glamorous technology areas, and partially 
due to its am rapidly evolving nature, power 
processing technology has been hampered by a lack 
of rigorous design, modeling, and optimization 
techniques , As a result, empirical and intuitive 
reliances often intercede with the designer's 
desire to be "more scientific" and his commitment 
of being "on schedule". Handicapped by a general 
lack of established design, analysis , and opti- 
mization tools, the tendency has been for a 
designer to become competent in dealing with a 
certain particular circuit approach, rather than 
to be familiar with other available approaches 
and the optimization techniques which can be used 
to identify the optimum design for a given set of 
specification requirements. Such inadequacies 
invariably lead to penalties involving equipment 
weight, efficiency, or other performances. In 
view of the forthcoming needs for use of con- 
siderable higher level of power and the severe 
penalties that may be incur red in the absence 


of useful design and tradeoff tools, the need for 
establishing a design optimization methodology 
has become increasingly evident. 

To be specific, the utility of the design 
optimization is that it will not only pinpoint 
the detailed power processor design to meet given 
specifications, but also achieve the optimization 
with respect to a certain power-processor 
characteristic deemed particularly desirable by 
the designer. The characteristic can be the 
weight, the efficiency, or any other realizable’ 
entity of the power processor. While power 
processing as a technology has reached a level 
of sophistication where the analysis and optimi- 
zation of these characteristics should have been 
well established, a survey of existing literatures 
has proven the contrary. 

In the follaving sections, the power process- 
ing design optimization effort is first surveyed. 
The methodology entailed in this work is then 
described. Design optimization examples are 
provided to demonstrate the methodology. Starting 
with simple problems admitting closed-form optimum 
solutions.examples of ascending complexity are 
presented for which the use of nonlinear program- 
ming algorithms bocomes necessary in achieving 
numerically the intended optimization. Prior to 
the conclusion, areas of future investigations 
are briefly discussed to outline the ingredients 
needed to foster the power processing design 
optimization into its ultimate maturity. 


2, EXISTING POWER PROCESSING OPTIMIZATION 

Since power magnetics represent a major 
portion of the total power processor weight when- 
ever switching regulators and input/output filters 
are used, it is to be expected that optimization 
of magnetics design has received considerable 
attention. [1,2, 3] However, most of these studies 
assume the use of a certain conductor size for a 
given current(e.g. , 1000 circular mils per ampere) 
the design is reduced to the development of a 
search routine to select the optimum core con- 
figuration. Closed-form solutions for optimum 
core parameters are not derived. As a consequence 
weight-loss tradeoff is only possible through the 
parametric-data approach. [4] 


:356 ’This work was performed under Contract NAS3-19690, "Modeling and Analysis of Power Processing Systems, 
by TRW Systems, Redondo Beach, CA, for NASA Lewis Research Center. 



oitiQiNAa EKcai or 

or POOR oUiKCZDI 

magnetics design, optlnnzation 
study on power processors seenis to be quite rare 

circuit is concerned. 
attenpi,b have been made to accumulate the oara 
•etnc dala of functional design i,,p„{ «f?e?s 
inversion and rectification. oJtput f?UeS 
witimi a converter in order to identifi an ’ ^ 

dSe to\hI"l'aJk design. C 5 ] Primarily 

w 0 ^ pi^oper modeling for the indivi- 

dual functions as well as the inability to 
mathematically incorporate the interdependences 
failed® Mong the functions, the atteSpts have 

cJlJeni iJaS it the 

cunent inability of a power circuit desioner tn 

optimum converter switching frequency 
that will immiinze the converter loss (weight) for 
a given converter weight (loss). ^'veigncj tor 

When power and control circuits are combined 

s?ec 5 rs?aS'a^S'|]^ regulator, the regulatof 
^'laiinc performances add 
significantly to the complexity of desian ooti 
imzation far beyond that of the power c?rcuit ' 
alone. Although a coiiputer nonlinear progranininq 
technique was utilized to conceive tlirdlsiS 2 ? 
a hysteresis-controlled self-oscil latino reLT 
tor [ 6 ] practically all existing pSSe 
optimization has been confined to breadboard 

computer simulation. However 
ci^^u 1 ^ ^'^d coSti^l’ 

of regulator Performances' sSch^as'^stabS^ 

As the power processing modeling and analvcn'c 

trend'*fof tts full development, the 

tiend fot power processing optimization is likelv 

to open an area of most zealSus research ll is 
fo the promotion of this trend that the 

are >"<1 examples 


.UKi 


■'J-Uv. 


3 . POWER PROCESSING OPTIMIZATION METHODOLOGY 

■’’? formulated here to apply the 
opt achieving non-iterative 

s mpiy"s?S 333 tzii 

•J 

Heie, X- (^i ,Xg, ,. .x^)f is a n-dimensional 

circuit parameters to be de- 
ter mined. Examples of x include the values of 

deshi details of ^"d the 
tim Fi# ^ Of magnetic components includino 

winding turns. ' "omber of 

co,m,oJ 1 no^ledl?'o^^^ 


ftUAWSCi, 


Examples include copper resistivity, core and 
winding densities, core window fill factor, 

?a“pa“b”l,’??ar.“at 3 '“’'*^’ '="=''iv-stu,-aga 

The r’s are requirement specifications which 

Exaaplas 

f'PP'g “lapHtude. 

maximum weight, minimum efficiency, source EMI, 
etc These requirements are usually prescribed 
to the power processor designer by LLone pt'e- 
suniably knowledgeable in the entire power system. 

The function f{x,k) is the particular power 
processorcharacteristic to be optimized. 

Examples include the total weight, the total loss 

figure of merit of a ’ 

specific design, or any other preferrable desian 
quantity such as reliability and cost ^ 

Hod 9 j(^»k,r) = n represent a total of "i 

design constraii^ts relating x, k. and r Fo»' 

fmeJ^atterniati^'^® equations may relate the 
to the Ri f at a given frequency 

mav/ rdStn Pa(:ameter 5 , and a second equation 

outDurfiifov!^ amplitude to the LC 

a^id"the oil? S?verte^^’Jo?tl 5 ?s, 

sufficiently largeTo'al l^'af? ^' 4 qlll>elI^n?s^'r•' 
and all constants _"k" to find their w^f in?o 
governing the design of all circuit paraiieters "x“ 

Co sequent y solutions acjuired * ' 

fdf^klwm.id objective function 

iXjkJwould authentically portray a detailpd 
optimum design, down to the component level in 

and the ’ 

optimization objective specified. 


4 . 


METHODOLOGY IMPLEMENTATION 


. , f*'°'’Lf^O 'f’oregoing description, the kev tn 
implementing the methodology i*ests on sui table 
llsed^tfJS?^ o»; computer techniques that cS\e 
SnirrPh?] F’^s^^Haneous constraints and 
concuMently immnnze the objective function. 

DreseSpH'’fl!JpI" optimization examples to be 
H * ^ ^d later, the nature of the power Droce«;<;i'i>- 
design often leads to highly nonlinear conitraintl 

coded linear prograiiining techniques inappuSble. 

While the theory regarding nonlinear cor*:- 
gained optimization has been well developed onlv 

si^,,plistic na?l?e' can ? 

a? si.l L„ Problems 

sol'StiSns"'^ to^•del 1 t^ 4 ^the?? 

solutions one has to resort to computational means. 

MMiatj^^ Lagrange MultinliP.c 

aiJiendabie to generalization.optimizatton 


357 


theory in terms of Lagrange multipliers [11] pro- 
vides a practical ntethod in seeking an extremum 
for objective function f(x,k), subjecting to a 
total of "j" nonlinear constraints 

gj(x,k,r) « 0 , (1) 

where x is a n-dimensional vector. The method 
proceeds by first forming a function F, where 


clarify the meaning of the penalty function. A 
penalty function is one which, when added to the 
original objective function to form a penalized 
objective function, will detract from achieving a 
minimum objective when an associated constraint is 
violated, A particular useful penalty function 
used in the SUMT code is thus the quadratic form 
of g,j(x,k,r), which results in the formulation' of 
the -'following equation: 


F='f+?hjgj (2) 

Here, the h.’s are Lagrange multipliers independent 
of x’s . 


fp(x.k) = f(x,k) + 


j=l 


[QjCx.k.r}] 


f4) 


Next, for function F to have an extremum, the 
requirement is; 


iL 

3X, 


sf 

axT 


+ h. 


3g-[ 

1x7 


'^9,- 

.+ 


i = 1, 2, 



Between equations (1) and (3), there are a total 
of (j+n) equations, which can be used to solve 
the "n" unknown variables x, to x and the *'j" un- 
known multipliers h, to h., 

I 0 

Application of this method to simple power 
processing optimization problems occasionally 
yields closed-form solutions. Three such examples 
are given in Section 5. 

4 , 2 Nonlinear Programming Techniques Using 

Penalty FunctTohs' 

The key to nonlinear programnring is an 
algorithm that enables optimum numerical solutions 
to be reached, with fast convergence, from an 
initial guess of the solutions. Since the 
effectiveness of a given nonlinear programming 
technique is invariably affected by the global and 
local properties of a multi -dimensional problem to 
which the technique is applied, the unfortunate 
consequence is that there is no uniformly good 
method on which an algorithm can be based to 
handle satisfactorily most optimization problems. 

From the numerous existing methods of 
nonlinear programming, two popular ones iver-e 
selected to test their utilities in power processor 
optiini zatioPS: the method of reduced gradient [12] 
and the method of penalty functions [13]. The 
particular codes used to implement these two 
approaches are, respectively, the Generalized 
Reduced Gradient (GR6) and the Sequential Uncons- 
trained Minimization Technique (SUMT), [14,15] 

Based solely on our application experience to date, 
both codes handle simple power processing optimi- 
zation problems equallywelT, but the SUMT seems 
to have a distinct edge in achieving convergence 
for more complicated problems. Consequently, the 
SUMT Code, which is a notable member of the 
penalty function class of algorithms, is used in 
the demonstration examples shown in Section 6. 


Here, f(x,k) is the original objective function, 
f„(x,k) is tile penalized objective function, c is 
a^positive weighing coefficient when a minimum of 
f,^(x,k) is desired, and g,.(x,k,r} == 0 are the 
nonlinear equality constraints. Froineq.(4), it 
is apparent that f.he constrained minimum of f(x,k) 
subject to constraints g. = 0 is identical to 
unconstrained minimum or lim f (x,k), 

C-H« P 

The SUMT code thus accomodates the initial 
"c", the conditions under which "c" is to be 
increased, and the criterion of bypassing the 
increasing “c" when the minimization procedure 
has run its course, 

Before leaving for power circuit ootimi’zation 
examples, the following important considerations 
are stated: 

(1) Notice that the penalty-function method of 
seeking numerical solutions does not re- 
present an extension of the theory of 
Lagrange multipliers presented in Section 
4.1. Despite its sound theoretical back- 
ground, the Lagrange multipliers method is 
less attractive, in general, from the 
computational viewpoint, as the number of 
search parameters is increased by the 
number of Lagrange multipliers, 

(2) Since most SUMT subroutines are written in 
FORTRAN IV, the program can be run on any 
large computer with a Forti-an compiler. 
However, being primarily a research tool, 
tlie user generally needs to e.xperiment with 
SUMT in order to realize all its capabilities 
as well as its limitations, 

(3) Given a specific search algorithm, one can 
generally find an objective function and a 
set of constraints for which the given 
algoritiuu performs best. This characteris- 
tic makes it difficult to compare objectively 
the general merits of different algorithms. 
The fact that SUMT has provided a better 
performance than GRG in our application 

does in no way imply its overall superiority 
over other codes, The production of a 
technique applicable to solve efficiently 
all nonlinear programming problems is not 
in sight, at least not in the near future. 


S. DEMONSTRATION EXAMPLES 


At this juncturo, a note is in order to 


Four G.xamules of power processing optimization 
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are presented to demonstrate the methodology 
previously described. They are: 

(1) Optimum-weight core selection for an 

inductor, with winding size predetermined. 

3 (2) Optiimmi-v\/eight inductor design with a given 

loss constraint. 

(3) Optimum-loss inductor design with a given 
weight constraint. 

(4) Comparison of optimum-weight single-stage 
and two-stage input filter design with 
identical loss and other requirement 
constraints . 

The nature of the first three examples are such that 
they admit closed-form solutions based on the 
application of Lagrange multiplier method. The 
solutions of the other one, however, are acquired 
numerically through the use of the SUMT program. 

Befo>^ presenting the examples, it is con- 
venient to recall that f(x,k) is the objective 
function, and g.(x,k,r) = 0 are constraints. 

The k's represent all known constants needed for 
the design, the r’s are requirement specifications 
which the optimum design must meet, and the x’s 
are optimum circuit and component parameters to 
be determined. 

Example 1 Optimum-Height Inductor Core Selection 


Unknown Variables x’s '' 

A : Core cross-sectional area 
N : Number of turns 
Z : Mean length of core 
V : Permeability of core 

Constraint Equations g^'s 

All magnetic core flux capability is utilized: 

BgNA - Lip ^ 0 (5) 

All window area of the toroid core is occupied: 

(NA^/IIF^^)^^^- (Z/2II) + (>^/2) = 0 (6) 

In deriving eq.(6), a cot'e with a square cross- 
sectional area A is assumed so that the circum- 
ference of ttie core becomes 

Objective Function f(x,k) 

Let the total inductor weight be W, then, 

W = f(x,k) = conductor weight + core weight 



Quite often in actual inductor design, the 
designer wishes to identify a core to achieve a 
certain inductance and to accomodate all windings 
for which the conductor size of each turn has been 
p>'edetermined either intuitively or empirically. 

In this case, one is not interested in an optimum 
design strictly from a fixed-loss-minimum-weight 
or a fixed -weight-mini mum-1 OSS standpoint. All 
that is wanted is the selection of a core that is 
just right, i.e., it is neither too small nor too 
large for the application. 

In this design, the following parameters 
are needed: 

Known Constants k*s 

A : Predetermined cross-sectional area of 
one turn conductor 
Saturation flux density of the core 

D^: Conductor density 

Iron core density 

F ; Ratio of one turn condcutor average length 
’ to core circumference 

F : The proportion of core window area actually 
occupied by the conductor when the window 
is filled 

Given Requirements r*s. 

L t Inductance needed 

Ipi Peak current in the inductor winding 


Having identified the problem, it is recalled 
that the objective here is to find solutions for 
the X’s so that W of eq.(7) is minimized and at 
the same time eqs. (5) and (6) are satisfied. 

Unless othenvise specified, the use of international 
metric system units is assumed. 

Substituting x^ for /K, Xg for .'IT, and x^ for 
Z, eqs. (5) to (7) become, respectively, 

g^(x.k,r) = ° 

' n — X X 

g2(x,k,r) =y-|^X2 - + = Q (9) 

f(x,k) = 

Using the method of Lagrange multipliers described 
in Section 4.1, eq.{2) becomes: 

- h 2 [(A^/tfF^)°-S 2 -(x 3 / 2 .T) + (x^/2)] (11) 

As prescribed in eq.(3), partial differentiation 
of eq.(ll) with respect to gives; 

&F 2 9 

ax^ = ^'^cVc^'z -"^D.^Xg-eh^B^Xg (T2) 
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|^=D,.Xi2+(h2/2.) = 0 


(14) 


(S)- (9). (12). (13), and 
be solved ^'^knowns x^to x^ and h^ to hg can 

ti.,1 ^2 Irrelevant to the 

inductor design, Tne relevant ones are: 


A=xJ= (1/3)(LI A^/B5irF^)^/2s 


N=x^= 3(LIp^F^/A,B3)l/2 g-l 

Z=X3=(2.^ ^)(bIA/Bc’rF^)’'''^(S‘’/^ 5 


1/2 


p'V “s^' 


where 


12F F D , 
S=(l+- cji^jl/2 




(15) 

(16) 

(17) 

(18) 


From eqs.(15) to (18), the permeability and the 
weight of the inductor can be derived as: 






1 

.7 


(19) 


( 20 ) 


Equations (15) to (20) illustrate the particular 

j *'*’ ^ produce the minimum 

combined copper and iron weight of an inductor 
with inductance L, peak winding current I 
conductor cross-sectional area A , satura^’ 
tion flux density B winding *^factor F , pitch 
factor F , and specific densities D for ''' the 
conductor and D. for the core. In '"these equa- 
tions, A and Z 'are in square meters and meters 
respectively, W is in kilograms, and y is in 
Weber/Anpere-Turn-Meter. To convert u into 
Gauss/Oersted, eq.(19) is divided by a factor 
4ir X 10■^ 

_ To demonstrate the utility of these equations, 
the following constants are assumed for the 

molypermal loy-powder-core inductor: 

^c ~ ®s~ Weber/meter^, 

= 8900 kg/m^, and D.- 7800 kg/m^. 

Using these constants and making the necessary 
conversions to the more familiar engineering units 
then, with L expressed in microhenries, I in * 
amperes, and A in circular mils, ' P 
equations (15)'^to (20) become: 
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A = 2.8xlO-'^(LIpA^)’/2 
N = 103 (LIp/A^)^/2 
Z = 0,18(LIpA^)^/^ 

U = 6.1(Ip)'^'''^(L)-^/'^(A^)3/4 

W = 0.001 (LI A 

pc 


cm^ (21) 

turns (22) 

cm (23) 

Gauss/Oersted 

(24) 

grams, (25) 


Notice that once L, I , and A are known, the 
Inductor weight is determined'^from eq.(25) without 
the need for actually designing the inductor. 


Example 2 Optimum -Weight Inductor Design 

Subjecting to a Given Loss Cons t ra i nt 


This example deals with the design of an iron 
core inductor to be used in an input filter. The 
allowed loss for the inductor is given as a cons- 
traint. The inductor current is assumed to be 
essentially dc, thus producing negligible iron 
loss. The Insults obtained here are of consider- 
able practical significance; the results define 
in closed form the optimum -weight magnetics design 
parameters including core area, mean length, 
permeability, winding size, and number of turns 
once the loss in the inductor is given. Further- 
more, the optimum inductor weight for a given loss 
IS known directly without even designing the 
inductor. 


Known Constants k*s 

P : Power loss allowed in the inductor 

B^: Saturation flux density 

P : Resistivity of the conductor 

^c’ ^i’ ^c’ identical to Example 1 


Given Requirements r*s 

Ip^,: dc current in the inductor 
L : Inductance 

Unknown Variables x’s 


... 

A, N, Z, and y are identical to Example 1. 
Constrai nt Equations q.’s 

(5rajd"(6)^^^ and (27) are identical to eqs. 


IB3NA i LI,^ 


(26) 




In addition, the copper loss in the inductor is: 

P - (4Idc^PFcN*^/ A^) = 0. (28) 

Objective Function f(x,k) 

W=4FDANv^ + D.AZ (29) 

Substituting for , ^2 for >fr, X 2 for Z, and 
x^ for setting up function F of eq. (2), and 
differentiating F with respect to x^ X 2 , x^, and 
x^ yield the following seven equations: 


^s’^l^^Z^ ■ ‘-^dc " ° 

(30) 

/l/nF^ XgX^ - (Xg/Zir) + (x^/ 2 ) = 0 

(31) 

■ ^^^dc ^ ^c ^2 / ^4 ) ° 

(32) 

^''c®c^ 4 ^^ 2 ^ ^ ^D^.x^Xg - 2 h^B^X 2 ^x^ 

- (hg/Z) 


(33) 

®*^c^c^4 ^ 2^1 ‘ ^^l^s^ 2^1 ■ 


^®^3^dc ‘^^c^Z^l / ) = 0 

.(34) 

D.X ,2 + (hg/ZTF) = 0 

(35) 

®'c®cV2^1 ■ 

(36) 


Solving for A, N, Z, and A , it can be shown that 
the following closed-form solutions exist: 


A = 16(pD///B/^D.)^/^(S)-^/^(Id,V/P)2/53^j 

N = (l/16)(Tr^D.^/D^^B^p^F^,®)^/^(S)'^/®. 

(LP^/Idc^)^''^ (38) 

+ 4(pTrV^\/B^2D,0^^^(S)"^/^](Idj,\^/P)^^ 
A , 4 2 vl/5 

= TddcV/p)'/'’ 

V (40) 

where T represents the quantity in the bracket on 
the right-hand side of eq.(39), and S is: 

s = (OiFc/Dcf„)’''^+ t(D,F^/D^F„)t96F2]'/2 (4D 

From these equations, one can obtain: 

P > 16(DcBspFcADi)^^^(T)(S)“''/^(Idc^^ 

( 42 ) 
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W = C(Fr^D^D^p^F^/B®)^/^(S) 


.^sBeas' aiSwx 


+ 16(pfJd^d3/2/b2^)2/5(s)-4/5(j)](|_6j12/p3j1| 


(43) 


Several significant characteristics exposed by 
these equations are: 


(1) For a given core material, the minimum 
weight expressed in eq.(_43) can be calcu- 
lated directly from the inductance L, the 
dc current Id^,, and the loss limit P, with- 
out attending to the design details of the 


1 i i due to I ■ 


(2) For a given loss, the inductor weight is 
proportional to (Lldc)^^^, but is inversely 
proportional to p3/5. 


(3) The two terms in the bracket on the right- 
hand side of eq.(43) represent the conductor 
and core weight, respectively. Since they 
are both proportional to the same quantity 

(Id^^L®/P^)^^^, there is one, and only one, 


optimum weight design for a given loss. 
Varying the conductor-to-core proportion in 
an alternate design would only result in a 
heavier inductor. 


Using powder cores as an example, the following 
parameters can be assumed without losing much of 
the generality: 


W/m^ . = 8900 kg/m^ 

D. =7800 kg/m^, p = 1.724x10"® ohmmeter 


B, = 0.35 
s 


F, =1.9 


Fw= 0.42 


Substituting these parameters into eqs.(37) to 
(43) and making necessary unit conversions for 
engineering convenience, one has: 


A = 0. 00076 (id^L^/P) 


2/5 


N = 37.6(LP^/Id^®)^/® 
Z <0.2l(ldjL^/P)^/® 


cm 

turns 


cm 


\ = 2.68(ldJ\^/p'^)^''® 


U = 15.6(Id^L/P®)^/® 


cir. mils 
Gauss/Oersted 


W = 0.0022(IdJ^L®/P®)^/® grams 


(44) 

(45) 

(46) 

(47) 

(48) 

(49) 


In these equations, Id^. is in amperes, L is in 


microhenries, and P is in watts. 
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Example 3 notimum-Loss Inductor Design ^ 

Subjecting to a Given Wei ght Constraint 

In addition to the two constraints identical 
to eqs.(26) and (27) concerning the flux capability 
and the full window, a third constraint is that or 
weight W, where 

W D.AZ = 0, 

The objective function is the loss, 

P = 4Ij^oF^M^T / Ac. 

Performing similar manipulations as Example^, the 
following closed-form solutions can be obtained 
after rather laborious derivations. 


(52) 

(53) 


A = 

N = M^(l/Bg)(LIj^/W^^^} 

A =(B.F /25D.^it)(2M-5TrD.M"^)^(W^'^^/LIj^) (54) 

C S W I ' 

Z=(1/D/)[M^ -(S/40)(2M-5i7D.M‘^)^] (55) 

^ ' 1 

P=(25pF^D?ir/B^F^M)/ IGF^D^F^^ 'dc ' \ 

V" ~dTs i (57) 


(58) 


where 

M = (5ttD.^S/32F^D^F^)^^^ 

S = H(16F^D/yD.) ! /H(96F,D//U.) ; (59) 

Here, A and A^ are in meter^, Z is in meters ,y is 


in Weber/amp-turn-meter , P is in watts, W is in 
in 
2 


in weDer/amp-i.urn-Micvci , , •• •- 

kilograms, L is in henries, is in amperes, 


is in weber/meter^, and D. and are in kilograms 
per meter^. 

Notice the plus and minus sign in eq.(59). 

Only that which will produce positive Z,P, and y 
will be chosdn for S in eq.(59). Using the powder 
core for illustration with the following numerical 

inputs : ‘ - 

B - 0.35 Weber/m^ L = 225x10"® Henry 

o' =8900 kg/m^ W = 50x10"^ ^ kilogram 

o': = 7800 kg/m^ p = 1.724x10"® ohm-meter 

= ? F = 0.4 Ij =4 amperes, 

c 'ft dc 

the following simplified equations are obtained: 

A = 0.045 cm (60) 

N ^ 0.635 (LI^jj./W^^®) turns (61) 


Z = 1.617 W 
y = 7100 (W/IrfA) 


Me 


A^= 888l(W^/®/LIjj,) 


cm 

(62) 

Gauss/Oersted 

(63) 

Watts 

(64) 

cir. mils 

(65) 


Inequations (60) to (65), W, L, 
grams, microhenries, and amperes, respectively. 

Example 4 Comparison of Opt imum-Weight Inpitt 
Filter Design Using Singl e-Stage and 
Two- Stage Filters' 

In this example, the optimum-weight designs 
of two different input-filter configurations are 
compared to assess their relative lity. The 
first configuration is a conventional LC filter 
shown in Figure 1, where R is the winding resist- 
ance of L. The second configuration shown in 
Figure 2 is a two-stage filter [16], in which R1 
and R2 are the winding resistance of LI and L2, 

R3 is the lumped sum of ESR of Cl and a much 
higher external resistance added in series witn 
Cl, and C2 is a high-quality capacitor with 
negligible ESR. The advantage of the two-stage 
filter is that while a high efficiency can be 
maintained through the use of C2 in the second 
stage to handle most of the switching current, 
the resonant peaking of the entire filter is 
being controlled by the external resistance R3 in 
the first stage. During normal operations, the 
current in Cl is negligible. 




Switching 

Current 


-o 


Figure 1 A Single-Stage Filter 


o — n'Tl— /y/v/v — ^ 

u R1 ^ R2 ^ 


Figure 2 Two-Stage Filter 
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Known Constants k*s 


DRIGINAS PAGE tS 
QB EQQR QUAUTY 


JorL?uVa„‘d“7r°" 

K^: Capacitor ..eight per farad of capacitance 
? given voltage rating and case 

W®i'9ht of the capaci tore’s divided 
by the highest capacitance of that 
size to arrive at a value for K 

capacitance 

'^c2-Capacitor weight per farad of capacitance 

^c’ ^i* ^c’ ^w’ ^ identical to Exanple 

ind^m^'’® to the same for L, LI. 

Given Requirements r*«; 

^ ' ngur^l 1^">it for the filter of 

: Rponant peaking limit for 
the first stage filter of figure 2 
Bg : Resonant peaking limit for 

the second stage filter of Figure 2 
r : the switching current 

G . Attenuation required at frcquency F 
Jd,.: Oc current in the inductors 
P .- Power loss allowed 
The last four requirements are assumed 

eali-Jtfc cL'°'' facilUate a- 

realistic comparison. 

Unknown Va ri abl es x * s 

The variables for the filter of Figure l are: 
A.N.Z.A^.L.C.R 

(R » P/I,/) 

The «f’>hles for the filter of Figure 2 are: 
^2»'''2’^2 ’^c2’4’^2’^2v'^3 


(Rl + R2 = P/I^/) 

Constraint Eauatinnc q . »s 

five constraints exist for Figure 1: 

No Saturation: 

B.NA -LI. =0 / h 

s dc (66) 

Full Window: 

(NA^/"F^)V2 _ = 0 (67) 

Loss Limit: 

(4pF^N^A*/A^) . (P/l^J) = 0 
Resonant Peaking Limit: 


L - CB^R^ =0 
Required Attenuation: 

(1 - 4tt^F^LC)^ + 47r^F^R^C^ - G“^ 


(68) 

( 69 ) 
0 (70 ) 


Eight constraints exist for Figure 2: 

No Saturation For LI and L2: 

^s"l^-h^dc"0 (71) 

^s^2 ■ 4^dc " ° (72) 

Full Window For LI and L2: 
^f^lAciAFw)^/2_(2^^2TT)+(/ff^/2)=o (73) 

(N2A^2Af„)^'^^-(Z2/2n)+(/Sp'2)=o (74) 

Loss Limit: 

4pFc[(N^/ir[7Aci)+(.N2V?(J/A^2)J-(P/I^ = 0 

Resonant Peaking At First Stage Filter: 

L, 


1 + 




n cJ^ C, -ETC — J 


T - ^1 =° 


^1^3 


"1 hh 


(76) 


Resonant Peaking At Second Stage Filter* 

(Vh)-B2 = 0 

Required Attenuation: 


(77) 


4^4^)^-A__:T^rrr: 

^ (L,/C ,)'/2 C 7 <T;-) 


quencyf^ i-esonant fre- 


(78) 


= l/C27r(L,C,)^/2] 


ri 

Objective Functions f(x.k) 

The weight for the filter of Figure 1 is: 
W = 4FcDcA^N^ + D.AZ + K^G 


(79) 


(80) 


The weight for the filter of Figure 2 is: 

" '^^'^c(\l^l^+ A^2^2'^ 

+ 0i(A,Zi + A2Z2) + K^^C, + K^^C2 (81) 

+ Negligible weight for R3 

To obtain the optimum design for Fioure 1 nnti.'o 

hnown!'"F„Sr:5)e'^ eSc.aTto°L“f|f' ’=c‘^ *= 

identical to thdse if wheL a closed, 

form expression for optimum inductor weight is 
already available f„„ eq.(43V Cons“;i5«;| 
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minimum filter weight is derived without resorting 
to SUMT. Assuming the following: 

kg/m^ 
kg/m^ 

(6 db) 

Watts 
kg/Farad 

Then, it can be found from eqs,(69) and (70 ) that 


«s = 

0.35 

2 

Weber/m 


8900 


1.9 


°i = 

7800 

F., = 

0.42 


B = 

2 

w 

p = 

1.724x10'® 

ohmmeter 

G = 

0.002 

f = 

20 

kHz 

P - 

0.6 

'dc= 

3 

Amp 

■^c = 

372 


L = 23.7 wH C = 1335 pF 

Equation (49) thus gives 

W = 0.0022(IjJ^L®/P^)^^^ +Kj,C 

= 1.9 + 497 = 499 grams 


The overwhelming portion of the total weight is 
contributed by the capacitor. The large 
capacitance is needed to meet the prescribed 
resonant peaking B and power loss limit F. 

As for Figure 2, the closed-form solutions for 
L1,L2,C1,C2, etc,, are unattainable. The optimum 
filter weight must be obtained numerically from 
SUMT, Using the same constants given in Example 1 
and assuming 

K ^1 = 372 kg/Farad, and K ^2 " ^600 , kg/Farad 


for foil tantalum and polycarbonate capacitors 
respectively, the SUMT processing gives the 


Ml 

Ni = 
^1 = 

*-1 = 
"i = 
«i = 


0.70 

2 

cm 

A 2 = 0.138 

c. 

cm 

30 

turns 

N 2 = 51 

turns 

6.38 

cm 

Zg = 6.33 

cm 

2919 

cir. mils 

A 0 = 3257 

cir. mils 

309 

pH 

CO 

0 

II 

1 

► CSJ 

pH 

75 

pF 

C 2 = 20 

pF 

0.0237 

ohm 

R 2 = 0.0159 

ohm 

249 

Gauss/Oer. 

P 2 = 145 

Gauss/Oer. 

2.12 

ohm 

W = 171 

grams. 


Notice the smaller W of Figure 2 filter as com- 
pared with that of Figure 1, thus demonstrating 
the lighter optimum weight of the two-stage filter 
in relation to its single-stage counterpart when 
they are designed to meet identical peaking, 
attenuation, and efficiency requirements. The 
difference in weight will increase (decrease) with 
a lower (higher) allowance on either the resonant 
peaking or the power loss for a given attenuation 
requirement. 


6. FUTURE INVESTIGATIONS 

Through the demonstration examples, the 
objective of establishing a power processing 
optimization methodology is achieved. However, 
like any other emerging branch within the modeling 
and analysis of power processing, the optimization 
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application can only grow into a future state of 
maturity with constant enhancememt from efforts 
of research and development. Inminent future 
investigation should include, but not limit to, 
the following areas: 

(1) Without an accurate model for power compon- 
ent losses, the application of optimization 
principle to weight-loss study is of dubious 
value. Loss elements such as (A) core loss 
as a function of frequency, flux density, 
and excitation waveform, and (B) semicon- 
ductor switching losses as related to 
various magnetics -semi conductor hybrid 
circuits and energy recovery schemes, must 
be authentically depicted to achieve a 
meaningful optimization. 

(2) The four examples given in Section 5 con- 
tain only constraints which do not include 
requirements involving feedback control 
such as regulator stability, output imped- 
ance, and audio susceptibility. However, 
with the recent availability of switching- 
regulator models [7,8,9,10], the inclusion 
of these requirements as constraints for 
the design of a complete regulator system 
now -looms as the next vital step for 
power processing design optimization. 

(3) To effect power processing design optimiza- 
tion, the parallel devleopment of computer 
search methods applicable to broad classes 
of pov/er processing problems is desirable. 
However, since no single method can be 
expected to cope with all problems equally 
well, the development of dedicated computer 
programs for a given class of power process- 
ing optimization will likely become an area 
of highly specialized research. 


7, CONCLUSIONS 

A power processing optimization methodology 
is established to effectively conceive a design, 
which not only accomodates all requirement specifi- 
cations, but also optimizes a given design quantity 
deemed particularly desirable. Such a quantity can 
be cither weight, efficiency, regulator response, 
or any other physically realizable entity. 

As an initial demonstration of the optimiza- 
tion methodology, four design examples are 
presented. The method of Lagrange multipliers is 
applied to three examples to secure closed-form 
optimum solutions. These solutions prescribe an 
optimum-weight inductor design for a given loss 
constraint, and an optimum-loss inductor design for 
a given weight constraint. When closed-form 
solutions are not amendable in the other example, 
a nonlinear programming algorithm is used to 
■conceive the design numerically. 

Successful optimization effort eventually 
will achieve the following significant results: 

(1) there will be no need for heavy empirical 
reliances to perform the necessary design, (2) the 
penalties that may be incurred due to a sub- 
optimum design can be eliminated, which is 
particularly important in view of the forthcoming 


trend for use of considerable higher level of 
power, and (3) the optimization tool will, for the 
first timoj allow a power processing system 
designer to perform intelligently the tradeoff 
study of candidate systems and to define confi- 
dently the optimum requirement specifications for 
the various equipment within a given system. 

In perspective, one must realize that an 
optimization is generally associated with physical 
phenomena. Thus, the power processing optimization 
is of practical value only when there exists an 
accurate understanding of the physical, principles 
upon which the constraints and the problem 
solutions depend. As a consequence, knowledge of 
power processing circuit and device characteristics 
(such as core losses, regulator control model, 
semiconductor switching phenonienon, etc.,) is a 
pre^quisUe to a successful power processing 
optimization. Furthermore, since most optimiza- 
tion problems are sufficiently complicated to defy 
closed-form solutions, the successful adoption of 
existing or dedicated search algorithms to power 
processing design optimization is an essential 
parallel development. It is only through con- 
tinuous efforts in power processing irodeling and 
analysis and in computer nonlinear progranming can 
the design optimization be fostered into its 
future maturity. 
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appendix n 

PROGRAM LISTING OF SUM! PROCESSING FOR CONVERTER 
DESIGN OPTIMIZA.TION "^^VERTER 
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001^ 
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00160 C*= 

ODiro C* 
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enofile 6 

STOP 


End 
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CI5)=1 ./CI5r»0.01 ' 

CI6)=1./CI6I»0.01 
CI7):=1./ C(71*Q.01 

cr8)»i./cie)4o.bi - , 

CI9)»1,/CI9)40.01 
Cl 10l»l./Clt0)»0.0l 

ciii )»i./ciii)*6.oj ” 

Cl I2)*;1./C112I»0.0) 

C l_l_3 )*1«/CI13) *0 • 0 1 
CT'l4l^l./Cll4l»0.01 - 

CU5 l-l./CI 15 ) 

C( 161»l./Cll6l*0.0l 
T^ITTT^1./E(171 . • 

WKITE16,903SJ 

CONSTANT nultipliehs aRE») 

HISPLAYI61»CI 13 )«^Cil31 ,»CI15)=»,CC15) 

01 SPLAY 1 6 )»C 1 16 1 =» ,C 1 16 I ,*CI 17 1=?^ ,C 1 17 ) 

WH1TE|6,XIN) 
lST^lST+1 
CALL SUNTIIEK) 

IF I lER.EO.l IGO TO 20 
¥KITE(6,90001IS7 

Gu‘‘t0^3o"^“'^^ CONVEKGED to a SOLUTION FKO« STARTING POINT-, 13 
MR1TEI6.9010 IIST 


Cl 4) 
CIB) 


CO 

Or 


OJ 

CXt 

CD 



■T^PUKHAT(.6^«T did hot cW«ge tu ^ solution^.. 

t=^ FKUM ST6KTIH& HIJIHT».I3I 
C30 UHll^fb,WZVir/^illxI = l^‘^^> 

30 TX1 = X(1)'=X11) 

TX2=Xl2)’f*2 
TXX=X13 )»^Z, , „ 

“ TX4=X('f)--2 : 

TX3=X15)*’^2 

TX6=X(6)<f*2. . . ^ 

fx7=xil71’“2 
TX8=XC18)=i‘»2 

, TX9=XJ1?1*?2 . 

P* xIb)=X(7)/3. 

, K4=X(15)-SORTl/.(7)/Xt9n 

> AC1==».G15-5.* &2=»,G15.5) 

)”6zrTOKHATt*OAl=’G15.5.^ v.av 

3 WKITet6.902blTX5,TX6^X<7)rXlB^ L1=>?.G15 .5 ,* L2^^,G15.5! 

a 9026 FOKKATLiOiiZplli^’-^’-^lv/A 

Wfifnb,9ozTntyy,x(w).xny r^nzi ^^^^^^^^ ^^ z 2 =-,gi 6.5) 

u 902/ F0KrtATl^0Cl=*.G13.5,^ AAVVilb] 

O-Vi/ZS' P0KHATl«0Kl=*i6i5*5.’-^R2^^ = 

2 >J«”Et6,9001>TXT.IX8,TW,X^^ AC3=*= rGl5 . 5 , *= L3=*,G16.6 

A 9001 FOaMATl*OA3=*.G15.5t=i< 

rs HKlTEfbTV'JyZ R3=*,G15.5,^ 5=«,G16.5) 

IB 9002 FOKHAT<-0<'3 = ^>.G1-3i.6i 2i- i 

i.i WKIT£16.9003)XI23 1 .89. . .. 

if'WoS^'FO^^^ nc'^Mi^4?20 &D 

)8 9020 F0RMAT(»0‘rlNAL X VALUeS^d > 

5/» RIF=XM6»»Z'^lXy.3Lt'^ii^’~,,V7" 

yi_ ,j7~Ti2rnVxj<viS(CD2+C03)s=Xl25) 

<;§■ — pfSpiF+FO+FO+HOL 

32:fr-xuodX(9)-x(eiyxi7T^x(io 

:S fJ?co(I^Tixn6/.X.2..^2*X(1...21 


-yn^Hu" dL2=C012-X(8(>XM6/IX1'a1--2»X(5)*j2)^^ 

01686 UL3=C013-XM9*=X!20J/lXtl/)«2-XUrfJ— 21 

111 1 7-Xrtl4!Xt 2 )=>X( 3 t-x( II dX«6+X ( 1 ) / 2. 

mil-XM7=»Xl5)-X(6l-Xa21*XM6+XCA)/Z. 
^',7^6 0UA;m8ltr(19».X87-XK5*Xl22d0.5-X.X7, 

0X720 OISPLAyJGi-^ RX = *fX(d) 

-51730 inSVLAYibl’F H2 = =.XIX9) 

01731 UISFLAY(6d 0=*tX(16J 

0X732 OlSPLA/161? f1F=^.PIi- 

01733 01SPLAY161- FO=».PO 

01734 DISPLAY161- ‘’U=*,PD 

or/36 DtSPJ,AY(6.!r POL=*iPO(-__ 

*— OiSPLAYtbl^ PT (TUTALl -"^iPT 

01/40 0ISPLAYt61=^XHPUT PH-XeR lo’ 

01760 mSPLAYl6lYKATI0 OF L2 /l1». RATIO 

— oiT&a -Oi’SPLAYl 61» ATT.-»i ATT 

0U7O . 0ISPLAY(6)= OEU8X)=*iOLl 

nwao display I 6r oeL(B2)-*.S<-2 

"^rpT- '-rirSPLAYrOl? UELtBAl^-^rOLS 

fillEft D1SPLAY16)# 1)EL(AREAU=»>DL12 

“i mSPLAYtbl^ «£L(AKeA2)=^.ULlA 

%\ftiZ ~ -ItSPLAYfb)^ 0 ELIAKEa31==i-.OLI4 

OlBlU END 

;;;s sr£f4V4lS? 

"«i860 entry K50 

01870 R=3 

0188^ N=25. -- -■ 

"0X890 02-X4 

ijivou return 

019X0 _ ENTRY R60 , 

-01920" Oti 10 1=1 >N 

0X930 ’0 X!1J=XIIII 

01940 JRETUKN 

01950 " — ' EnTRY HBO 

01960 RETURN 

01470 ENTRY R601 

" 0T9l0 -return 

01990 ENTRY R801 




02000 KETUKH 

02010 ENTRY RUNCH . 

02020 RETURN 

02030 END . 

02040 SUBROUTINE RESTNT (II,VAL) 

020S0 C THIS SUBHO UTTnE E VALUATES THE O.F.: JE 1=0 

02060 C OK THE CONSTRAINT U IE II NOT EOUAL TO O 

02070 C0HH0N/5HAHE/X (100) ,061(100) ,A( 100, 100) ,H,M,MN,NP1,MM1 

02080 CUrtMOn/CONS/XKl .XH2.XH3,XMA.XM5 ,XH6 , XN7 , XM8 , XM9 , XHIO , XMll , 

" 02082 TXM127XMi3,)(Hi4,XM15,XM16,XM17,XM18,XMl9,XM20,XM21, 

02083 lCDl,CO2,C03,C04,CO5,CO6,dU7,Ca8,C09,Cai0,C011,C0l2,CD13, 

02090 lXiCl,XK2,XX3,XK4 _ 

' 02100 CUHMDN/C0NSTM/C(20) 

02110 EOUIYALENCE ( XX,X( 1 ) ) , I X2 , X ( 2 ) ) , ( X3 , X( 3 ) ) , (XA,X(A) ) , 

02120 UX6,X(5)] ,iX6,X(6) ).UI_tX(7)) ,(X8,X(B)).(X9,X(9)), 

02130 ■ ■ 2(X10,X( 10) ) , tXlliXC 11) ) , (Xr2,XU2 ) ) . (X13 ,X(13) ) 

02140 EQUIVALENCE I X14,X( 14 ) ) , (X15 ,X ( 15 ) < , ( X16 . X ( 16) ) , ( X17 ,X( 17 ) ) 

02142 1(X18,X118I ),(X19,XU_9) ),1X20,X(20J ;.(X21,X121) ), 

02144 2Tx22;xl2r)T, ( X"23 , X ( 23 )‘l ; ( X 24 , X ( 24 ) ) , ( X25 , X ( 25 ) ) 

02150 IT=1I+1 

02160 GO TD 11000,14,11 ,5,7,3 ,12, *^10 , 13, 15 ,1 , 2, 3, 4 ,6, 16, 17) , 1 1 

02170 1000 Y1=XM2= (XliR*2=XH+X4==2«X12+X17**2*X22) 

02180 Y2=XMl*{Xl*X2^»2=X3==2+X4=X5*X5=X6«X6-*-X17=X18*=2=Xl9^42) 

02190 Y3=XK2=X9 4XX3 *XlP-t-XK4fX21 

02230 ~ VAL=Y14y2+Y3 

02240 REIUKH 

02242 C EVAL.CUNSIK.l , 

02244 l~"''RIF=XM64»2=t'X13+X14) 

02246 R0=XH10+XM11»(C02+CCI3)=X25 

02243 RO=XH13+0,5=XMll^t.M8jJ.,JfC09+C07)»X25 

02^52 Rlj(_=!0 .b0224XH l4=X25=^0.5=rX22+XM9==>=24X23^X18^=2 

02260 VAL=i (X,M15“( l./CUlO-l. )-FIf-P0-RO)=X13442-HDL)-C(l) 

02262 C 01SPLAY(6)4 RIr==,PlE 

' ■"'"o 22'63 c ■ ~0ISPLAY(6)= PO==-,Pb 


02264 C DfSPL&rtS)- P0==*=,PU 

02265 C 01SPLAY(6)=)= POL=»,P01 

022TO ■ 'KEfURM 

ii 223 t, C SVAl.CfJNSi'R .2 

02290 2 V 41 =(/ 13 ‘i=X 3 == 2 -XP 34 Xl*X 24 - 42 ) 4 C« 2 ) 

02300 return 

02310 C EVAL .CDNSTR ,3 



0232*0 3 VAL=IX'14^X6»=2-XM3=X4»X5=»4-2 5»C(3) 

02330 return 

02340 C , E.VA!.^£0NS TH*4 

02350 4 Y1=X9-X10»( 1.+XM4) 

023 60 VAL=(l.+X15=X15>=X9»X9~C04*lX10»X10t-X15»X15»Yl»Yl) 

023 70 VAL=-VAL= CI 4) ; 

02380 RETURN 

02390 C EVAL.CONSTR.5 

02400 5 Yl=XN 4»X10 4X2 5=X25=X25-X10»X25=X25=yX164Xl5 . 

02420 ‘ Y3=Xl6»X9=Xl5=xi6*»Z 

02430 VAL=(Y1»X24-Y3)»C(5) 

02440 RETUR N 

02450 C EVAL.C0NSTR.6 

02460 6 VAL=(X7=X9=X16=XI6-XM5»XM5)=C(6) 

02470 RETURN „ _ 

02480 C EVAL.CONSfR.T 

02490 7 VAL=((X1=*X1=X2»X2)-X7*XN6/CD11)*CI7) 

02500 H ETURN 

02510 C" ~ EVAL.COHSTR.a 

02520 8 VAL=CX4^=X4=XS-X5-X7=XM4=XN6/C012)4C(8) 

02530 RJTURN , i - 

02540 C 6VAL.CDNSTR.9 

02550 9 VAL=-|XM7X=X2=X3-XM5=^Xll+XH3=Xl )»CI9) 

02 560 RETURN 

02570 C~ EVAL.CUN5TR.10 

02580 10 VAL=-lXM7aX5=X6-XM5»Xl24XM8“X4)4C(l0) 

0259 0 Ry^bRii __ - " - 

02600 C EVAL.CDHSTR.ll 

02610 11 VAL=IC05-X13-X14)»C(11) 

02620 _ RETURN _ 

■ “02 63 o' C EVAL.CrjNSTR.i2 

02640 12 VAL=(X17==24X16==2-(XH9a?:20)/COl3)4C(12) 

02641 return 

’326'43 "C EVAL.CUNSTH.li 

02644 13 VAL=-CX13=X19»XM7-XM5==X2240.5=Xl7)4t(13) 

02645 RETURN 

■*0'2646 £ 'EVAL.CUKSTR.14 

02647 14 VAL=(X10-l.O£-6iaC( 14) 

02649 return 

02651 C EVAL.C0NSrR.15 

02652 15 Yl=(l.-XH17)=£1 .+X«l9=XMie=X25==2) 


i 


o> 

cr> 

LD 


Co 

. 

o 


?-''AL.CUNSrK.16 • - 

0266? 

^I^l-C-— PMAL.CONSrtt.lT 

U^663 1 / V'l=X25»X23/200U./20d0. 

026*6 ^^”^"20*X20*X2S*X20»X25+XM21 

~'0266? '■ * ’*'f2^X20*X26*X2O^-X25)=;'C a7) 

02670 C KETUKN 

02 671 EisjD 

' m-IJ-n—r SUBROUTINE GKADKi I) 

. oil” ' SrtsjSL;;? 

02710 ■ ’C0MM0N/C0NVXm[^?m2'?m3‘xm?’Jm^ 

02720 lXM12.XNirXMl2 ims 

ol^§l - 

nUln COMMON/CONSTM/G(20) 

02774 1 1 x 21 X 21 ^ 2 ^^ \^’"^’’'‘'^’’’’‘*20.X(20^ 

027^ 1 (xL,X(25))’ ' ''^^’’‘‘^^”’‘^24,X(24)), 

02 /'BO rr=ii+i 

02 7 V 0 Ou 50 1 = 1,25 

D2B40 [^f,'-‘i' = ?'’l’X2*X2>?X3^X3^2.*X«2»Xl^XU 

O2B40 0EL(2)=2.4XNl¥Xl*X2^X3*X3 

0ELI3;=2;«XMI^=X1»X2»X2«X3 
0EL(4)=XM1^X5»X5»X6«X6+2.*XH24X4=X12 

02B7O DEU5) = 2.*XH1.X4»X5^X6^X6 

^^**00 ';EL(6)=2.»Xm1=?xa*X5»X5*X6 



028^0 0EL(4I=XK2 

02892 DEL(101=XK3 

02894 DELI 11 l=Xil2»Xl=»Xl 

02896 D£L(12»=XH2vX4*X4 

0290S 0f|-‘l'''=Z-*^«2*X17*X22+XMl*X18*.2«X19*«2 

Mu^n 0yr.‘lHI=2.»XMl*X17»X18*X19»*2 

02910 OELI 191=2. *XM1«X17»X18»»2*X19 

02913 0EL(211=XK4 

02920 _ UEL( 22 )=XN2>i'X17»»2 

02930 RETURN 

02940 C EVAL.GHAD.OF CONSTK.l 

- ^i7294|_ 1 _ YI = XM16*( 1 ,/COlO-l, ) 

02943 FIP=XM 6 ** 2 i(xi 3 -*-XlA) 

02944 FO=XMlot-XMlli‘(C02+CD3l*X25 

02l5^ ' - ;;^-:?t’13^0.5*XHll*(COB+3,*CQ9-^CO7)^X25 

02954 0 £ 1 _( 13 l=-XN64XM6*Xia»X18*C( 1 ) 

1^'**="^”6*XH6*X18»X1B*C(1) 

02969 0£U23l=-XH9.XH9^XlB*Xl8=fc(?,' ’ " ‘ ’ 

niov? ‘ 002+003 )+0.5»XMll4(COa+3.=»CD9+CO7) 

02980 ^ , EVAL.GKAO.UF CUNSTR .2 

02990 2 OELI l)=-XH3'fX25‘X2»L(2) 

03000 OEL( 2 I=-2. ’■XH3*Xl»X2=i=C ( 2 I 

. .PSOlJ^ J7EL ( 3 t =2.4X3*X13»C 1 2 ) 

03020 0'EL(13J=X3»X3*C(2) 

03030 KETUKN 

osOjAo c _ eval.gkad. of CONSTK.3 

03050 3 nEL(4l=-XM3‘?X5»X5»C(3) 

03060 OEL/b l=-2.«XM3-X4«X5»C(3 1 

03070 DEL( 6 )=2.»X64X14»C 13J 

03080 0EL(14»=X6*X6*C(3I 

03090 RETURN 

03100 C EVAL.GKAO.OF G0NSTR.4 - 

03110 4 Y1=X9-X104(1+Xm4I 

0^^4U 0ELUoT;!2:^CU:iix?i-x?5^^^ 

OM^oC [;|^^^13, = ,2..X15W-X9«2:C04^1ir^^^^ 





EVAL.&«*0.DF CDMSIK.5 
0tL(9)»-X15*XXi6»M6«2»CtSJ 
PELtI0)-<XM4»X25-Xlg»Xlfer*X25»'X24*X 25«tt 5? 
DEtll5»»-Xl4*<*l0**i5**2**24>*I6»*9*Xl6 )*C (51 
OEL( 16 1»-1<I5*<X10*X2A*X25**2+3.»*16»*9»X16 J*Cl 5 J 
oet( 2AJ»XX0*X25**2* tlW4»K25-Xl S»» 1 61 ( 5 1 

D£L(253*'X10»X24»X25»(3.»XJ(4*X25'-2.*X16^^X151*C15) 
fi-BWHH 

EVAL.6SA0.qF C0WSTX.6 

y 1**16* XI 6 
06Lm*M*yi»G£61 


06L( 161=2. *X7*XV»X16*C(6) 
KETUglf 

gVAL.GSAO.OF G0MSTH.7 

DtU'U-2.?!»l»XZ**2*Ct7J 

DEL(2l-*;*Xl**l**2*C(7i 

06L(7)»-X*6/C011*C{71 

KETOSN 

cVAL.&KAO.OF COHSTH.B 

Y1=2.*X4*X5 

»6t(4l*yi'**5*Ct8J 

DEL(5J-ri»X4*c(eJ 

DEL £ 7 1»--XH6*XH4/C012*C ( 3.5 

FETyS,‘< 

EVAL.6gA0.aF COKS-TK.V 
0£L<1)»-X«»*CC93 
D€ lT2)^X«7 *X3*C { 9 5 
0SU3 1 *-X2*XH7*C (9 1 

agu:ui*xi45*c(v i 

gcTlisl* 

EVAL.6SAD.0F COMSTH.IO 

0E L(45= -XWS«C{10 5 

DeLT5P-*M7*X6*C 1 W I 
DELI 6) »-XH7»X5*C C 10 3 
DELU2I=-AXM5«C U01 ^ 

SETUKM 

EVAL.GSA0.OF Ct»f5TK.£t 
&EL(12)=-CU11 

“DgnTATS^iTT 

DEL£Z3I*-C(U1 


8 M 


:S- 

fl 

*7 

ins 


oj 



0^610 DEL 1 25 1*-^C( IS 1»£ 1 1 .-X«17) •2,*X25*XK13*XM19 

D36II I -16,*CDl»X20*XZ5»X213 

03613 SET USK 

03614 C ~~WAL.'6s'Ab.OF.CbMSTSri6 — 

036X5 16 OEL{ 171=-X«3*XI6**2*C1I6) 

— 63617 D£Ltl31«- 2 . •XK3**17*XI 8*C (>65 

6A61V OE LfPf 5 *2'. *X 19*X 23*£Tr65 — 

03620 D£L<235=Xl'»»*2»C£i6J 

036 21 HiWm 

5J5ZFT” "““EvAL.eig'Ab.oF .'c'OMSTSriT — — — ^ — — — 

03624 17 yi*X25*X25/Z5oO. 72000. 

glMg— ■ . yZ^AW2Ci»X2g *X 25«X20 yX25 AXH21 

?? •* £4. »X24* -2*( I ,+yi 5 »XM20-r. »»X20*X2S'*X25*C( X7J 

036jo W£L£245=S.*X24*£l.4/l5«y2»£(i7j 

— OcL tZiy^i 4 .» X 24*»2 * (1.4715 *{ 2 . «XM20»X20«X2S» X2Q5 

03 633 1 +l2.»X25/2eO,0.**25“y25^2.*X2Ci*X25*X2OS*C(175 “ 

03634 HETUKK 

P3fc3 5 C :£yAL.6SAO.OF.C OWST S.lg ^ _ 


03636 CIS »^£L(22)=-1 .0 " " " - 

0363 7 C rtcTlMH 

03636 BliV 

- stjFK£ruTT7j?'4ATi(:rxrrf.,LT"' — 

03642 C EVALUATES SECOHO PAST lAtS Or THE O.F. IF II«0 


U) 

ro 


03 C OK CONSTKAtNTS il tP' I ! NOT 0 

•J3 64b CUHMON/C0 nSx« ^ 1 ^ N- « » MN. NP 1 , NM 

03664 |xk1:xkI:xK3;xk^^°' 

03660 CUMMUN/ClJNiTM/C(20) 

ii 

sisr' 

03/10 JT=n + l 

03rfoC o!h!° 

^ 03140 loq 

03/50 4(1 *2)=2.>!=XMl^=X2*X3=i-'X3 ' 

03 /60 4 ( 1 »3 ) = 2.«‘XMl5=X2^'X2=!'X3 

4(1,11 1=2. »XM2=fXI 

037BO 4(2,2)=2.-XMl»Xl=^X3^=X3 

03790 4(2,3)=4.4XM1*X1*X2?^X3 

03800 4( 3,3 )=2. ♦XMl^Xi^X2*X2 

03810 4(4,4)=2.»XM2»X12 ' ' 

03820 4f4,5l = 2.<^XKl=i=X55=X6=!=X6 

04830 4(4,61=2. >?X«l*X54x5a--X6 

03840 A(4,12)=2'>XM2*X4 ’ 

03850 4(5, 51=2. =XM14X4»X6=X6 

. 1( 5,_6 )=4,=XMl>»X44-X5?^X6 
03862 4(6,6i=2.=XNl»=X4#X5*X5 

03865 4a7,17l=2.^XM2-=X22 

- '‘<4T»A8)=2=*XMl*XX8=X>9==2 
03:868 4 ( 1 7, 19 )=;/, 5XH1*X1 8»*2*xi 6 

03870 4H7,22) = 2.«XM2^X17 

..03£7?, ... . 4( 18, 18|=2.:WXM1»X17»X19==2 

03874 4( i8,191=4.,»XMl»X17=X18»Xl9 ' 

A( 19, 191=2, =XMl*XI7=X18*#‘2 

03880 RETUKN 

038'82''C~' 'CONSTK.l 

03884 I Y1=XM16=»11./C010-1.1 


03885 '“ ~ PTlFVx'H6»XH6»Cxr3+X14r ~ 

03886 H0=XM10+XM11’!‘{C02+CCI3)*X25 

‘'te>‘«13t0..5=XKJJ=JC08t3^£O9+iO7I=X25 

03892 4( 13,iei=-2.*XM6»Xl8»XM6»C(ll ~ 

03894 4(14,18)=-2.»X.*16=X1B»XM6‘AC(1) 

4(18 , 18J=( 2.iJ=y 1-2 ,.= t PI F4P0+P0 1 -2. •XM9»XM9»X23 1 *C ( 1 1 

03908 4(18,23I = (-2.=XM9=XH9’fXl8)=C(l i ' ‘ P A 

03910 ''2=XMll = (Co24CD3)+0.5»Xrtll^(C08+3.4Ca9+C07J 

-PiPlJ 4 (18 .25)=-2.»Xia=Y2=r. n I 

(*3920 4(22,25 )=-0'.'0011*XM14/X25»*O.5»C(l 1 ” '* ■ 

039X6 4(25, 251=0. 00055»XM14»X22/X2S»=1.5*C11J 

2 p _____ ^ £T tJHLN 

03V2d C ^‘‘CONSTkTz ‘ — 

03930 2 A(1,21=-2.=XH3=X2»C(2) 

412, 2)=-2.=XM3=X1»C(2) 

05950 AT3,31=?7^l3=ll2T - 

03960 AI3, 131=2. ♦X3»Cr2l 

03470 RETUKN 


constk.F"““ 
A(4,51=-2.*XK3=X5=C(31 
A(5,51=-2.=XM3»X4=C(31 
tTbVSWI. = X 1 4?CT3l 
A(6,14>=2.*X6¥C(3) 
return 



03990 3 

04000 
'l^oTu 
04020 
04030 


AU5 ,i6)=-(Xl0*X24*X25**2+3.*X'J»Xl6**2)*C(5) 
O'llb'i Al 15.24)=-X10*XX6»X25»X25»CI5> 

OA17U AU5.2S>=-2.»X10*X16»X2A«X25*C(S1 .. . 


04172 AU6,16)«-6.»‘X15»X16»X9»C(5) 

04174 AU6,24»«-X10»X15»X25*»2*C(5» 

04176 A( 16.25 )»- 2.*X 10»X15»X24*X25*C15) _ 

04184 A ( 24,25) = X10»X25*(3. ■»XH4»X 25-2. •X15*X161*C(S) 

0418b A(25,25I=XL0»X244(6.»XM4*X25-‘2,’«X15*X16)*C(5I 

04210 HETUftN . 


04220 

04230 


C0NSTK.6 

Y1«X16»X16 


04240 


A(7,9)-Y1*C16) 

04250 


A17, l6)=2.»X.9Vxi6*Ci6) 

04260 


A ( 9 , 1 6 )=2. *X7»X 16»C ( 6 ) 

04270 


A(16,16)=2.*X7*X9»C16) 

04280 


~T<eTURN ■ ■" - . . 

04290 

C 

C0NSTK.7 

04300 

7 

A( 1,1 )»2.»X2*X2*CI7 ) 

04310 


"A n ,"2 r=4". »X 1 • X2*C ( 7 1 

04320 


A(2,2)-2.»XI*X1*C17) 

0433U 


RETURN 

" ■ 04340 

C 

C0NSTR.8 

04350 

B 

A(4,4)=2.*X5*X5»C(«) 

04360 


A(<,,5 1=4.»X4»X5»C<8 ) 

04370 

. 

" A 1 5 , 5 1 =2 , »X4=>X4»C 1 H ) 

043HU 


RETURN 

04390 

C 

C0NSTR.9 

04400 

9 

A(2,3t=-XM7»C(9) 

04410 


RETURN 

04420 

c 

CONSTR. 10 . „ 

04430 

10 

A(5,6)=-XR7»C110) 

04440 


RETURN 

04450 

c 

ClJNSTR.il 

'"04460 

■ 11 

L=1 

04470 


RETURN 

04480 

c 

CONSTR. 12 

- owgo 

12' 

" A( lT,17)'=2.*Xl8»»2»Cri2i 

04500 


Al 17,18 1=4. 4XL7*Xl8»Cf 121 

04510 


A ( 1 8 ,1 8 ) = 2 . 4 X 1 7 *=2 =>C 11 2 ) 

04530 


return 

04550 

c 

CONSTR. 13 


% 

firs -C7 


04560 

13 

At 18,19 )»-XM7*C( 131 

04570 


RETURN 

04590 

C 

CONSTR. 14 

04600 

14 

L«1 . 

04610 


RETURN 

04630 

c 

CONSTR. 15 

0^640 

15 

Y1=1-XM17 

04641 


A(20,2l )=-8.»C01*X25**2»Ctl5l 

04642 


At 20 ,25 l=-16.»CQl*X2l*x25*Ct 15 ) 

04660 


AI21,25 l■t-16.<•Cbl•X^O*X^5l•C( ^5l 

04680 


At25,25)«t*2.*Yl*XNl8*XN19-16.»C01»X20»X21 )»Ctl5) 

04700 


RETURN 

04/10 

C, 

CUNSTR.16 “ ■■ ■■■ 

04720 

16 

At 17, 18 )«-2 .*Xm3*X18»CC 16) 

04730 


At 18 ,18)*-2.*XH3»X17»Ct 16) 

04740 


At 19,19)-2.«X23«C(16) 

04750 


At 19,23)>2.»X19«Ct 161 

04760 


RETURN ‘ 

04770 

C 

CONSTR. 17 “■ 

04780 

17 

Y1-X254X25/2000-/2000. 

04781 


Y2=XM20*X20»X25»X20*X25*XN2l 

04790 


At 20,20)«t4.*X24*»2»tl.4^Vl )*XN20-1. )*2.»X25**2*Ct 17) 

04800 


At20,24)=16.*X24»t l.»Vl )*XN20*X20*X25**2*C 1 17 ) 

04810 


A (20, 25 )»4.*X20»X25»t4.»X24*X«20*X24*U.*2.*Yl )-l. )*C( 17) 

04820 


A(24,24)=8.»ll.vYi)»Y2*C(17) 

, 04830 


A1 24,25 )« 16. »X24» ( (t 1 .+Y1 ) *( XM2O»X20*X25»XZO )+X25*Y2/2000. 

04832 

* 

1 /2000.)*CI17) 

04840 


At 25, 25 1* t 8.»X24*XZ4*t XN20*XZ0»X20» ( l.+5.»Yl )4Y2/2000. 



1 /2000.)-2.*X2L»X20)»C(17) 

04850 


RETURN 

04B6U 

'C ' 

CONSTR, 18 

04870 

Cl8 

L=l 

04880 

c 

RETURN 

04890 


ENO ' ■ " ' 


li 


CO 

-p* 


U1320 20 WklTE(6f90L0 ) 1ST 

’01° F0R«*T1*»SUMT OID NOT CONVERGE TO A SOLUTION*, 

— L* ,FROM„ STARTING POINT*, 13) 

•1350 C30 HRITE(N,9020))X( I ), 1 = 1,25 I 

•1360 30 TX1=X< 1)«X(1) 

#132® , TX2«X(2I**2 

01380 TX3=X(3)**2 

01390 TX6=X(4)**2 

„ #1^00 JX5=Ji_5)**2 

• 1410 TX6aX(6)W2 ' 

• 1412 TX7=XU7)**2 

. J*«*Xtl#)**2 

• 1416 T)(9=X( i9)**2 

01420 X(8)=X(7)/3. 

R^.XJL15»fS0RT(X(7)/X(9) I 

01425 W*<ITE(6;9025Tfxf,TX2,TX3,TX4 

«-.gi5.s, 

2®27 F0RMA T1*>C1= *,615.5,* C2=*,G15.5,* Z1=*,G15 5.* Z?-* ris 

•IMO MRTTecT^Vm3l,-X(14),X(15):x^ .015.5,* 22-*,G15.5) 

PORHATI*ORla* ,G15 .5|* R2=*,G15.5,* 0=* ,615 .5 ,*F1=*,G15. 5 1 
•TX7,TXei,TX9,X(20l 

• I 502 9003 F0RHAT|*0E3«,615.5,« R4«*,G15.5) 

— Smi — ?^*_20_F0RMAT( *0F INAL X VALUES*/! 1X,4F20.5 ) ) 

01520 PIF=XM6**2*(X(13)*X<14) ) 

•1525 PO=XM10+XM11*(CQ2*C03)*X(25) 

•1530 PD=XM13*^.5*XM ll*(C0B*3.*Cn9-,rn71«KI 

•1535 P0La^.^^22*XM14'*X(25)**0. 5*X( 221 /XI 18 ) »*2+XM9**2*X( 23 ) 

• 1545 PT-PIF*PO-fPO*PaL 

•1*10 Vl«l.+X<15)**2 

■5TS20 'V2=TT;-^TToT/X(9r-X(8)/X(7)*X( 10I/X(9n**2 

01630 BSO=yi/< (X(10)/X(9) )**2+X(15)**2*T2l 

01^90 RAT1 0=X(8)/X(7) 

"Tii650 - TI^XrmTXT® r*2 01125 J7X( 16 ) )** 2 ) 

•166« ATT«1./IRATI0*Y1*X(25)/X(16)/XI 15)-YiI 




0LlaC011*X|2 l**2*X( 1>**2-XI7)*XH6 
DL2=C012*X ( 5 )**2*X{ 4 )**2-X< 8 ) *XN6 
P.U3=C013*XU7)**2*XU8)**2-(XH9«X(26)+6.*XM15/X(25n 
DL12«XN7*X( 2 )*X<3)-X(ll )*XNS+X( 1 )/2. 
0Ll3»XN7*X(5)*X(6)-X(12)*XN5+X(4)/2. 

DL14*X( I8)*X(19)*XM7-XN5*X»22)*0.5*XU7) 
WI=XM2*(X(1)*»2*X(11)+X{4)**2*X(12)+X( 17)»*2*X(22) ) 
WH=XM1*<X( 1I*X(2)**2*X(3)**2+X(4)*X(5)**2*X16)**2+ 

1 X(17)*X( 18)**2*X( 19)**2) 

ULcWI*WW 

WC=XK2*X( 9 )+XK3*X( 16)4XK4*X( 21 ) 

WT=HL*«C 

DISPLAY(6)* EFFICIENCY=*,EFF 
DISPLAY(6)* INDUCTOR ME IGHT=*, ML 

DISPLAY(6I* CAPACITOR MEIGHT=*,WC 

DISRLAY(6)* TOTAL MEIGHT=*,MT 
D1SPLAVI6I* Rl=»,XU3) 

0ISPLAY(6I* R2**,X(14) 

DISPLAYI6)* R3=*,XI23) 

0ISPLAY(6I* R4=*,R4 

D1S PLA Y(6I* 0=*,X(15) 

0ISPLAYI6)* PIF**,PIF 
D1SPLAY(6I* PQ=«,PO 
_ DLSPLAY(6>* P0=*,P0 
0ISPLAY(6')» PDL=*,PQL 
0ISPLAY(6)« PT(TOTAL)=*,PT 

DLSfLAY'B)* INPUJ FILTER PEAK.SO*,BSO 

0ISPLAYI6)* RATIO OF L2/L1*, RATIO 
0ISPLAYI6I* ATTENUATION=*,ATT 
P1S PLAY(6I» DEL(81)>*,DU 
0ISPLAY(6)* DEL«B2)=*tOL 2 
DISPLAYI6)* 0ELIB3)=»,0L3 
D ISPLA Y! 6 i* DELI AREAl )=*,0L1Z 
DISPLAYToI* 0EL!AREA2)=*,DL13 
DISPLAYI61* DEL! AREA3)a*,0L14 
END 

Subroutine reaopr 

COHMON/SHARE/X(40),DEL(40),A(40,40 ),N,M,HN,NPI,NM1 
C0MM0 N/EQAL/H,H1 .Ml 
C7JMHHN/TNrr/)?lf25l 
ENTRY R50 



X>1I7=E0/EI 

?tlL8 =.(.C.K»R^K l »*Z 

XH19-4. *E I *E i /EO/ ( E I -EO I 

XH2e*(9,*XH5»XH9*SIN(Pl*XM17) )**2 

XX2=KCl 
_ X_K3»KC2 
XK4»kC3 
CD1«VR 
C02-TSNT 
C03=TSFT 
C04=PE1**2 

C05-R_ 

C07«fSND 

C08«TSF0 

C09«TRQ 

C010=EFF 

coii=asi 

C012»BS2 

CQr3«BS3 

IST=9 

P1F»XM6**2*(X13+X14 J 

PO=XMlp-t-XMll* (C02+C03 ) »X25 

PD=XHl3 + 0. 5*XHH*(C08+3.*Ca9+CQ7)*X25 

C( 1 )-ABS(XM16*( l./COlt-l. >-PlE-pQ_po_pQLt 
C ( 2 ) s*BS ( X13*X34*2-XM3*-X 1*X2»»2 ) 

C(3»=A6S(X14*X6**2-xH3»X4*X5**2) 

Vl=X9-XlO* f I .+XM4 ) 

Y1=XM4*X10*X25=»*3-X10*X25«*2*X16*X15 1«2 () 

V3=X1o>»3YX9«X15 

G(5)=A0S( yi»X24-V3 I 

C( 6 )=ABS( X7*X9*X16**2-XH5*«2 ) 

Cf7)=ABS( (X1»X2)»*2-X7*XM<>/C0X1 ) 
ei8)=ABS( (X4«X5H=*Z-X7*XM4*XM6/C012) A. 

C(9)=ABS(XM7*X2*X3-XH5*X11+0.5»X11 iO 

C(10>«ABS<XM7*X5*X6-XH5*X12*0.5»X4) A 

C(ll)=ABS(C05-X13-X14-X23( tCV 


••93 1 
00932 
- 0 0934 
•0936 
00938 
••94« 
00942 
00944 
0094^ 
0*9 50 
00960 
••970 
00980 
00990 
e 1090 

• 1910 
01020 
01030 
01040 
01050 
0^60 
01062 * 
01064 
01066 
01067 
01068. 
01070 

•foao 

01090 

• 1100 
oil 10 
01112 
01120 
01130" 
01250 
• 1260 
01270 
81280 
01290 
01300 
01310 


Y1»XM9*X20~ “ - 

C( 12I«ABS1 X17*X17*X18*X18-Y1/C0131 

•~*'*‘^**‘^***'’1***"***X25*X25I 

. C_.l5l*AB5Xf ,*COl»X20*X21*X25**2-Yl ) 

C( 16 1-ABSIX23*X19**2-XM3»'X17*X18*»2| 
riril*tl*^®''^®***’**2’***'’20*X20*X25*X20*X25*X«211 

C(2»«l./C(2 J60.01 
,C(3)»l./C( 3»*0.01 
Cil4J«l./C(4) 

C(5i=l./C(5i*0.01 
C ( 6)gl. /C( 6 ) *0.01 

cT>»-i./cl7j6f.0i" 

C(8I>1./CIO)«0.01 

C£9»^I,/C«9l*t,0l 

C(10)>l./C(10)*0.0l - 

C( 111=1. /C(ll)*#. 01 

0121 =1. /C(12l»0. 01 

C( I3'l»i./C(13)**.0l 
C(14).1./C(14)*0.01 
O 15J»1 ./C< IS 1 
C(16") = l./C( 16)*0.01 
C(171 = 1./CU7) 

«*UTEt6,9035 1 

9035 FORMATCM THE CONSTANT MULTIPLIERS ARE»1 

0ISPLAYU).e(ll...C«ll.*C12)=. C(i).4C(31=.,C(31,6C 
DIS.PLAY(6l*C(5).*,C(5),*C(6).«,C 6),*t f =..C 7 « 

. 0ISPL>Y(6)*ca3)=*,Ca3),4C( 153=»,C(15) 

0ISPLAY(6I»C(16I=*,C(161,»CI 17)**,CI17) 

WRITE(6,XIN1 
IST-IST+1 
CALL SUMT(IER) 

IF (lER.EO.llGO TO 20 
WR1TE(6,90001IST 

CONVERGED TO A SOLUTION FROM STARTING 


I41-*,Ct 

(8)»*,Cf 


POINT*, 



u> 

cr, 


08100 
80110 
00120 
08130 
• 0140 
00150 C» 
00160 
00170 C* 
00180 
00181 

00190 

00191 
00200 
00210 
00220 
00230 
00240 
00250 
00260 
00270 
00280' ■ 
00290 
00300 
OD310 
00320 
00322 
00324 ■ “ 
00330 
00340 

003 50 

00360 

00370 . 

00380 

00390 

00400 

00410 

00420 

00430 

00440 

00450 


SUBROUTINE EERRXX 

ENDFILE 6 

STOP 

END 

PROGRAM MAINS! 0ATA8 .OUTPUT, TAPE5=0ATA8 , TAPE6 ) 

CONSTRAINT OPTIMIZATION USING SUMT 

THIS VERSION IS A 25 VARIABLE PROBLEM WITH 17 rnuCT * » iutc 
IXMl ^XMl^XMl^x!!?^ ’ 

ICOl^COP^rn^ XM21, 

ixKL1°l:XK3:XK^ ' 

C0MM0N/INIT/XIt25i 

C0MMON/ShaRE/X(4O) ,DEL(40! ,A(40,40) ,N M mn wdi uur 

3PREV3,A0ELX,NTCTR,NUMINI .NPHASErNSATI S 
COMHON/TIMES/TMMAX 
C0HM0N/E0AL/H.H1-.MZ 
C0MMdN/EXP0PT/NEX0Pl,NEX0P2,XEPl,XEP2 

real L1,L2.L3,KC,KC1,KC2.KC3,IEHI 

NAMELIST/CON/PO.EFF, EI.EO.FCt FW, RO, VCES , VBE TSNT. TSFT 

NAM6LIST/PRI/EPSI,THETA0,RH0IN,RATIQ,TMMAX 

!!^ulI-i!I<°^^'''^'^^’'^’'^’'^’'3’'<T'^’NT5,NT6,NT7,NT8,NT9,NT10 

NAMELIST/T0P/XEP1,X£P2,NEX0P1,NEX0P2 

NAMELIST/XIN/XI 

REA015.C0N) 

WKITE'(6,C0N! 

READI5.PRI) 

WRITE(6,PRI) 

READ ('5, dp IJ 
WRITE(6,0P1) 

READ15.T0P) 

WRiTEt6,T0P) 

REA0(5,XIN) 



00460 X1=XI(1) 

00470 X2«XIf21 

?^A«0 X3=JU^(3J 

00490 X4«XI(4| 

0*5«a X5»XI{5» 

•0510 X6.XI(6J 

00520 X7=XII7) 

00530 X8=XH8) 

?°5't0 ._,._X9=X1(9) 

Boffn xie-xilioj 

2 « 7 n Xll-xmi) 

Ool«n *12»X1(12) 

X13=X1I13) 

“0590 X14=XI(141 

0-fliT ><l5=_xra5i 

X16=XX(16) 

X17.X1(17) 

2bvI| XiS-XMl*) 

Qn^'f X19=XK19) 

00^14 ^20=XI(20J 

tMtI «l:,XIt21) 

0flfl7 *22'X1(22) * 

X23=X1(23) 

SoflQ- ’'2A=XU24) 

00619 X25=XIt25) 

OOMn PI=3.141592654 

XMI=4.*FC»DC 

0*640 XM2»0I - 

ooff° XM3=4.*R0*FC 

-•“168„ ^ XM4»1 ./PE2 

00670 • XM5=ir/,2- Apn 

QQMn XM6=P0/EFF/EI 

iinh- - lgff['-/'^-^‘'»- 

••724 X«9*P0/E0 

ir™-| - 

O07if *''l^'««-*EO*rEi-Eor/EI 

“»'14 XM15=XM12/EI 



\ 

. V. 


01870 

01880 

01840 

•1908 

• 1910 

01920 
01930 10 

01990 
0 1950 

“ AlOM ~ 

• 1970 

01990 

020U0 

020 18 

•2020 
•2030 
•2 090 
02050 C 
02060 C 
020 70 
•2080 
02082 
•2083 
02090' 
02100 
02110 
■~"«2120 
02130 
02190 

02i?I“ 

02199 

02150 


M»3 

N=25 

I^»i9 

“return 

ENTRY R60 
^0 10 l>ltN 
X( r»=XI(I 1 
RETURN 
ENTRY RB Q 
RETURN 
ENTRY R601 
RETURN 
ENTRY R801 • 

RETURN 

ENI?J_^UNCH 

RETURN 

END 

SUBROUTINE RESTNT (II.VALI 
This SUBROUTINE EVALUATES THE O.F. IF 1=0 
OR THE CONSTRAINT II IF II NOT EQUAL TO 0 
COhMON/SHARE/X(90 I iDEL ( 90 ) t At 90 ,90 I ,N .Hf HN ,NP1 ,NMl 
COMN6N/CONS/XM1,XM2,XM3.XH9,XM5,XM6,XM7,XM8.XM9,XMIO,XN11, 
IXM12,XN13,XM19,XM15,XM16,XM17,XH18,XH19,XM20,XM21, 
IC01,C02,C03,C09.C05,C06,C07,C08,C09,C018,C011,C012,C013, 
iXK.i,XK2,XK3,XK9 
C0MMON/C0MSTM/C(20) 

EUUI VALENCE ( XI , X( 1 )) , ( X2, XI 2 ) ) , t X3,X 13 ) 1 . ( X9, X( 9 )1 , 
iiX5.XI5)),tX6,X(6n , 1X7, XI 7) I , ( X8 ,X t 8 ) ) . ( X9, X( 9 )) , 

2(X10 ,X(10 M, (Xll.XI 11) >. (X12,X( L2i) , (X13tX( 13 I ) 
equivalence IX19,X( 19n,(X15,Xt IS) ) ,(X16,X( 16) ), 1X17, XI 17) ) 
1 (X18,X( 18) ) , (X19,X(19) ) , {X20,X( 20 ) ) , I X21,X(2l ) ) , 

2(X22,X(22) ), (X23,X(23) ), (X29,X(29) ),(X25,X(25) 5 
IT=Il+l 


unso 

•2170 

02180 

02190 
02230 
02290 
•2292 C 
02299 


CO TO" 11000,19, 11, 5,7*8, 12, 9, 10, 13, 15, 1,2, 3, 9,6, 16, 17),IT 
1000 Y1=XN2*( Xl*«2*Xll+X9**2*X12+X17*»2YX22) 

Y2=XMl*(Xl»X2**2*X3**2+X9*X5*X5*X6*X6+Xl7»Xie*»2*X19»»2) 

' Y3=XK2*X9+XK3*XL0+XK9*X21 
VAL=Y1+V2+Y3 


RETURN 

EVAL.CONSTR.l 

P1F«XH6»*2*IX13+X19) 


4 ^ 




02296 
02298 
02252 
02260 
02262 C 
•2263 C 

02269 C 
02265 C 

02270 
•2200 C 
02290 2 

0230* 
•2310 C 
02320 3 

02330 
•2390 C 
02350 9 

•2360 
02370 
02380 
02390 C 
•2900 5 

02920 
02930 
02990 
02950 C 
02960 6 

02970 
02980 C 
•2990 7 

02500 
02510 C 
02520 8 

02530 
02590 C 
02550 9 

02560 
02570 C 
02580 10 

02590 
02600 C 


P0=XH10+XH11*(C02+C03 )*X25 

P0*XM13+0.5»XM11*(C08+3.*C09+C07)*X25 

POL=e.O#22*XN19*X25*»0.5*X22/Xl8/X18*XM9*»2*X23 

VAL« ( XM16» (1 . /COlO-1 . )-P I F-PO-PD-POL ) *C ( 1 ) 

0ISPLAYI6)* PIF=*,PIF 

015PLAY(6)» PO>*,PO 

DISPLAYI6)* PO=*,PD 

DISPLAY16)* POL=*,POL 

RETURN 

EVAL.C0NSTR.2 

VAt«iX13*X3**2-XM3»Xl*X2»»2)*C<2) 

RETURN 

EVAL.CONSTR.3 

VAL=< X19»X6**2-XH3*X9»X5«*21*C( 3 ) 

RETURN 

EVAL.C0NSTR.9 

Yl=X9-X10»tl.*XN9) 

VAL=(l.*Xl5*X15)»X9»X9-C09*<XlO*Xlt*Xl5*XlS*Yl*Yl) 

VAL=-VAL»C(9) 

RETURN 

EVAL.C0NSTR,5 

Y1=XN9»X10»>X25»X25*X25-X1#*X25»X25*X16*X1S 

Y3=X16*X9*X15*X16*»2 

VAL=iYl*X29-Y3 )*C(5 ) 

RETURN 

EVAL.C0NSTR.6 

VAL= (X7»X9*X16»X16-XM5*XM5 )»Cl6 ) 

RETURN 

EVAL.C0NSTR.7 

VAL=( IXl»Xl*'X2*X21-X7*XR6/C01l)«C(7) 

RETURN 

EVAL.CONSTR.8 

VAL=(X9*X9»X5*X5-X7»XH9»XM6/C0l2)»CtB) 

RETURN 

EVAL.CONSTH.9 

WAL»-(XM7*X2»X3-XM5»Xll+0.5*Xl )»C 1 9 ) 

RETURN 

eVAL.CONSTR.lO 

VAL=-(XM7*X5*X6-XH5»X12+0.5*X9) *01101 
RETURN 

EVAL.CONSTR.il 


CO 


(a) 

CO 


82610 U VAL=(C05-X13-X16-X23I*G( ID 

02620 RETURN 

_ 62630 C EyAL.CgNSTH .12 

•264* 12 ' VAL=(X17**2*Xli**2-(XK»*X2ti/C013l*C( 12> 

•2641 RETURN 

•2 643 C EVAL.C0NSTR.13 

•2644 13 VAL«-<X1S*X19*XM7-XH5»X22+^.5*X17)*C( 13) 

82645 RETURN 

_82646„ C EVAL . C0N STR.14 

•2647 14 VAL»<X1»-1.«E'-6)*C( 14) 

•2649 RETURN 

Q jyAU,CPNSTR»15 

•2652 15 Yl3(l.-Xni7)*ll.'«-XH19*XM1S*X25«*2) 

02654 VAL=-(8.*C01*X26*X21»X25**Z-ri )»C< 15) 

'' •2658 RETURN 

•2659 C EVAL.C0NSTR.16 

•266R 16 VAL»(X23*Xl9»*2-XN3*X17*Xl«4*2)*CI 16) 

„»266L RETURN. 

02662 C EVAL .CONSTR.IT 

02663 17 T1=X25*X25/28RR./20RO. 

82664 Y2 =XH20»X2 0«XZS*X2Q»X2S-t-X)j21 

•2666 VALi( X24**26(1.4V1 (•V2-XN^»*2*X20*X254X26*X25)=»C< 17) 

•2667 RETURN 

• 2671 _ _ END 

• 2679 SUBROUTINE GRAOl (1 1 ) 

•26,90 C THIS SUBROUTINE EVALUATES THE GRADIENT OF THE 

OZ690 C O.F, IF IIM OR O F CONSTRAINT II 

• 2^8 C0MM0N/SHARE/X(48),DELt4e),A(48,48),N,M.HN.NPl,"NHl 

•2718 CS3K0N/C0NS/XH1,XH2,XH3,XH4,XNS,XH6,XM7,XN8,XH9,XM10,XH11, 

J|272i* l XM12,XM13 .XM14,XMlSt XN16 1 XM 17 , XMH , XMl», XM20, XK21 , 

• 2722 ICOl »C02 *C03 rC04t Cd5»C06 tC07tC08 »C09.CD18» COl 1 .C012.C013 , 

02724 1XK1,XK2,XK3,XK4 

•273 8 COMMON/C OJISJM /C_( 20) 

•2740 EQUIVALENCE ( XI , X ( 1 ) ) , I X2 , X ( 2 ) ) . ( X3 ,X( 3 ) ) , ( X4, X (4 ) j , 

• 2758 HX5,X«5)1,(X6,X(6) ),(X7,X(7I ),(Xe,X(«)»,(X*,XH)), 

•2766' 2<X18,X(18) l.<Xll,Xlll)).(X12.X112)l.(Xll.Ximi 

02770 EQUIVALENCE rX14, X (14 ) ) , ( X15 ,X ( 15 ) ) , ( X 16, X( 16) ) , 

•2772 1 (X17,X{17) ), (X18,X( 18) ) , (X19,X( 19) ),(X28,XI20)), 

•2374 _l (X21,X(21) ),(X22,X(22)),(X23,X(23)),tX24,X«24)), 

^2775 im<?5,xr25n " ■ “ 

•2788 IT-Il-n 


• 2790 


DO 50 1=1,25 

02S80 

50 

OEL< I )=•. 

828 1C 


GO TO ll|0, 14, 11 , 5 , 7, 8, 12. 9,1#, 13, 15, 1,2, 3, 4, 6, 16, 17) 

•2828 

C 

EVAL, GRAD. OF O.F. 

02830 

100 

DELI 1 )=XM1»X2*X2*X3»X3*2.*XH2*X1*X11 

•2840 


PEL<2)=2.*XN1»X1»X2»X3*X3 

• 2850 


DELI 3)=2.»XHI*X1*X2*X2*X3 

•2860 


0EH4)=XM1*X5*X5*X6*X6+2.*XM2*X4»X12 

• 2870 


. 0ELL5)“2.*XMl*X4»X5*X6*X6 

•2888 


0EH6)=2.*XM1*X4*X5*X5*X6 

• 2890 


OEL(9)=XK2 

02892 


DELI 10)=XK3 

02894 


DELI 11 )=XM2*X1*X1 

02896 


DELI12)=XM2*X4»X4 

0290S 


DELI 17 )=2.*XM2*X17*X22+XM1»X1B»*2*X19**2 

• 29*5 


DELI li )=2. •XHI*X17»X1S*X19»*2 

02916 


DELI 19)»2.»XM1*X17»X1«»*2*X19 

02915 


DELI21)=XK4 

02920 


0ELI22)=X)I2*X17**2 

OF930 


RETURN 

•2940 

C 

EVAL .GRAD. OF CONSTR.l 

“ 82942 

1 

Y1'«XM16*I1./C016-1. ) 

•2943 

C 

PIF«XM6*»2*IXi34X14) 

•2944 

c 

PO»XM1«*XH11*IC02+C03)*X25 

0294 V 

c 

PD=XH13+*.5»XM11*(C08+3.*C09+C07)*X25 

•2954 


DEL 1 13 )=-XK6*XM6*C 1 1 ) 

62956 

DEL) 14 )=-XH6*XM6*C ( 1 ) 

■ '•2'960 


0ELll8)=+.8844*XM14»X25**8.5*X22/X18/Xl«/X18*CIi) 

02968 


DEL122 )» I-«.«#22»XM14*X256*0.5/X18/X18 )*C( 1 ) 

•2969 


DEL 1 23 ) —XH96XM99C 1 1 ) 

02970 


Y2=XMll*t€d2+C03)+8.5*XHll*(C08+3.*C09+CD7) 

• 2971 


DELt25)*(-Y2-«.*91l*XM14*X22/IX25**9.5)/X18/X18)*CI 1) 

02978 


RETURN 

02980 

C 

EVAL. GRAD. OF C0NSTR.2 

•2990 

2 

DEL 1 1 ) =-XM3*X2*X24C 1 2 ) 

•3«88 


DEL(2)=-2.'*XN3*X1»X2*CI2) 

•38 !• 


D€L13)=2.*X3*X13*CI2) 

•3828 


05LI13)=X3*X3*CI2) 

•3830 


RETURN 

mr.ciAi.~SE tmsyn.i 


1 

•it ( 4 } *K 5*C 1 3 ) 



. .... 

- . I- 


•3070 ®!*-‘5>"-2.*XH3*X4*X5*C<3I 

BEUil^?»X6*X6*CIU 

KETURM 

liuJ CONSTR.4 

•31M ‘■*’**2*C04*(Y1**2H)*CI4> 

•3177 EVAL.CRRO.OF CONSTR.S 

■•3174 * ®f|-J?»—*lS*XlC4Xl6**2*C(5) 

•3176 OEM Isi-.^RMxtoiilr^****”**^***”**^*** 

— •3JJ8 0EU16 5,2I5f!!!!!*24+Xl6*X**X16J«C(5» 

«!« 

•322* RETwS ; ****‘*‘**''^*X23-2-**16*X15»*a5l 

EVRL.GRAO.QF C0NSTR.6 
•3240 6 V1-X164X16 

— flMx - 0 EL* 7 |.X 9 *V 1 *C( 6 ) 

•32A^ 0ELI9taX7»Vl*C( Al 

4aaaf EVAL.6RA0.0F C0NSTR.7 

•33?o ^ DEL(ll-2.*Xl*X2*X2*C<7) 

“•3321 -^|U|J-2.*Xi*Xl*X2*C<7l 

•EL<7I— XR6/C0H*C(7) 

•3339 RETURN 

--^J!AL.GRA0.0F CONSTR.t 
•3350 S nr2.*X4*X5 

•>EL»4)»V1*X5*C(«» 

illsl 2ELJ5)«Yl*JU4C(t» 

!»•! •EL(7)»-XHA*XN4/CQ12*C(8) 

•33«9 RETURN 

— — eval.mao.of constr 

•3410 9 DELI 1 1 >-0 .5«C (91 

0ELI2J— XN74X3*C(9) 

— • DEL(3)--X2»XN7*C(9» 

•3A40 0ELTTlt-XNS«CI9) 

•34S« RETURN 



CaJ 

VI 

(D 


EVAL.CRA0.0F CONSTR. 10 
“ELIAI— 0.5*C(10I 

•AiiS-- PEt(5J«rRH7*X69CH0) 

•3300 ML(A1—XN79X5*C(10I 

'• 1>EL(12I»4XM59C(10| 

•3510 RETURN 

•Asfn *"•. EVAL.GRAO.OF CONSTR. 11 
0ELI13I--CI1U 
■ itliA —OEtLlRI-Cim 
•ELI23I-C(UI 
•3550 RETURN 

•ASTn EVAL.MAO.OF C0NSTR.12 

•3577 ®|U17»«C(12»*(2.*xi7*X18**2» 

«IIt¥ ®|^^•»-C‘l^»•«-XN9/e013» 

•3527 fVAL. CRA0.0PiC0NSTR.13 

^ »ELU7I— C(13»*(9.5» 

•3584 OELIIOI— CI13I*(X19*XN7I 

2^22 0ELC19l»-C(13l*(XN79X18l 

21121- - DELi221»C(13l*(XN5l 

•3589 RETURN 

2222? ' ^''*E.6RAB.0F .CONSTR. 14 

•3691 14 OELIlOlaCI 141 

03M3 RETURN 

22222 EVAL.GRA0.0F.C0NSTR.15 

•3613 RETURN 

o22i2 EVAL.GRAD.OF. CONSTR. 16 

222io ®ELI18>«-2.*XN3»X17*X18*C(16I 

•3619 0EL(191-2.*x199X23*C(16» 

2222? DEL(231»XI9»*2*C(16I 

•3621 return 

2222^**,, EVAL.GRAD.6f. CONSTR. 17 

22222 7l-*25*X2S/2009./20*0. 

22221 ^*«0*X29*X25*X20*X25^XN21 

DEL C 29 )-2 .• I X244.2. C 1 .^Y 1 . 4XN2G-XN.992 ,4X20AX259X25*Ca7 » 


380 



03872 f‘^^»22)=2.*XH2*X17 

03874 « < i &' iq 1-1 * ’f^*X9»»2 

.3880 ‘ "• 

SI”! '^, CONSTK.I 

03885 C 

83890 C ^**25 

.3892 C A(r»”Tli**^**?^^*“'°*'^^**CQ9+C07)«X25 

03986 Afie’iat- !**!?‘**^®**"6*Cfl) 

03q«tt 7* ‘•®'lS)=-3.m/X18«C(lJ 

0’910 r *!^®’' 22 J=yi/x 22 »c(i> 

«NST«.2 

.3940 |[|’||=-f-««3*X2*C(2j 

•3968 *f3,3J=2.*X13*C(2) 

03970 *P»i3)-2.»X3*CJ2) 

03970 HETUSM 

03980 C CONStK.a 

!2f=! CDffSTft.4 

^i;l-+X15*»2 

iin !2.X^Xig*{x.4XH4) 

.4088 AC9 ' loTa *rj’'!!~^**^°’’***^**^® 

2“2r ! 

sms jijsrfi;;: ‘H 

84130 RETURN ‘2.*Xf*X9-2..C04*Y2.y2„c(x) 


.3*34 return "■ ’ 2'**"***Z»X2B»X25»X20|»C(I7J 

•3.38 End 

oM^r — ««MyTlNE NATRlX<n,U 

llttl ^ o.E. IP r,,o 

util ’N^H^HUrUPUmi 

util 3XK1TxK2;xkI,X° 1 ’‘^°‘’''°’'‘^°*’CQ».CO19,COU,CO12,C0l3, 

alzIS C0MNON7C0NSTN/C(20J 

iltH 1 r^xifx t f ) 1 * 4 X7*x ( 7 n ’ ? ’ * ^ ^ ‘ 2 ’ 

SiSS: 2 ; ; 

•*»:2 '■ siJnHi 

--?121‘ 3l;|y;|51i’''‘“-'‘'^2”-'«23.»123n>l«Z«.Xl»,,,’ 

•371. if«n*l ■“ 

. liSLc. 15. 1,2,3,4,6,16^171, it 

•3740 100 Arr,f)=2.»X«2.Xll 

83760 **1'2J»2.*XN1»X2*X3*X3 

aHls -^ll»3).=2.»XM1»X2«y^«v^ 

*nTil)-2..XN2SxT 
ini! !<2»2»»2.*XN1*X1.X3*X3 

•38ll *f3,3 -2.*XNI»X1«X2*XZ 

TsMS — 4^.lll:2j*X«l»X5«X6*X6 

*T|*6)-2.*XSnO(5-*X5*X6 - 
aim *<.»U)»2,»XN2*X4 

J •3862^ yj!»^5T^.^IiX4*X5-*X6 

•aBlI *<.»6J.2.»XMI»X4»X5»XS 

m||« ■ *4!»f!;''2 .«XN2»X?2 

•3... .*17,19|*2.8XN18XH*»2*X18 


I 


C0NSTR.5. 

Al9tl5>*-X16«Xl6*X16*C(5) 

^i|?lA«Ll^-3.»X15.»Xl6*X16*C(5) 

* l»t 15 I— X16*X2**X25«»2*C( 5 ) 

* f;JI!’^^*'~*’^5*X24»X25*X25*C(5) 

lPi24 !»X2S*J*2»( XM4»X25-X15*Xlfi l*r i «: i 

At 10 '25»=X24*X2S*(3.*XMA»X25-2.»X15*X16)*C(5 1 
I I’ !=-if i°**24.X25A.24.*x;*X if 5 ) 

— XJOfXl 6*X2_5 *X 25»C { 5 ) ^ ' 

t '"^•**‘***^‘**2^*«5*C(51 

AI16,16»»-6.»X15*X16«X9*CI5) 

-- 1 rV 2* I ^5**25«2»C ( 5 ) 
A(16,25)=-2.*X1S*X15»X24*X25»C15J 

CONSTd.fe 

VJ.»X16»X16 

A(7»9)=Yl«Ct6) 

A{7,lfc)*2.*X9»X16*C(6) 

**lil6>72.*X7*X16*Cl6) 

A ( 15, 16 »=2. *X7*X9*C ( 6 > 
return 

C0NSTR.7 

At 1, 1 I=2.»X2»X2»Ct7) 

A(1,2)=4.*XI»X2»C(7) 

• =2 . »X 1»X 1 *C ( 7 ) 

RETURN ' 

C0NSTR.8 

A(4,4)=2.*X5»X5*C(8 I 
A(4,5J=4.»X4*X5»C(8) 

Af5,5)=2.TX4»X4*Cte) 

RETURN 

C0NSTR.9 

A(2,3)=-XM7*Ct9) . ^ 

KETURN ^ 

CONS TR. 10 , ^0. 

A(5,6)=-X«7*C( 10) S/ rtf 

return ^ . 1 ^' 

CONSTR.il 

L=1 




•4470 RETURN 

04480 C C0NSTR.12 

25it3.P._,12 ^ A(17417)=2.*Xl8»*2*Ctl2) 

045«0 A(17,18)=4.»)C17*X18»C(12» 

045l» A(ie,18)*2.»X17**2*C(12) 

•4530 RETURN 

04550 C CQNSTR.13 

04550 13 A(18,19)=-XM7*Ctl3l 

04570 RETURN 

04590 C C0NSTR.14 

0460a 14 L=1 

04610 RETURN 

04 630 C C0NSTR.15 

04640 15 Y1-1-XH17 

A(20,21)=-8.«C01»X25»»2*C(15) 

•4642 *(Z*v25)=-r6.*C01»X21*X25*C(15) 

*‘2l,25»=(-16.*C01*X26*X25l»C(15) 

0472o *'25,25)=(42..Yl.XNlB*XM19-16.*C01.X20.X2U.Cfl5) 

04710 C C0NSTK.16 

04720 16 A(l7,18)=-2.eXM3»XlE»C(16l 

04730 At 18, 18 t--2.«XH3«X17«Ct 16 ) 

04740 Atl9,l9)-2.*X23*C( 16) 

04750 A(19,23)=2.*X19»C(15) 

04760 RETURN 

04770 C C0NSTR.17 

0^.780 IV Vi=X25*X25/2000./2000. 

04781 V2=XM2e*X2Q*X25»X20»X25+XM21 

mil »- )X24*»2*( 1 . +Y 1 )*XM2e-XM8**2 )42.»X254*2»C (171 

nta?n At 20,24 >=4.#»X24*( I . +Y1 ) *XM20*X20*X25»»2»C f 17 ) 

04870 * 2G.25)=4..X20*X25.tX244XH20*X244(i.42.*Yi,-XM8*.2)*C(17) 

04820 At 24, 24 )=2 .♦< 1 . +Y1 )*YZ*C ( L,') 

04832 tl.4Yl)*tXM20*X2«*X25<=X20)+X25*Y2/2000. 

lim *'25,251=t2.*X24*X24»lXM2**X20»X20»tl.+5.»Yl)+Y2/2000. 

04842 1 /2000. )-2.*XN8**2*X20*X26)*CI 17) 

04850 RETURN 

04890 end 
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1 . Introduction 
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variables to be 'designed gene, ally ^e^ various per- 
the constraints linking t^® „ „tly, after the design 
fonnance regui remen 'f 

constraints are The essence of 
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1.2 An Ideal Design Optimization Approach 

As previously stated, the utility of a design optimi- 
zation is to pinpoint the detailed converter design to 
meet given performance specifications, and to achieve 
concurrently the minimization of a certain converter 
characteristic defined by the designer. Simply stated, 
the task is to minimize an objective function f(x,k), 
subjected to design constraints gj(x,k,r) = 0. 

Here, X = (x^ Xp. is a n-d1mensional vector 

representing power and control circuit parameters to 
be designed. Examples of X are values of R,L, and C, 
the switching frequency, and the design details of 
magnetic components includiriy core area, mean core 
length, permeability, wire size, number of turns, and 
turns ratio of multiple-winding magnetics. 

The k’s represent various constants related to component 
characteristics. These constants are known to designers 
through common sense or design experiences. Examples 
include winding and core densities, winding resistivity, 
window fill factor of the core, winding pitch factor 
(i.e., the ratio of the mean length of one-turn 
winding to the core circumference), transistor and 
diode conduction and switching characteristics, core- 
loss parameters, intended maximum operating flux 
density of given magnetics, and ESR as well as energy- 
storage characteristics of filter capacitors, 

The r’s are performance requirements to be met by the 
optimum design. Control-independent requirements 
include input/output voltages, output power, maximum 
Weight, minimum efficiency, source EMI, and maximum 
output ripple. Control -dependent requirements include 
regulator stability, minimum audiosusceptibility 
rejection, and maximum output impedance. 

The function f(x,k) represents the converter optimiza- 
tion criterion. Examples include the total weight, 
the total loss, the figure of merit of a specific de- 
sign, a particular control -oriented performance, or 
any selected design quantity such as reliability 
and cost. The criterion generally can be expressed as 
a function of the x’s and the k’s. 

Equations g.(x,k,r) = 0 represent a total of "j" cons- 
traints relating requirements r to design variables x 
and design constants k. Examples of these equations 
include the relationship of an efficiency requirement to 
the sum of copper loss, core loss, semiconductor con- 
duction and switching losses, and the loss in the 
capacitor ESR, the relationship of source EMI to the 
input-filter design parameters, the switching frequency, 
and the input/output voltage and current levels. 

Equations g. = 0 allow all performance requirements 'r 
and all component constants "k" to be integrated into 
governing the design of all variables "x". Consequently, 
solutions acquired for equations g. -» 0 to minimize the 
objective function f(x,k) would represent a detailed 
optimum design, down to the component level, in 
accordance with the performance requirements and the 
optimization criterion specified. 

Thus, an ideal design optimization approach is to 
analytically portray 9,- ° foi" a'l control-dependent 

and control-independent performance requirements. In 
conjunction wi th the defined optimization criterion 
f(x,k), computer techniques are then applied to seek 
out the x’s that would satisfy 9j = 0 concurrently 
minimize f(x,k). 

Comoarinq the ideal optimization approach to present 
state-of-the-art design, the following notes are made: 


(1) Both approaches start by obtaining requirements 

and selecting basic power- and control-circuit 
configurations. ..... , . * i » 

(2) The switching frequency , which is fundamental to 
the power-circuit design, is selected in the 
ideal approach consistent with the optimization 
criterion. Unlike the state-of-the-art piece- 
meal design, the ideal approach acquires all 
design variables, including those prescribing 
detailed magnetics design, in an inclusive manner. 
Interdependences between various variables in 
different converter functions (e.g., input filter 
and output filter) are thus inherently preserved, 

(3) The ideal approach would eliminate the need for 
excessive "bench design" of control-circuit 
variables. It will also reduce the role of con- 

cnQt* ui vci iitk^oLiUM 

rather than its current role of being the major 
vehicle through which compatibility between 
converter requirements and capabilities can be 
demonstrated. 


1.3 A Practical Design Optimization Approach 

While the aforedescribed Ideal approach represents the 
ultimate in converter design, its actual implementa- 
tton is presently not without major difficulties. 

To begin with, it is realized that the well -developed 
computer linear programming techniques are inapplic- 
able to converter optimization due to the nonlinear 
nature of the converter problems involved. As a 
result, the key to a successful design optimization 
of a complicated converter is to secure a nonlinear 
progranming algorithm that enables optimum numerical 
solutions to be reached, with fast convergence, from 
an initial guess of the solutions. Since the effec- 
tiveness of any nonlinear programming technique is 
invariably affected by the global and local properties 
of the multi-dimensional design problem, the un- 
fortunate consequence is that there is no uniformly 
good method on which an algorithm can be based to 
handle optimization problems as complicated as those 
involved with the design of a complete power converter. 
Naturally, the likelihood of securing an applicable 
nonlinear prograiwing routine' improves as the number, 
the nonlinearity, and the complexity of the nonlinear 
constraints diminish. 

Some of the most nonlinear and complex constraints 
are those describing the control -dependent performance 
requirements. Stability, audiosusceptibility, and 
output-impedance characteristics involve all power- 
and control -ci rcui t RLC parameters as well as the 
converter switching frequency. Furthermore, the 
characteristics themselves are functions of the 
signal modulation frequency via s-transform or z- 
transform, thus compounding the complexity of the 
control-dependent performance design constraints. 

Based on experiences gained to date on the application 
of various nonlinear programming routines, the chance 
for a successful inclusion of all control -dependent 
performance constraints in an overall power-converter 
design optimization is extremely slim for the fore- 
seeable future. 

To realize a practical approach within the demon- 
strated capability of nonlinear programming, one 
is, for the time being, forced to forsake the 
control -ci rcui ts , and to concentrate instead on the 
design optimization of the converter power circuit. The 
scope of the optimization criteria is reduced to in- 
clude only those related to power-circuit performance 
characteristics, such as weight and losses. 
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"lerltorious approach, its utilitv i«: 
still significant for the following reasons: ^ 

• The prevailing trend toward converters designed 
for higher power places increasing emphasis on 

1 OSS and weight optimizations . 

• Sensitivity to program cost and space/mi litarv 
equipment standardization encourages analysis- 

reduce weight, loss, and cost 
dlvIlopLts!^ designs and 

• power- and control -circuit confiqura- 

that’ design experience has indicated' 

that, once the power-circuit parameters are 

§es°1on is possible to 

” compatible coverter control-circuit para- 
meters uo meet stability and other control - 

requirements. Thus, while 
in^n^nw^r?? control -dependent constraints 
reoresenK <^onverter design optimization 

. increase in the optimiza- 

to alter the 

confidZJ^nn '-esults obtained from 

considering power-circuit related constraints 
alone. The results obtianed from power-ci?cuit 

p-ticii^"‘ 

• Comparing to the number of control-circuit 

configurations proposed and in use to date, there 
are relatively few commonly-used power-circuit 
configurations. The utility of the power circuit 
design optimization should be widespread and 
well-defined. 


ranah?^ir>V^’ limited nonlinear-programming 

capability currently demonstrable, a practical and ^ 

which^SsiIts°S’ the® f n ^^n be formulated, 

wnicn consists of the following two major steps: 

power-circuit parameters to achieve 
the weight-loss optimization of a given power 
circuit configuration that will melt all 
control-independent performance requirements. 

circuit parameters thus 
obtained, guidelines to design detailed 

parameters to meet specified 
P®*"^"cinnance requirements 
ate then used to fulfill the design of a 

comp ete power converter. This step does not 
involve the use of a nonlinear prograimiing 
routine. Design guidelines for control- 
-ai'i'^’u P^tameters will be conceived analyti- 
cany based on work currently in progress^ 
and should be within reach in the^nllr future. 
At present, the generation of design guidelines men- 
tioned in step (2) appears to be the likely m!5or 

paper is placed on step (l). It is hopl^thlt hhl 

•TStr 


2. ImElemejimi^ ^ QotimizaH.n 

Continued rapid growth by aoplied ootimizahinn = 
scientffic discipline has been fostered bv thp an i* 
cation of optimization theory and the high-sjled ^ 
computer developments. In power convertir dIsign 
It follows naturally that the key in implementilS’the 
design Optinilzation approach rests nn fho ax/a-ji^k *i *i. 
of suitable mathematical and computer techniques.^ ^ ^ 

2.1 The Lagrange Multiplier Methnw 

A general mathematical optimization technique is thn 
Lagrange Multiplier method [7], which cal bl us L!n 
seek an extremum for the objective functfon ffx kV 
subjected to a total of "j" constrailL: ^ ^ 

9j(x,k,r) =0, X = (xp Xg, . . , x^)^ 

The method forms a function F, where F = rh n 

Fo?f' n Lagrange multipliers, j'j’ 

For F to have an extremum, the requirement is: 


3F 

3X_. 


- 0, 1 = 1 ,2, ... n. 


and the "j" Lagrange multipliers. 

Application of this method occasionally yields closed 

optfnum- loss magnetics design 

However, when the problem transcends the simole 

cSX.I^Xi«s”““' "« 

2-2 Nonlinear Programming Technioues 

Most larger problems arising from practical power 

optimum solutions from a riaso able et o? iS?ia? ° 
guesses. While there exist numerous method non 
linear programming, the effectiveness nf 
epends greatly ol the globaf aid fll.l'pllSrSS”' 
"’^^‘^i'dimensional problem to which thp 
method IS applied. The dependencrmakis it SffVcult 
the general meJrts of 

different algorithms. Based solely on our aooHrpi-in« 
experience to date, the Sequential ullols [railed 
Minimization Technique (SUMT) based on The method of, 
penalty function seems to be most effect ivp in a-h, 

convergence for highly nonlinear powel^ollertel dls^on^ 
optimization problems. [9,10] converter design 

t"’®' Which, when added to the 

».s?;"c:dsisj;i-&jT!TT3i.rsiis?:d. 

Function used in the SUMT code 
is the quadratic form of g ^ , whicn gives: 

f + c r [gj]^ . 


f^Ts desiVId'^^’lln^ng coefficient when a minimum of 
From the above equation it is 
PP ten that the constrained minimum of f(x,Kj 
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subjected to constraints g^=*0 is identical to the 
unconstrained minimum of f^(x.k) when c approaches _ 
infinity. The SUMT code thus accommodates the initial 
"c", the conditions under which "c" is to be increased, 
and the criterion of bypassing the increasing “c" when 
the intended minimization process has run its course. 

Before presenting design examples, the following 
application experience on SUMT are stated: 

• Being primarily a research tool not specifically 
designed for power converter applications, the 
user generally needs to experiment with SUMT to 
realize its capabilities as well as limitations. 

• To save computer time, the number of variables 
should be reduced to a minimum by combining all 
interpendent ones. 

• Numerically the g.’s vary over a very wide range, 

To avoid conditions where c..."..ain g. m ...iC. oquc 
tion for f may be so large as to •'obscure the 
effects ofPthe rest of the g.'s, each g. must be 
properly scaled by a factor •'to insure that the 
effect of violating a given constraint is of the 
same order of magnitude as the effect of vio- 
lating any other constraint. _ 

• Depending on the problem involved, the initial 
set of guesses for optimum solutions can very 
important in determining the rate of convergence. 


3. Demonstration Examples 


Three design examples, one pased on closed-form _ 
optimum solutions obtained from Lagrange multiplier 
method, the other two utilizing the SUMT, are provided 
to demonstrate power-converter design optimization. 


3.1 Example 1 Optimum Height Inductor Design 

Using the method of Lagrange multipliers, the closed- 
form' solution for an optimum-weight inductor design 
with a given loss constraint were presented. [8] 

The solutions prescribe core area A, core length Z, 
winding turns N, permeability U, core volume AZ. con- 
ductor area AC, and the minimum weight W. These para- 
meters, in turn, are expressed as functions of con- 
ductor density DC, core density DI, winding pitch 
factor FC, window fill factor FW. conductor resistivity 
RHO, intended operating flux density BS, peak con- 
ductor current IP, needed inductance L, and allowed 
loss P. These closed-form solutions are implemented 
into a user-oriented computer subprogram, complete 
with user instruction, input request, input sunmary 
printout, and the optimum design results. 

Upon executing the subprogram on a remote terminal, 
the computer will provide the following instructions: 


c RUNX.I-IMDOSaiC. _ _ 

TH£ OBJECTIVE OF THiC PRQORnn U TO FEFFOPH 
optimum UeiGhT IMPUCTOR DECICH ^5; • • 

TO USEPi! PLERIE RERD THE FDLLOUinG .TftlEMEMT. 

CHREFUtU’i* BEFORE El.ECUTIflil THE PPOePfiM. _ 

THE UEEDEB IHPUT RflRRMETERC RPE THE FQLLDI'lItlU! 

DC ■ conriuCTOP density ui gprm' cubic_cm. 

IF HOT GIVEII BY THE U'EP. DC 1C lET 
riT BY DEFfiiJt-T. 

Dl 1 COPE DEHSIT. Ill GFFiM'; CUBIC CM. ^ ^ 

IF MOT GIVEH B‘i THE USER. DI I» '.ET 
RT r.a B'l DEFRULT. 

pr ! RRTID OF RVEPRC-E CME TUPN LEtlGTH TO THE 
COPE CIRCUMFEPEMCE. . t 

IF HOT GIVEH-FC IS -ET hT £. P^^ULT. 

FM •• PRTIO OF COriDUCTOP RPER TO l.liriDOM 

IF HOT GIVER. FW IC SEl RT .4 El DEFAULT. 

PHD! COMDUCrOP FEIIITIVITY 111 GHfl-METEF . , 

HOT Given. PRO IS lET RT 1 ,r24E-S Si PEFhULI. 


P 1 DESIGMED power cost IM WTTS. 

BS ! (IRAinUM FLUX DCMSITY IN MLD6RUSSES, 

If. , pEOf inductor current in RMPEPES. 

L t DEIGNED IlltUCTRNCE IN NlCPOHENRIES . 

PLEfl-E GIVE INPUT DRTR FOR L.IP.BS.RND P BELOW. 
FLER'E RL'D give INDIVIDURL INPUT DRTR FDR DC .DI , 
F,-.FI.I.BND RHO IF ANY OF DEFRULTED SETTINGS IS 


NOT DESIRED. 

NO INPUT i: NEEDED IF DEFAULTED SETTINGS ARE UiED. 
FOP AUIUEPS AT THE END OF THE RUfl. 

A IS CORE AREA. Z IS HERN CORE LENGTH, 

N IS NUMBER OF lUpNE > U IS PEPMERBILITY. 

RZ 1" PRODUCT OF R AN® C,AC IS CONDUCTOR RRER PER 
TURnIw I' DPTIMLIM INDUCTOR HEIGHT FOR fl GIVEN F. 


Subsequently, the computer requests input data from 
thruserwith reaard to OC.DI ,FC,FW,RH0, P.BS.IP, and 
L, Here, conductor density DC, resistivity RHO, core 
density DI , and operating flux density BS are known 
to a designer for given conductor and core materials. 
Factors FC and FW are generally known by a designer 
wiui yivcN Hiuuiuy a.iu uu. e Luni lyui'd Lions . Tor para- 
meters DC, 01, FC, FW, and RHO, the inherent values 
set by the subprooraw are 8.9 g/cm , 7.8 g/cnw, 2, 

04 and 1 724 x 10 ohm-meter, respectively, 
representing the commonly-used copper density, core 
density, pitch factor for a filled window, fill factor 
for a filled window, and copper resistivity. The 
values of these parameters can be supplanted by a user s 
own design numbers. However, if no user inputs with 
regard to these parameters are received, the subprogram 
will utilize the inherently-set values by default. 

The power loss P, the peak current IP, and the required 
inductance L, are. of course, individually assigned 
by the user for specific applications. 


In this example, the user needs a 200-uH inductor 
carrying a peak current IP of 4.5 amperes and 
utilizing an operating flux density BS of 3.5 ki ogauss 
(i.e.. a rnolypermalloy fowder core). The loss allowed 
by the user is 0.699 v'atts. For DC, DI, FC, FW, and 
RHO, the user decides to use those set by the sub- 
program. The user thus responds to the computer input 
request by typing the following: 

■ 11, " :r ■ -l -“l 1 


Uoon completion of input data, the computer prints 
out a sunmary of assigned input parameters including 
the defaulted ones: 

DC =1 3-.?. ■ 

DI » r.3> 

FC - E . 0 . 

Fill = 4.0E-L1 . _ 

FHQ * l.rElE-V‘3. 

F =c.3AlE-0l. 

e; - i.5. 

IP = A.F' 

L = C,0E-0£. 

Finally, the optimum design values are computed by the 
subprogram and delivered as outputs: 

A « G.Y33E-01 COUARE CENTlnElkK'. 

z - G.aeiE.oo centimctere 

II - 3.G31E.01 TURNS 

U • I.034E+OE GAtIZ: OERZTED 

AZ> 4.43r5E«00 CUBIC CENTIMr-« 

AC- E.AIGE.US CIRCULAP Mil. 

III - &.D85E.CII GRAM! 

With A=0.694 cm^. Z=6.39 cm. U=1 09 gauss/oersted, 
and AC=2419 cir, mils, a compatible design using the 
cornnercially -available components is either core 55930 
of Magnetics, Inc., or core A930157-2 of Arnold 
Engineering, with a wire size of #17 AMG. Such a 
design guarantees a loss limit around 0.7 watts as 
specified. From the printout, the inductor core and 
winding weight is approximately 61 grams. 

The cost for this design session is 51 cents. This 
compares favorably to hours of laborious and subopti- 
mum design iterations needed by an experienced 
designer using the paper-and-pencil anproach. 



Similar subprograms are conceived for the following: 

• Optimum-weight inductor/ transformer, with loss 

given as a constraint ” 

• Optimum-weight inductor/transformer, with wire 
size given as a constraint 

t Optimum-loss inductor/transformer, with weioht 
given as a constraint ^ 

For details regarding these user-oriented subprograms. 

''®^erred to Reference £H ], to he 
published in the Fall, 1977. 

Example 2 Optimum-Weight Switching-Regula tor 

example deals with optimization on a vastly 

Th^df^iarnM to the previous example. 

weLhnr minimize the total component 

chnun ■ buck Switching regulator power circuit 

Iwenty-thrse yarfables e.tst this axampl,, i.e 
X = (x^, 

Rl ,R2,R3 

I 1 r r 0 i-' I ut, atiu Lo 

I 1 72 ’^T^ 2 ’^ 4 = filter parameters 

^3’Kl ■' filter parameters. The ESR of 

C3 IS known to be RC. 

. Core cross-sectional area of inductors 
LI , L2, and L3 

N' M*" 1'1'^uctors LI, L2, and L3 

* Number of turns on inductors LI, L2, 



Figure 1 Buck Converter Power Circuit 

^rformance reauirements "r" and their values used in 
this example are the following; 


PE 

% 

^i 


Input filter resonant peaking limit (6 db) 
Output power 


X )T; 

23' 

. Dc winding resistances of inductors 
LI , L2, and L3 


Input voltage 
Eg : Output voltage 

s(F); Frequency-dependent source 
conducted interference 
r^ : Output ripple 

ei Required efficiency 

of sufficient core window 


(20-40 V) 
(15 V) 

(see Fig. 2 ; 

(12 of eS 
(93*) 


A 1 .A 2 .A 3 


and L3 
Inductc 

LI, L2, _ 

: Switching frequency 


UlIU 

^Cl>^2*\3 • winding areas per turn for 

LI, L2, and L3 


The design constants "k" are described below. Numeri- 
cal ^uef used in this example are given in the 
parenthesis at the end of each corresponding descrip- 

P/'i .Fop ,F f 



C1’''C2’''C3 

'"Wl ■’'W2*''W3 
RHO 


DI^.DIg.DIj 

DCj.DC^.DC^ 

85 1,832,833 


Assiq^ned winding oitch factor for 
inductors LI, L2, and L3 (2, 2. 2) 
Assigned window fil ■ fggtor for 
inductors LI, L2. and L3 (.4, .4, .4) 
Commq^n conductor resistivities for 

1 79 Avi’n-S'^ y (1,724x10-8. 1.724x10-8, 
1.724x10 ° ohm-meter) 

Core densities of inductors LI. L2. 
and L3 (7.8. 7.8, 7.8 g/cm3) ’ 
Conductor densities of inductors LI. 

L2. and L3 (8.9, 8.9. 8.9 g/cm3) 
Operating flux densities i.ntended for 
inductors LI. L2, and L3 (3.5. 3.5. 

3,5 kilogauss) 

DCPpDCP 2 , 0 CP 3 : microfarad for Cl. C2. and 

C3 (210, 1100, 72 kilogram/farad) 
Collector-emitter drop when transistor 
Q conducts (0.25 V) 

Base-emitter forward drop of Q(0,8 V) 
Transistor switching rise time(.i5us) 
Transistor switching fall time .2 us) 
Forward drop of diode 0 ( 9 V) 

Diode turn-on time (’o3usi 

Diode turn-off time ( OSus 

Diode recovery time (03us) 

Frequency-dependent core-loss factor 
for inductor L3, which processes a 
large ac flux excursion. 


Figure 2 Source EMI Requirement Used 
in Example 2. S=0.1Aand 
8=0.5 A are used for design 
#1 and design #2 

Loss Constraint 

constraint, the sum of all component losses 
the total losses allowe^by ?hf 
minimum efficiency requirement, or, 


st 


P,- f + P^ + P , + P , . -f p 
1 * t d ofi oc 

where; 


Pg(l-e)7e 


( 1 ) 


'fd 

Oe(F) 


^be 

^sf 

^id 


re 


Pjf = Input filter copper losses 

0.5 


(g^)^[4(RH0)]( ! ^ l^^T 
1 '^cl 


^c2^2^2 


0.5 


\2 


-) ( 2 ) 


= Transistor saturation loss 
+ Base drive loss based on 10-to-lcurrent drive 
+ transistor turn-on switching loss 
transistor turn-off switching loss 



♦ (E,T,//5)t(P„/E,) - (E,-E„)E„/EL3E,F] 

« (E,T,,F/S)[(P„/EJ f (E,-E„)t„/EL3EiF] (3) 

p. = Diode conduction loss 
d 

+ Turn off and recovery losses 
+ Turn-on loss 

+ [E^F(T^.d+3T^^}/lE][(P,/E,)-(E,-E^)E,/2L3E^F] 

+[E,FT„j/12][(Po/E^)+(E^-Eo)E3/2L3E^F] (4] 

p^^.= Output inductor core loss 

+ Output inductor copper loss 
= 80E^(E--E3)Z30^(F)/N3E, 

+[4(RHO)F^3fi3A3°’^/A33] 

■ t(P„/E„)'*[(E,-UEo/’2'-3E,Fj2 ! (5 


its output impedance, While these characteristics are 
important in determining the addiosusceptibi^ty per- 
fonnance and the control-loop stability of he converter, 
they are normally not specified in the ccnvt''ter speci- 
fication sheet. However, to ensure that the optimum- 
weight power circuit design will be compatible with 
its companion feedback control circuit, the inclusion^ 
of the self-imposed resonance and impedance characteris- 
tics becomes highly desirable. 

In this example, the requirement "PE" concerning 
resonant peaking is included as a design constraint: 

1 + (R4^C^/L^) 




" (C2/Ct)^+ (R4^Ci/L^)[l-(C2/C^)-a2C2/hCi)r 

Output Ripple 

^ (1- '^) 

3^3 "^i 


■^i ■ HU:; 


1 2 ‘♦c^^R.^E.^ 


(9) 

(10) 


Window Area Constraint 

All inductor windings must be accommodated within the 
physical confine of ’ the available core window afea. 
Thus, for inductors LI to L3, 




0,5 


Z./2 + A?‘^/2 - Q, k=1,2,3 

(11.12,13) 


p^^ a Output filter ESR losses 

- (1/lZ)C(Ei-E3)E3/12L3E^F]\ (6) 

Notice the dependence on switching frequency F in 
equations (3) to (6). 

Frequency-Dependent Source EHI Constraint 

The frequency-dependent source EMI requirement sketched 
in Figure 2 has a constant peak-current allowance of 
"S" amperes when the frequency is below 2kHz, and 
decreases linearly on a logarithmic scale fcom 2KHz 
up. The input filter must he designed so that: 


Required attenuation _ EMI R equirement 

at switching frequency Fundamental switching current 

Thus, 

[ (L2C2/LyC.| ) (2iTFvqUp^ (1 /D)- (Cg/C^ ) (2nFvrfirp 

= [S//l+(F/2000)^ ] / (A^ + B^)°'^ (7) 

where : 

A = (2P_/nE ) Sin(KEQ/E.) 

Sin(nEjj/E.) ^ 

B = C(E^-E^)E^/L3FKE.]CC0s(nE^E.- „ ""J 

D = R4(C.,/L^)°’^ 

Other Input Filter Design Constraints 

In addition to source EMI, rther critical aspects of an 
input filter design includ'; its resonant peaking and 


Operating Flux Density Constraint • 

The inductor design must not exceed the intended 
operating flux density leyel. Since inductors LI and 
L2 only conduct direct current, 

Vk - 

Inductor L3 handles both dc and ac components, 

■ ¥3 - (VB^3^t(Po/Eo)+(Er^o)V2L3E.F3 = 0 (16) 

The objective function f(x,k) in this example is the 
total iron, copper, capacitor, and semiconductor _ 
weight. Since the semiconductor weight is essentially 
fixed, the function f(x,k) becomes: 

f(x,k) - core weight + winding weight 
+ capacitor weight 
= lCODi^A^Zj, + 4- (DC)^A°-%^N|^A^I, 

+ r (DCP),^Cj. k = 1 ,2,3 il7l 

Having defined all variables x 's .constants k’s , 
requirements r’s, contraints g • 's , and the objective 
function f(x,k), the goal of •’this design is to solve 
all x’s to satisfy each constraint prescribed in eqs. 
(1) to (16), and concurrently to minimize the quantity 
specified in eq. (17). 

Obviously, a problem of this complexity is not amenable 
to closed-form solutions. The SUHT computer program 
is used to acquire optimum solutions numerically. The 
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proqram contains fourteen pages of Fortran listing 
dealing mostly with constraints and their first and 
second derivatives with respect to variables within 
‘^“"sidering the limited information 
such a listing can provide without extensive descrip- 
tive supplements, the program itself is not included 
here. It is, however, available in Reference [11]. 

Two sets of optimum design results are illustrated in 
lapie 1 . The difference between them is that design 
#1 assumes a three-times higher ESR for the output 
filter capacitor and a five-times more stringent 
source EMI requirement than those of design #2. In 
each design, all RLC parameters, the switching fre- 
quency, the design details of all magnetics, and the 
minimum weight, are collectively achieved in a single 
computer run which represents minimum component-weight 
designs. “ 


Table 1 Optimum Converter Component Weight 


is Integrated with a solar-array battery source of 
a known power density(kilogram/watt) . The converter 
mechanical packaging weight is also included in the 
overall design optimization. Since the converter loss 
IS supplied from the power source, and since the con- 
verter packaging weight (heat sink included) increases 
with the converter losses, for a given output power it 
follws that the combined source-and-mechanical-packag 
weight becomes heavier if more converter loss is 
allowed. On the other hand, experience also indicates 
that the total converter component weight (magnetics 
and capacitors) tends to diminish with more allowable 
losses. Consequently, for a given output power as 
well as a given source density and packaging density, 
there must exist an optimum converter efficiency at 
which the combined system weight including power 
source, converter packaging, and converter component. 

Is a.t its minimum. The objective of this example is 
to Identify numerically such an optimum efficiency 
The minimum efficiency requirement "e" used in Example 
2 for component weight optimization only thus is no 
longer a design constraint. Instead, the efficiency 
becomes an unknown variable in this example 


21 (cn) 

N1 (turns) 
ACl 

, Ptsly <1 

• oTTonirs- O.IA) 

S.IQ 

0.438 

40 

0.778 

Oesion 
• 6.1 ohm, 

3.11 

0.16) 

2 ) 

0.519 

U (cm) 

3.86 

2.35 

« (ct5) 

Q.2S1 

0.092 

N2 (turns) 

22 

12 

AC2 (ro^) 

0.756 

0.507 

23 (cm) 

7.84 

5.20 

A3 (cm') 

0.694 

0.235 

N3 (turns) 

5 

46 

36 

A*:3 

1.9 

1.21 

Ll (cH) 

253 

53,7 

1.2 (-H) 

84 

17.9 

1.3 (uH) 

132 

52.5 

Cl I.e) 

89.5 

47 

Cl („F) 

30.B 

10 

C3 (lF) 

710 

325 

R) ((riHUohmJ 

41.5 

20.9 

R2 (mfntohm) 

17.9 

9.1 

R3 (mi ) 1 iohm) 

25.3 

18.3 

(ohms) 

2.97 

0.94 

F (HHz) 

22.0 

43.9 

W (grams) 

239,5 

78.1 


o.s«) 


Notice the impact exerted by ESR and source EMI on the 
two data columns of Table 1. For the same loss cons- 
traint, every parameter of design #2 is smaller than 
Its counterpart of design #1. The only exception 
occurs at the analytically-determined optimum switching 
frequency, where the 43.9 kHz for design #2 is almost 
wice that of the design ^l. As a result, the com- 
binea magnetics and capacitor weight of design #2 is 
barely one-third of that for design #1 . 

The total computer cost per run for a problem of this 
magnitude is generally within the $20-to-$40 range 
This compares favorably with days of suboptimum 
paper-and-pencil design iterations. 


3-3 Example 3 Optimum-Meiaht Source-Converter System 
In this example, the buck converter shown in Figure 1 


Comparing this example to Example 2 . the different 
formation of design variables, design constants , per- 
formance requirements, and the objective function are 
as follows: 

• Efficiency “e" becomes a variable in addition to 
the twenty-three variables listed in Example 2. 

• Two more design constants. KS and KH, for source 
and packaging densities respectively (in kilo- 
grams per watt) , are added to the twenty- eight 
constants shown in Example 2 . 

t Efficiency "e" is no longer a performance 
requirement. All other requirements in Example 
2 , however, remain applicable to this example. 

• The loss constraint used in Example 2 is elimi- 
nated. The sum of all losses, i.e., the quantity 

is being used in this example as part of the 
new objective function. All othe*- constraints 
in Example 2 remain effective in this example. 

• The new objective function for this example is: 

W = Core Weight + Winding Weight 
+ Capacitor Weight + Source Weight 
+ Packaging Weight 
= r (DI)kAj^Z^ + 4 „(dc)^a°-^f 

+ E (DCP)^C^ + (P^ + p)(KS) 

k = 1,2,3 (18) 


■■ckVck 


+( rP)(KH), 


’’’ 2 to be a function of 

multiple factors ; 

fP = function of (N^ 13,23 ,F,R^) , k=I,2,3 

( 19) 

It can be seen that, after all variables are numeri- 
cally identified by SUMT, the term ( .P) can be 

to reveal the particular converter efficienc 

tnat will produce a minimum combined source-converter 
weight. V V.U ,vc, oer 


Again, the detailed computer programming for this 
problem is available in Reference [11]. Numerical 
values for design constants and performance requirements 
are identical to those used in design 11 of Example 2. 
Two sets of optimum design results for minimum system 
weight are illustrated in Table 2. The difference 
between them is the different source density "KS" and 
packaging density “KH" assumed. 


Table 2 

Optimum Source-Converter System 



CWtUn *2 


(Uj - O.CiES <3/W) 

SVj * O.Q163 <g/u) 


[V, - Q.C65 

* 0.0325 

21 (e«) 

AM 


XI 

Q.1U 

0.360 

Nl lUn-s) 

?5 

35 

ACl (m?\ 


0.701 

U (cm) 

i.79 

3.53 

A2 (cm®) 

3,236 

0.207 

t(2 tturrs) 

U 

20 

AC2 

U33 

0,701 

23 (cm! 

7.87 

6.57 

A3 (cn^l 

0.335 

C.53 ■ 

it3 (turns) 

43 

40 

AC 3 i 

2.6 

1.S8 

U (Jl) 

154 

103 

U (uH) 

5,1 

62,7 

13 (u«) 

101 

136 

Cl (uF) 

133 

108 

C2 (,F) 

19 

15 

i3 (uF) 

1346 

1075 

R) (fitUllohm) 

18.3 

3« 

R2 (nniloftir) 

8.1 

17 

R3 (aiiihonm) 

13. 

U.5 

R4 I’ofiMi) 

0.61 

0.99 

f (IHt) 

22.1 

22,2 

W (Ag) 

7,562 

2.167 

Eff. (S) 

94.12 

93.6 


Several impacts exerted by different KS's and KH's 
are noted: 

• As expected, a decrease in kg/w of source and 
package densities from design #1 to design #2 
allows more loss in design #2 to achieve an 
optimum-weight system. The converter efficiency 
for such a system is reduced from 94, 1« of design 
#1 to 93.6S of design #2. The 94.1% efficiency, 
incidently, represents nearly the maximum possible 
efficiency consistent with the various loss- 
related design constants specified in Example 2. 
The most influencial design constants limiting 

the efficiency achievable are transistor and 
diode conduction drops in conjunction with the 
required output power and voltage levels, 

• For a four-to-one reduction in source density, 
the optimum efficiency only decreases from the 
approximate maximum limit of 94.1% by 0.5%. Since 
the realistic source density (including source 
and source conditioning) currently available is 

in the proximity of that used in design #1 , it is 
not surprising that the system designer has 
currently placed the highest emphasis on obtaining 
the highest converter efficiency possible. 


4 , Needed Improvements on Uesiqn Optimization 


While a practical design optimization approach has been 
successfully demonstrated to solve rather complex 
problems, it is not the intention of this paper tu 
paint an over-simplified picture concerning power 
converter design optimization in general. 

To start with, one must realize that an optimization 
is generally associated wi th physical phenomena. Thus, 
the design optimization is of practical value only 
when there exists an accurate understanding of the 
physical principles and mathematical models upon which 
the design constraints and the design constants all 
depend. Since weight and loss generally are used as 
power-converter optimization criteria, knowledge of 
power-device weight-loss characteristics is thus a 
prerequisite to a successful optimization. Of these 
characteristics, the more important ones are: 

• The accurate core-loss data as a function of 
the switching frequency and the asymmetrical 
rectangular-waveform exci tation 

t The "effective resistance" of magnetic windings 
in high-frequency, high-current applications 

• An acceptable semiconductor switching-loss profile 
for power transistors and diodes in a given 
magnetics-semiconductor power-circuit configura- 
tion, and the likely impacts exerted by the 
commonly-used means of energy recovery on 
switching losses. 

These characteristics, at the present time, are in- 
sufficiently defined. Considering that they are 
needed in the day-to-day design effort without any 
excursion into the realm of optimization, better 
understanding of component benavior must be regarded 
as a necessity that is Tong overdue. Without further 
knowledge of these cnaracteristics , the selection of 
the optimum switching frequency, which is the most 
important parameter in power converter design and 
weight-loss tradeoff, will continue to be determined 
empirically. Since the optimization results are 
as accurate as the participating design constants 
and constraints, the design ootimization approach 
thus brings into sharp focus the pressing need for 
knowledge of these characteristics. 

Furthermore, since most practical power converter 
optimization problems are sufficiently complicated to 
defy closed-form solutions, the availability of power- 
ful and fas't-convergent nonlinear programming algori- 
thms is indispensable. However, no general-purpose 
algorithms can be expected to cope with specialized 
nonlinear power converter problems. The SliMT used in 
the examples performs well in the presence of good 
starting guesses of variables for constraints whose 
partial derivatives with respect to all variables are 
well behaved. On the other hand, the guarantee that 
it "almost always converges" is not inherent in SUMT , 
nor is it expected from other algorithms in the fore- 
seeable future. Consequently, the development of 
dedicated computer optimization routines for a given 
class of power converters will likely become a highly 
special ized yet essential research. 
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5. Conclusions 


6. References 


A practical power converter design optimization 
approach IS proposed in Section 1, and its impiementa- 
tlon IS discussed in Section E, Through three practi- 
cal engineering design examples given in Section 3, the 
approach is demonstrated to greatly facilitate 
several endeavors heretofore regarded as difficult or 
unattainable * 

(l) It allows a cost-effective optimum design for a 
power component or a complete power converter, 
down to the component level. The design includes 
the Identification of the optimum switching fre- 
quency and detailed magnetics design parameters 
Not only meeting all power-circuit related per- 
formance requirements , the optimization of either 
the weight, the loss, or any other realizable 
entity of a power converter can be achieved, 

i*he design takes into account the interdependent 
nature of the various functions within a power 
converter (e.g,, the impact of output-filter para- 
meters on the Input-filter design). The total 
computer cost for a complete power circuit design 
is within the $20-to-$40 range, which comoares 
favorably with days of suboptimum, piecemeal, 
hand-iterated design effort. Savings in both 
design and development cost are thus achieved. 

(3) It provides a fast and accurate weight-loss trade- 
ort as well as a means for ready assessment of the 
impact of a given requirement or a particular 
component characteristic on an optimum design. 

(4) It can assist the power system designer to conceive 
the optimum system configuiacion and the proper 
converter specifications to achieve an overall 
optimum system, thus setting the stage for a more 

scientific design approach not relyino heavilv 
on subjective judgements. ' 


converter design optimization 

dSfr.fnW device -charactirizatiSs anr 

dedicated programming developments. These needed 
improvements are briefly outlined in Section 4, 


The importance of identifying an optimum design among 
all designs is underscored by the fact that, all ^ 
ether performances being equal, the design that is 

^ specified sense is the one usually prevails. 
However, being extremely hardware oriented and forever 
engrossed with necessary evils such as "schedule" and 
cost , a power converter designer often considers the 
design tasks successfully fulfilled even though the 
design itself may be, knowingly or unwittingly, quite 
"suboptimum". With the advent of high-speed c^Suiers 
applied optimization has become increasingly popular in 
practically all engineering disciplines. It is for the 
promotion or this trend in the field of power-conv^ter 

reoorted^hLA*^® cost-effective optimization effort 
reported herein is strived. 
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APPENDIX q 


SAMPLES OF COMPONENT DATA COMPILATIONS 


In this appendix, data bases for (l)Foil Tantalum Polarized Capacitors, 
and (2) Copper Wire Sizes, are illustrated as samples of data compilation. 

Q.l DATA BASE FOR FOIL-TANTALUM POLARIZED CAPACITORS 

The DB for foil-tantalum polarized capacitors is given in Table 1. 
Each row represents information for a given capacitor that is commercially 
available. Major headings of this table are discussed as the following. 

VDC Rating (V) 

This represents the temperature-dependent dc voltage rating of the 
capacitors in volts. For T = 85°C, the ratings under the 85°C column 
apply. In most PPS applications, the maximum temperature specified is 
either 85°C or 125°C. Obviously, if the specification is 125°C, then 
the reduced ratings under the 125°C column prevail. 

Capacitance (uF) 

The capacitance in micro-farad for each capacitor is listed for low, 
nominal, and high temperatures. The ca pacitance at 25°C (room temper- 
, ature), along with the dc voltage rating for a specified temperature , 
are the key indices in locating a commercial parts. For example, a 
certain DOS run has identified that the dc voltage needed is 68V and the 
capacitance needed is SlpF. The temperature range, say, is specified to 
be between -30°C to +85°C. Then, one determines 75V-capaci tor is re- 
quired for it is the voltage level that is higher than 68V. We don't 
want to overkill by using 100, 150, or 200V capaci tors , for they are 
generally heavier and more bulky. Having decided on 75V, one looks for 
the minimum capacitance at -30°C to be larger than the 51yF calculated. 
From Table 1, the 75V, lOOyF capacitor then emerges as the best choice 
among commercially-available parts. 


Often, the DOS run would demand a capacitance that cannot be satis- 
fied by a single capacitor. For example, instead of SlpF, the DOS may 
Identify a value of ISlpF. When that happens, three 75V. lOOuF capacitors 
in parallel will have to be chosen in order to achieve a minimum of 
3 X 60 = ISOyF > 151 yF at -30°C. 

Case Size 

The case size of capacitors represents their physical dimensions, 
or foil-tantalum capacitors, there are four different case sizes. For 
reasons beyond me. case 4 is the smallest size, case 1 is larger than 

case 4, case 2 is larger than case 1, and case 3 is the largest. They 
all take the tubular forfn: 


Case 4 
Case 1 
Case 2 
Case 3 


Length (ctn/in) 

2.70/1.062 

3.81/1.500 

5.55/2.187 

7.14/2.812 


Diameter (cm/in) 
0.754/0.297 
0.993/0.391 
0.993/0.391 
0.993/0.391 


This infoimation should be stored somewhere, and should be made readily 
available upon user's request. 

l^eight (qrm) 

This column gives the weight of each capacitor Notice that • 

IS only a function of the case size. The la roe r th» ^ ' 

heavier is the weight. larger the case size, the 

. IRMS (A) 

AC Current Rating . (IRMS)(1.175-0.007T)(2.753 f'/3) ,,, 

Where (IRN|S) is shown in Table 2 T in c • 

at 85"C and lOkHz. the AC current rating forth ^ 

would be; ^ first -row capacitor 

AC Current Rating = (0.42)(1..175-0.007x85)(2.753xlo’/3), 


applications, it^I'^nposIlbrtTpres^^ 

given capacitor In Table Icn ^ current rating of a 

every time to provide the Mpaci H'''"*"* invoked 

in a given application. eating for each capacitor 

ESR (Ohms) 

ESR is the abbreviation for "Fauiuaionf c * 

Of Vital inportance In all aspects of 

Of temperature, being much higher at low tenperatures 
“nufacturers are rather uncomnlttal in the, capacitor 

result the PCD , ■ ^ their assessment of ESR As a 

result, the ESR values presented In Table 1 are h„ 

manufacturer's data, the ESR's for all ^ 

identical, capacitors at a given tenperatu,^ are 

MIL-Spec 

caoacH? 'column shows the military specifications governing these 

apac tors. Most of these specifications do not concern the DOS (e o 
humidity, lead length, etc.). ' 

Q.2 DATA BASE FOR WIRE SIZES 

The American Mire Sauge (AWG) will be used as the wire size 
tandard. The wire area Is expressed both In circula, ml s d ■ 

lerent ten^ieratures coveri no -"^n^r 4 -ocor j w 
Calculation of different nererr ’ T’ 

meter at different temperatures For wL\"l“eTos? “'i 

100”C-data will be used. However for nert evaluation, the., 

factor of the filter tho -p' ^ driiance such as damping 

filter, the opposite low-te„perature data will be uL. ' 
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Table 1 Data Base for Foil Tantalum Polarized Capacitors 


yPC Rutlnij IV) CAPACITAUCE (uF) D1ICH510II HEIGHT IBC *T iaS*C W 


85 "C 

125 *C 

-55 ‘C 

-30 ‘C 

25 *C 

es*c' 

125‘C 

Urnth ( oti / lii ) 

Dinctcr (cvi/ln) 


lOtHl 

20 

30 

40 

JO 

75 

100 

10 

20 

30 

40 

50 

75 

100 

15 

10 

37 

40 

55 

75 

BZ ' 

3.51/1,500 

0.993/0.391 

8.0 

1.44 

l.K 

2.08 

2.29 

2.47 

2.82 

3.11 

0.75 

0.94 

1.07 

1.18 

1.28 

1-46 

1.61 

25 

15 

20 

24 

40 

76 

105 

2.70/1.062 

0.754/0.297 

3 .S 

0.48 

0.61 

0.69 

0.76 

0.82 

0.94 

1.04 

0,25 

0.31 

0.36 

0.40 

0.43 

0.49 

0.54 

25 

15 

SO 

60 

loo 

190 

262 

3.81/ V .500 

0.993/0.391 

8.0 

1.00 

1.26 

.1,44 

1.58 

1.71 

1.95 

2.15 

0.52 

0.65 

0.74 

0.82 

0.88 

1.01 

i.n 

30 

20 

54 

60 

BS 

no 

117 

7. M /2.812 

0.993/0.391 

17.5 

2.61 

3.29 

3.77 

4,15 

4.47 

5.12 

• 5.63 

1,35 

1,70 

1.95 

2,15 

2.3 i 

2.64 

2.91 

X 

20 

152 

ino 

30 C 

570 

920 

7.14/2.812 

0.993/0.391 

17.5 

2.58 

3.25 

3.72 

4.10 

4.41 

S .05 

5.55 

1.33 

1.68 

1.92 

2.12 

2.28 

2.61 

2.87 

50 

30 

3,8 

4 

6 

8 

8.3 

2.70/1.060 

0.754/0,297 

3 .S 

0.38 

0.4 S 

0.55 

0.60 

0.65 

0.74 

0. B 2 

0.20 

0.25 

0.2 B 

"or 

-or 


0.42 

50 

30 

9 

n 

18 

34 

40 

2.70/1.060 

0.754/0.297 

3.5 

0.31 

0.39 

0.45 

0,49 

0.53 

0.61 

0.67 

0.16 

0.20 

0.23 

0.2 S 

0.27 

0.31 

0.34 

50 

30 

12 

14 

20 

28 

30 

3.81/1.500 

0.993/0.391 

8.0 

0.89 

1.13 

1.29 

1.42 

1.53 

1.75 

1.93 

0.46 

0.5 B 

0.67 

0.73 

0.79 

0.91 

1.00 

50 

30 

24 

28 

40 

55 

60 

5.55/2 J 87 

0.993/0.391 

13.0 

1.58 

1.99 

2.28 

2,51 

2.71 

3,10 

3.41 

0.82 

1.03 

1.18 

1.30 

1.40 

1.61 

1.76 

50 

30 

24 

28 

47 

89 

106 

3.81/1.500 

0.993/0.391 

8.0 

0.65 

0.82 

0.94 

1.04 

1.12 

1.28 

1.40 

0.34 

0.43 

0.49 

0.54 

0.58 

0.66 

0.73 

SD 

X 

76 

90 

150 

285 

394 

5.55/2.187 

0.993/ Q .391 

13.0 

1.44 

1,82 

2.08 

2.29 

2.47 

2.83 

3.11 

0,75 

0.94 

1.08 

1.19 

1.26 

1.46 

1.61 

75 

50 

6.5 

7 

12 

23 

24 

2.70/1.060 

0.754/0.291 

3.5 

0.28 

0.35 

0.40 

0.44 

0.47 

0.54 

0.59 

0.14 

0.18 

0.21 

0.23 

0.24 

0.28 

0.31 

75 

50 

7.5 

9 

15 

28 

34 

3.81/1.500 

0.993/0.391 

8.0 

0.41 

0.52 

Q .60 

0.66 

0.71 

0.81 

0.90 

0.21 

0.27 

0.31 

0,34 

0.37 

0.42 

0.46 

75 

SO 

17 

20 

33 

63 

74 

3.81/1.500 

0.993/0.391 

8.0 

0.55 

0.69 

0.79 

0.87 

0.94 

1.08 

1.19 

0.28 

0.36 

0.41 

0.45 

0.49 

0.56 

0.61 

75 

50 

24 

30 

40 

50 

55 

7.14/2.812 

0.993/0.391 

17.5 

1.79 

2.23 

2.58 

2.84 

3.06 

3.50 

3,65 

0.93 

1.17 

1.33 

1.47 

i.sa 

1.81 

1.99 

75 

SO 

24 

28 

47 

89 

123 

3.81/1.500 

0.993/0.391 

8.0 

0.65 

0.82 

0.94 

1.04 

1 .U 

1.28 

1.41 

0.34 

0.43 

0.49 

0.54 

* 0.58 

0.66 

0.73 

75 

50 

39 

42 

70 

120 

137 

5.55/2,187 

0,993/0.391 

13.0 

1-03 

l.X 

1.49 

1.64 

1.75 

2.02 

2.22 

0.53 

0.67 

0.77 

0.85 

0.91 

I.M 

1.15 

75 

50 

72 

20 

100 

175 

195 

5,55/2.187 

0.993/0.391 

13.0 

1.20 

1.52 

1.74 

1.91 

2.06 

2.36 

2,59 

0.62 

0,78 

0.90 

0.99 

1.06 

1.22 

1.34 

100 

65 

13 

15 

25 

37 

42 

3.81/1,500 

0.993/0.391 

8.0 

0,52 

0.65 

0.74 

0,82 

0.83 

1.01 

1.11 

0.27 

0.34 

0.38 

0.42 

0.46 

o.sz 

0.57 

100 

55 

28 

30 

50 

75 

85 

S .55/2.187 

0.993/0.391 

13.0 

0.66 

1.08 

1.24 

1.37 

1.47 

1.68 

1.65 

0.44 

0.55 

0.64 

0,71 

0,76 

0.87 

0.96 

100 

65 

38 

45 

75 

130 

141 

7,14/2.812 

0.993/0.39 T 

17.5 

1.24 

1.56 

1.79 

1.97 

2,12 

2.42 

2.67 

0.64 

0.81 

0.92 

1.02 

1.10 

1.25 

1.38 

153 

100 

1.2 

1.5 

2 

2.5 

2.8 

2.70/1,060 

0.754/0.297 

3,5 

0.21 

0.26 

O.M 

0.33 

0.35 

0.40 

0.44 

o.n 

0.13 

6.15 

a.i7 

0.18 

D.Zl 

0,23 

150 

100 

2.2 

3 

4 

6 

6.7 

2.70/1,060 

0,754/0.297 

3.5 

0.14 

0.17 

0.20 

0.22 

0.24 

0.27 

o.» 

0.07 

0.09 

0.10 

0.11 

0.12 

0,14 

0.15 

150 

100 

5 

7 

10 

IS 

17 

3.81/1 .500 

0.993/0.391 

8.0 

0.31 

0.39 

0.45 

0.49 

0.53 

0.61 

0.67 

0.16 

0.20 

0.23 

0.25 

0.27 

0.31 

0.34 

150 

ICO 

7.5 

9 

15 

29 

34 

3.81/1.500 

0.993/0.391 

8.0 

0.38 

0.48 

0.55 

0.60 

0.65 

0.74 

0.82 

0.20 

0.25 

0-28 

0.31 

0.33 

0.38 

0.42 

150 

100 

14 

15 

25 

47 

49 

5.55/2.187 

0.993/0.391 

13.0 

0.62 

0,78 

0.89 

0.98 

l.OS 

1.21 

1.33 

0,32 

0.40 

0.46 

0.51 

0.55 

0.63 

0.69 

150 

100 

17 

20 

33 

62 

75 

S .55/2.187 

0.993/0.391 

13.0 

0.72 

0.91 

1.04 

1.15 

1.24 

1.41 

1.56 

0.37 

0.47 

0.54 

0.59 

0.64 

0.73 

0.80 

150 

100 

24 

28 

47 

£9 

107 

7.14/2.812 

0.993/0,391 

17.5 

0.99 

1.26 

1.44 

1.58 

1-71 

1.95 

2.15 

0.5] 

0.65 

0.74 

0.82 

0.89 

1 -Dl 

i.n 

200 

150 

1 

1.2 

1.5 

1.8 

2 

2.70/1.060 

0.754/0.297 

3.5 

0.17 

0.22 

0.25 

0,27 

0.29 

0.34 

0.37 

0.09 

0.11 

0.13 

0.14 

0.15 

0.17 

0.19 

200 

150 

6,5 

7 

10 

12 

13 

5.5 S /2.187 

0.993/0.391 

13.0 

0.83 

1.04 

1.19 

1,31 

1.41 

1.62 

1.78 

0.43 

0.54 

0.62 

0.68 

0.73 

O.M 

0.92 

200 

150 

9.6 

n 

15 

IB 

20 

7,14/2.312 

0,993/0.391 

17.5 

1.14 

1.43 

1.64 

1.80 

1.94 

2.22 

2.45 

0.59 

0.74 

0.8 S 

0.93 

1.00 

1.15 

1.26 


ESIt(OWS) 

-311»C 25*C «'C 


0.5 0.1 0.06 


mi-ytc 


C-39005 


Table 2 


Data Base For Wire Conductors 


Wire Size AWG Wire Area Resistance/ Length (milViohms/meter) 
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25 
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27 
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28 
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0.111 
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277 

29 
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216 
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32 

96 
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33 

77 
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34 

61 
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35 

49 
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1149 

1405 

3b 

4D 

07^217 

vm 

T441 

176^ 

37 

33 

0.017 

1361 

1779 

2176 

38 

26 

0.013 

1723 
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2754 

39 

20 

0.010 

2250 

2942 

3598 

40 

16 

0.008 

2870 

3752 

4588 

41 ^ 

,3 --- 

0TDO7 
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5522 

42 

10 

0.005 

4410 

5765 

7050 

43 

8 
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44 

7 
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6891 

9010 
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Data Base Record Key Identifi 

DBARY 

Data Base Array 

DBRA 

Data Base Record Area 

DBFSW 
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ABSTRACT 

Effort of a NASA-sponsored, computer-based 
program on "Modeling and Analysis of Power Pro- 
cessing Systems*' is reported. The overall pro- 
gram objective is to provide an engineering tool 
to reduce the design, analysis and development 
time, and thus the cost, in achieving the re- 
quired performances for power processing equip- 
ment and systems. Program structures, and design/ 
analysis examples are given to illustrate the ' 
prog>'am's utility in power and control circuit 
design, performance analysis, and design 
optimization. 


1 . INTRODUCTION 


Phase II, certain selected approaches were imple- 
mented through computer-based subprograms dealing 
with design, analysis, and optimization at the 
equipment level. To provide the basic coordination 
for the various subprograms, the framework of an 
expandable Data Management Program is also com- 
pleted within the initial Phase II. 

In the following sections, commonly-used 
power processing terminologies are defined first 
to avoid later ambiguity. MAPPS subprogram cate- 
gories and their specific objectives with respect 
to analysis, design, and optimization are next 
described; examples are provided to illustrate 
each subprogram category. Following a short 
introduction of the data management orogram, the 
eventual MAPPS capability and its future are 
concluded. 


Electric power processing technology is a 
rather complex field encompassing disciplines of 
power conversion and control electronics, iilagnetics, 
and analog as well as digital signal processing. 
However, primarily due to its rapidly-evolving' 
nature and its preoccupation with hardware pro- 
duction, the technology development has been 
hampered by the lack of vigorous modeling, analy- 
sis, design, and optimization techniques. As a 
result, heavy reliance on empirical and intuitive 
methods has become the necessary ingredient in 
power processing equipment designs. Needless to 
say, such inadequacies inevitably lead to penalties 
involving equipment performance, weight, reliabi- 
lity, and cost. In view of (1) the forthcoming 
needs for use of considerably higher level of 
power in future missions, (2) the prevailing trend 
of equipment standardization which must rely on an 
analysis-based design, and (3) the ever-increasing 
sensitivity on equipment cost, in which brute-force 
and single-minded power processing techniques would 
only result in more severe penalties than those 
suffered today, the pressing need for power pro- 
cessing modeling and analysis cannot be over- 
emphasized. 

To fulfill such a need, a program entitled 
"Modeling and Analysis of Power Processing Systems 
(MAPPS)", is described in this paper. Being a 
long-range program, it is currently at the conclu- 
sion of the initial Phase II effort. Phase I of 
the program addressed the formulation of a methodo- 
logy for the MAPPS approaches [1]. In the initial 


2. COMMONLY-USED TERMS AND MODELING/ANALYSIS 

OBJECTIVE 

Certain basic terms frequently used in this 
paper are summarized as the following to facilitate 
terminology clarification: 

Component: Electronic parts such as mag- 

netics, capacitors, semi- 
conductors, etc. 

Circuit: A combination of electronic 

circuits to perform a given 
function. Examples are input 
filter, output filter* feed- 
back amplifiers, etc. 

Equipment: A black box containing many 

components to satisfy certain 
specified input/output compati- 
bilities. Examples are line 
regulators, dc to dc converters, 
etc. An equipment can be divi- 
ded into the power circuit and 
the control circuit; the former 
processes the power flow from 
input to output, the latter 
controls the power flow. 

System: A combination of multiple equip- 

ment aimed to fulfill source/ 
load power processing applica- 
tion in a spacecraft. 


This work was performed under NASA Contrace NAS3-19690, " 
Systems," by TRW Defense and Space Systems, Redondo Beach 


Modeling and Analysis of Power Processing 
, California, for NASA Lewis Research Center, 
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Performance: Steady-state or transient be- 

havior of the equipment or 
system. 

Desian- Conceive a scheme for equip- 

ment or system to meet a 
given set of perfonnance 
requirements. 

Analysis: Analytically/numerically deter- 

^ ^ mine the performance of a 

given design. 

To design equipment or system 

Optimization. concurrently to minimize 

a defined quantity (such 
as weight or loss). 


Performance 
Requirements: 
(Control - 
independent) 


These requirements are closely 
associated with the power cir~ 
ruit design : 

9 Source EMI 

• Output Ripple 

• Weight 

• Loss , , 

• Input/Output Voltage Levels 

I J 


Load Power 
™ese.requ1r«ntsa 

frontrol- associated with the control 

dependent) rircuit design- 

• Stability 

9 Attenuation of Source 
Disturbances 

(audiosusceptibility) 

• Response to Load 
Disturbances 
(output impedance) 

9 Response to Step Line/Load 
Changes 

• DC Regulation 

’"tleli ! n Achieving the required perfonnarces 

J SSwerprocassing eguipment sn3 systems. 

MAPPS MAJOR SUBPROGRAMS 

The four major MAPPS subprograms .designated 
Design Optimization (DOS) > Control Design (CDS), 
rformance Analysis (PAS), and System Analysis 
AS), are described in Table 1. 

For detailed information regarding contents 
= Table 1, the readers are referred to ''^ference 
a; to be published in Fall, 1977. The Data ten- 
lement Program mentioned in Section 1, which co 
•dinates the user interfaces for all subprograms , 
11 also be treated thoroughly in L2!< 


In this paper* each subprogram will be repre- 
sented by key examples illustrating the utility 
and the effectiveness of the subprograms. While 
they are inherently computer-based, the des gn 
Siremeltrard the analytical foundation leading 
to the formulation of the particular subprogiam 
“e presTto supplament the numerical demonstra- 
tion of the analytical results. 

4. DESIGN OPTIMIZATION SUBPROGRAM (DOS) 

As oreviously stated, the utility of the 
design optimization is that it will not only pin- 
point the detailed equipment design to meet given 
performance specifications, ugSeriP^ ^ 

minimization of a certain 

deemed desirable by the designer. SimplV stated, 

the task is to minimize an -i=0 

f(x,k), subject to design constraints gj(x, k. r) u. 

Here, x = (x-, .Xg,. ■ .x^)"^ is a n-dimensional 

vector representing circuit parameters to be de- 
temined. Examples of x include the values of • 

R L and C, the operating frequency, and the de- 
sign ’details of magnetic components including the 
effective core area, the mean core length, the 
permeability, the wire size, and the number of 
winding turns. 

The k’s represent various constants known 
from common knowledge or designer's experience. 

Examples include copper >S/"satura- 

winding densities, core window fill factor, satura 

tion flux density, capacitor energy-storage 

capabilities, etc. 

The r's are performance specifications which 
the optimum design must meet. 

filter attenuation, output ripple amplitude, 

maximum weight, niinimum orescribed 

etc These requirements are usually prescrioea 

to the eruipment designer by someone presumably 
knowlldgffie in the entire power system. 

The function f(x,k) is the particular equip- 
ment characteristic to be oP^^iV"rf.l‘losf"'the 
include the total weight, the total los.s, the 
figure of merit of a specific design, . 

other preferable design quantity such as reliabi 

lity and cost. 


Equation g.(x.k.r) = 0 represent a total of 

"j" constraints^ relating ^ ^ 


"j" constraints- re iaT.iny a. .v, Ittenu-’ 

one of the equations may relate the _ 

ation required at a given ^?on may 

filter parameters, and a second equation may 
relate the rum of all losses to the 

efficiency. The number of constraints will be 

sufficiently large to allow all requirements r 
tin all constants "k" to be integrated into 
^JerSln^thTSblign of all circuit parMoters 

5x". Consequently, solutions 

rions g (x,k,r = 0 to minimize the oboective 

irdinj f(x,ki 

detailed optimum design* down to the , 

, in accordance with the perfo^ances and 
the optimization objective specified. 
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table 1. subprogram descriptions 


pjaGINAi: PAQi ^ 
C® POOR QUAUTf 



Bislc 

Objective 


DesiQrv Including 
S°pt'™uS. SMltchlng Freguency 
Selection 


CONTROU DESIGN ■SUBPROGRAMS 

(CDS) 


performance ANAUS15 SUBPROGRAMS 
CPAS) 


S'iSTCM ANALYSIS SUBPROG 
(SAS) 



‘ra°"po« c%ircuU 

Srn'w 'll 

Independent perfomances and, ^ 
concurrently optiLi^j oarticu. 

irnrdSPui uy^ 

inaTPthPrphJalcally-realUable 

entl ty . 


Design/ 

1 Analysis 

categories 


OFfficulty In 
Subprogra* 
lBH)leii»ntat 1 on 


Magnetics conponents 

Circuits 

Egul oinent 


;is,rsj”n'S>“3y- 

Ut of control -dopen-Jent Pon- 

"^^"nr^cSlfdnsionani Jhe^ ^ 

frenuen^ a- »“»ed 
given, perhaps fro«i the DQo 
applications. 


Sinqle-looo "'"‘•rel 
HuTtiple-lP°P control 


circuit desiQOe 


Allow one to Ph«„^,n„‘e'rhrr°ac;er. 

tfcrcfSf f h'l’ftaJdardlzed 

Including both sinoie » 
loon control concepts, are us 
for PAS. 


Optimum system ddh^i’^hjl-l®'’ 
and propagation of 'erg® 
signal disturbance within a 
system. 

To orovldc a power processing 

system designer Mllh proPer 

design and tradeoff 1°°1®' 
thus minimizing the h®®d for 

‘“sfem' drslgn^r bJ'SrovIdin, a 

^sru^hhSlh^hs'rndeouipment 

design engines'"*. 


Continuous frequency dome In 

^rslfeutl^’rafn^analysls 
discrete lime domain cost- 
effective simulation 


System configuration 

design including source, 
energy storage and power 
processing equipment 
Oynamic intra-system 
interactions 


Initial 
Phase n 

Accomplish- 

ments 


Eventual 

Eyoectatio 


Fast convergence of optimization 
routines. 


implement inductor and trans- 

iSplereJVlnput'’ filter design 

^S‘pltenJVuch switchi^^^ 
lator design optimization 


Optimum design s'jd ^^l^^lidlpg 

rarur?ndrltfn;sofall-ar 

configurations. ___ 


Provide concise design ““id®" 
lines for a complex regulator 
with Fyigh-order input'output 
filters and loop compensation. 


srsswfp 

standardized amplifier 

^rdr^incorporate multiple^ 

rre^ 

other R S 0 programs. I 


•;« sSSa 

iesion Without breadboarding. 


NONE 


Extreme complexity of a 
complete power processing 
system. 


a;si's.rK'ui'i="' 

convei'te''*' 


BSncro're3l;ftron'f«ludino 

worst-case. 


Complete a oesign for 
sourcc-requlator system 
Demonstrate a cost- 
effective time-domain 
siiruUtion for a Uth 
order system. 


felltivrto'the^resent 
statu-of-the-art. 


Fro. the foregoing relts%n'“ 

implementing the techniques that 

suitable "’®^'?®'"!oive\he simultaneous constraints 
rAfi b© usfid ^0 SO* ^ ^ *.u« nKiprtivfi function* 

and concurrently mimmi^ 

However, only ^ closed form, using tech 
nature h® TlrraMe Multipliers [3.4]. Most 
niques such as Lagra ge practical 

1 arger. problems ans g P j to -,den- 

r,rtSr^o tirsilSs,OPe has to resort 

to computational means. 

• • 4-1 ml Phase II, the following five 
In the ini ^g^ully implemented; 

DOS's have been successiu jr 

• Kir iftli"etgSrcinrt"rMrt“iveP. 


. optimum weight input filter 
. optimum weight buck switching regulator 
design. 

,,, ana the hprograms are given 

hare as illustrative examples. 

using the method of "“4t Kpie 

the closed-form solutions prescribe 

have been P’^?"®f^ilKtor design through coce area 
a minimum-weight 1PC^, _ - turns N, permeability 

ft core length Z, h'^'^her of turns i 
5’ core colusie AZ. tohductor area nu ,,pcassed 

weight «■ fdese par*ter4,^i^n.t^ , 

as functions of the copp ^ „ Pq^ window fi''_ 

density Dl,_winM^pitch^f^^^^ ^^^p^^rndVe’ 

;^j/rensityis,^peak wind 

^4'‘imp^e'mfnt^d^;^nto 

Upon executing _ the subprog m printout 

tSe computer win p ov de tn^ 


THt DP.iECTIVE DF THIC FPaC'FliH li TD FEPFDF'M 
OF'UMUH WEH5HT IhDUCTaR CE'-ieH FDP B '‘'f ‘ 

TQ I.CEP; ! FLEflJE READ tHE FDLLOloIMe ZTBTEMEHT; 

CBFEFULLV EEFDPE E:%ECUTIHA THE PPDC'PBM- _ 
the HEEDEB ItlFUT PHRBMETEP: BPE THE FPLLDWUib! 
i I'DIttiUCTOR CEM.ITV IH ijPHM: CUBIC CM. 

IF tlDT elVEII BY THE U:EP* BC I- ‘ET 
HT !i.'? BY BEFflULT. 

PI : CORE PEtlllTY HI i;pfiM; CUI IC CM. 

IF HOT GIVEII E'l THE UCEP. PI U CET 
hT i'.f-! I-'. DEFRHUT. 

H- : PHTIO DF BVERBGE CUE TuPM LEMGTH TO THE 
i.UPE CIPCUMFEPEMCE. ....-miit 

IF MOT i*I''tM>FC It tET BT t;'. B'l DEFhULT. 
ru ! FHTID OF COMBUCTaP fiPEB TD MlHDm.i BFEB. 

IF MOT BI'.EM> Fill It tET BT .•< ft PEFB' l.T. 

PHP: CaMDUCTDP FEtltflVIT. IM DHM-METEP. 

MOT givem. rho n :et bt i .r£4E-i=i by pephuli . 

F ! BEtlGIlEP PDUEF LDtt IM i.iBTT:. 

t: ; MB..IMUM FLUX BEHtlTY IH I ILDGBUitE.. 

IP ! PEBI KIBIiCTDF CLIPFCHT IM RHFEPEt. 

L : BEtHHen UIBUCTBrICE IM MH-POHEHRIEt . 

PLER-F rive IHPIJT BRTR FDP LiIP.Bt'BMB P BELDI.I- 
PLEBtE BLtn GIVE ItlBIVIDURL IMFUT EBTR FOF DL'DI> 
FC.FIiI.RMB PHD IF RMY DF BEFRULTEB ■ tETTUIb . 1- 
MOT BEtlPED. . 

Tin iiifi.it i: heebeb if befrulteb iETTinvi hpg u^eb. 

FDF BIT.IilEPt BT THE EMB QF THE RUM s 

R t: CORE HPEB. X It MEflM CORE LEMGTHi 

II i: riUMBFR DF TUFMt. U It PEPMEBBILITY - 

Br It PFDBUCT DF R BMP TuBC It CDMBUitTnP BPEh FER 

THEM. Ill It DPTIMUM IMDUCTDR WEIGHT FOP B GIVEN P. 


Subseoiiently, the computer will request input data 
from the user with regard to L, IP,_BS, P. DC, DI, 
FC, FW, and RHO. This is the only information the 
user is required to furnish. In this example, the 
user needs a 200-uH inductor carrying a peak current 
of 4.5 A based on a core having a 3.5 kilogauss flux 
capability. The loss allowed is 0.699 W. For 
values of DC, DI, FC, FW, and RHO, the user selects 
to use those set by the program in the absence of 
any user’s input. The user then types: 

- l. -.iOU . . IF=“T .5 » b: .h >P=0 -C'H'?!'* 



Figure 1 Buck Power Circuit 


Here, R1 to R3 are winding resistances of LI to L3, 
respectively. The input filter is composed of 
L1_C1-R4-L2-C2, with L3-C3 being the output filter, 
and RC being the ESR of C3. Counting in addition 
the area A, turns N, length Z. and conductor area 
AC required to completely define each inductor, and 
including the switching frequency F, a total of 
twenty-three variables are involved. These vari- 
ables, along with design constraints that include 
efficiency, source current ripple, output voltage 
ripple, input filter resonance, full utilization 
of inductor window areas, and no inductor saturation, 
are presented in Table 2. Most constraints are 
complicated nonlinear functions of the aforementioned 
variables; the most complicated one being equation 
(1) of Table 2, which includes copper losses, semi- 
conductor conduction losses, capacitor dissipations, 
and frequency-dependent core losses and semiconduc- 
tor switching losses. The objective of the optimum 
design is to solve for all variables, with the 
intent to satisfy each constraint, and concurrently 
minimize the optimization criterion - the total 
weight of copper, iron, capacitors , and the heat 
sink, Notice in particular the switching frequency 
is not a pre-set value; its optimum design is an 
integral part of the total converter design. 


Upon completion of input data, the computer prints 
out a summary of these inputs: 


DC 

DI 

FC 

Fill 

FHD 

I' 

d: 

IP 

L 


» i-i * .» 

£.Cij 

a 4.oe-'. 1 » 

- 1 . »’5*4 O'c' • 

- 2 . "E4 0£ ' 


Finally, the optimum design parameters, along with 
their convetitTonal units, are computed and delivered 
as outputs : 


iH r. ,i?3Be-l'l 
c = E.CGIETQO 
II = ;.GblE*ijl 
y = I . f‘‘?4ET0c: 
BC= 

RC" E.TieE+DB 
1,1 = C.OGGE+Ol 


^liUBRE CEMTIMEIEP: 

CEMTIMETEPE 

ILIPMS 

tSBUIE-OERSTEB 
CUBIC rEMTIMr "'^P 
CTPCULRP Mil 

gpbmc 


The cost for this design session is $0.51. 
This compares to hours and perhaps days of design 
iterations using paper-aiid-^pencil approach. 

The next example deals with optimization on a 
vastly-exparidecl scale - an optiinuni-weight design 
for the complete buck switching-regulator power 
circuit shown in Figure 1. 


Table 2 Design Optimization 
Summary 


Vtrtiblei ^ 

U ll 

15 III »! H M Cl CJ C) 

f 

X 


A 

R 

AC 

1 

L 

A 

C 

f 

Cor* Ate* 

Mulder of tiim% 

Ar*i per tvrn of conductor 
Mmiv length of core 
tndu>:linc« needed 

Winding 1 citerniil reilitt»Ce 

CipaclUnte n«dtd 
Switching irtqjtncy 

A X 
X X 
X X 

A X 

X 

X 

t 

X 

X 

X X X X 

X X k 



Conilralnti 



V 

^ « Output onwcr 


PJl*e)/« ‘ (Input filter lou) 



' t 

AMInlnufli cHleifPCy -eqjlreit 


eltrenMltoi* end diode loiui) 

♦ 




♦(output filter loit) 


01 

C 

, IhpMl v&iUge renge 





S 

• frequeiKy-dep^nueni \: un* rlppl* 

5 • (^(l.l,l^.u,Cl,e^,ll».^,^|,,t| 

V 

m 

t 

> Juiput voltage 





r 

• Output ripple 




ti) 

> 

• Inpot-fUU'’ retwinl pe»H«Q 



Mi 



• 0. 1-1, J,j 



nn iniliictnr ■ Alar«tlon 


-0. V-I.!,l 


(>»>«.10 






1 WeijKi W • Iron weight » c*piclt(.r wclqht t He»l ilM Weight. 



1 

. IM) » Ak) r 




Obviously, a problem of this complexity is not 
amenable for closed-form solutions. The nonlinear 
programming algorithm, SUMT, is used to conceive 
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ORIGlNAU PAGE H 
OE POOR QUMJDQ 


the design nutiiet'icany [5J. The computer program 
for this problem contains fourteen pages of Fortran 
listing dealing mostly with constraints and their 
first and second partial derivatives. Considering 
the limited information such a listing can provide 
without extensive descriptive elaborations, the 
program itself is not included here. It is, 
however, available in Reference [2], 

Two sets of optimum design results are 
illustrated in Table 3, The difference between 
them is that design #1 assumes a three-times higher 
ESR for the output filter capacitor and a five- 
times more stringent source EMI requirement than 
those of design #2, In each design, all RLC para- 
meters, the switching frequency, the design details 
of all magnetics, and the minimum weight, are 
collectively achieved in a single run. The design 
not only meets all specified performances, it also 
represents the minimum possible weight. 


Table 3 Optimum Design Results 
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5, m 

(Vsl.jn 1 
(ISR - O.Tohnt 

.1.11 

M (tn7! 

0.4.19 
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1? 
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Notice the impact exerted by ESR and source EMI 
on the two data columns of Table 3. For the same 
efficiency constraint, every parameter of design 12 
is smaller than its counterpart of design #1. The 
only exception occurs at the analytically-determined 
Optimum switching frequency, where the 43.9 kHz for 
design #2 is almost twice that of the E2kHz for 
design #1. Due to the higher frequency and smaller 
physical parameters, the combined magnetics and 
capacitor weight for design /12 is barely one-third of 
of that for design #1. 

The total computer cost per run for a problem 
of this magnitude is generally within the $2Q-tQ-$40 
range. This compares favorably with days of non- 
optimum paper-and-pencil design iterations. 

The Design Optimization Subprograms thus 


greatly facilitate the following endeavors hereto- 
fore regarded as unattainable: 

(1) Allow a cost-effective optimum design from 
component to equipment level, including the 
identification of the optimum switching fre- 
quency. The cost per run is negligible when 
compared with days and perhaps weeks of non- 
optimum design and development iterations. 

(2) Provide a fast and accurate weight-efficiency 
tradeoff as well as a means for ready assess- 
ment of the impact of a given requirement or 
a particular component characteristic on an 
optimum equipment design. 

Cyt!Li!!s..d DOS uffci t is pluitneJ iui rhase II of the 
MAPPS program to extend from the present buck con- 
verter to buck boost, boost, and other most-coninonly 
used power-circuit configurations. 


5. CONTROL DESIGN SUBPROGRAMS (CDS) 

From a feedback control viewpoint, a switching 
regulator can be generally divided into three major 
functions: the power stage, the pulse modulation, 
and the error processor. 

The power stage includes the input filter, the 
power, switches., and the output filter, They can be 
assembled together, in Figure 2A, to form a buck, 
a boost, and a buck boost circuit. Each circuit can 
be further divided in accordance with the status of . 
inductor MMF; the MMF can be continuous or dis- 
continuous during nominal operation, as illustrated 
in Figure 2B. Even though the power stage is a 
linear circuit during each time interval of Figure 
2B, the combination of all different linear circuits 
for the purpose of analyzing a complete operating 
cycle becomes a piecewise-1 inear nonlinear analysis 
problem. Fortunately, the solution to this problem 
has made significant advance in recent years, both 
here and abroad. Approaches based on topology 
deduction [6,7], discrete time domain modeling [8, 
9,10], and average time domarn modeling [11] have 
been successfully performed. 



Figure 2A Switohing Regulator 
. Major Functions 
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Depending on the pulse-inodulatlon mechanization* 
different forms of duty-cycle control of the power 
switch are possible. These forms include constant 
frequency, constant on time, constant off time, 
bistable trigger, and variable frequency based on 
variable on time and off time. While the ways of 
I pulse-modulation implementation proposed and in use 
^ today may appear numerous, they can always be re- 
! duced to two basic ingredients; a threshold level 
i and a ramp function. The intersection of these two 
! ingredients initiates the switch mg -action for the 
I duty-cycle control. In single-loop controlled 
I switching regulators, the ramp or the threshold 
is derived from the output of the error processor, 
which, in turn, derives its input from sensing the 
regulated quantity at the output of the- power stage. 
However, in certain more recent multiple-loop deve- 
lopments [12,13], incentive in muchimproved 
stability performance has resulted in an additional 
loop through which the needed ramp generation is 
obtained from a steady-state ac switching waveform 
'inherent within the regulator. Regardless the 
I details of ramp or threshold generation, when a low- 
frequency disturbance is applied to the pulse modu- 
lation, the time needed for the ramp to intersect 
the threshold is also perturbed. It is based oh 
this mechanism that the low-frequency pulse-modula- 
tion transfer function can be formulated. _ 
Essentially, the describing function technique is 
used to obtain the gain and phase of the pulse- 
imodualtion stage. Certain examples of pulse- 
modulation analysis are given in Reference [2J. 

The error processor processes the amplification 
and compensation of the sensed analog signal at the 
power-stage output. The analog-to-analog conversion 
' presents no particular difficulty for analysis, as 
only small signal, linear circuits arc involved. 
However, for most regulators the design of the power 
stage and the pulse modulation are set by require- 
ments other than control -dependent pei^formances. 
Consequently, the error-processor design usually 
determines, to a large extent, the quality of the 
regulator feedback loop. 

The function of the GontroT Design Subprograms , 
therefore, is to utilize the analytical results 
already achieved from the power Stage and the pulse 
modulation, and to determine numerically the design 


of the error processor based on a pre-selected 
compensation configuration in order to meet a given 
set of performance requirements. 

As a simple example, the design of the RC 
compensation in Figure 3 is illustrated. Here, the 
buck regulator power stage parameters are given: 

E^ - 25 to 50 V, L = 1 niH, C = 455 uF, R^. = .068 

ohms, E = 20 V, R, =6.7 ohms, and switching 
frequency = 20 kHz. The values of R1 to R4, Cl, C2, 
and open-loop dc gain K are to be determined so that 
the following performance requirements can be met: 


Crossover frequency = 2 kHz 

Phase margin = 40 deg. 

Dc regulation at, room temperature .IX 



figure 3. Error Processor RC Compensation 

Upon executing the program with the needed inputs, 
the computer will print out an input summary as 


shown below; 
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The program then proceeds to calculate all para- 
meters, and prints out the numerical results: 

DEtlwM tillTHEil. dP UtlMP. HETWDPp 
.“.i'tScr-SSOiE+U.' . 

HUIlMi'H l!P.HHP'..iHlU» 1. 1 

The user can exercise the option to obtain a 
gain/phase Bode plot for design verification: 
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6. PERFORMANCE ANALYSIS SUBPROGRAM (PAS) 
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kHz crossover 


and a phase margin of approximately 45 deg. is 
obtained, thus meeting the requirements previously 
specified. The computer cost for the entire 
design and analysis is $0.81. 


In the continuation of Phase II, the CDS will 
be expanded to cover other ac performance require- 
ments such as audiosusceptibili ty and output im- 
oedance. All three basic power stages and all 
commonly-used pulse modulations will be included. 
Single- and multiple-loop error processors will be 
incorporated. 


While the small-signal frequency-domain 
modeling approach used in the CDS allows a user 
to gain more insight to enhance the initial para- 
meter design, one also realizes that a switching 
regulator is inherently a highly nonlinear circuit 
containing analog-to-discrete-time conversion, and 
as such, can be more accurately, analyzed through 
the discrete time-domain modeling and analysis. 
Furthermore, in case of large line/load distur- 
bances, the ensuing duty cycle of a switching 
regulator is no longer .time-invariant. Since any 
practical equipment is likely to be higher than 
second order, there is simply no general method 
applicable to large-signal analysis of such non- 
li— '^y'^tems. Thus, in cr'^it;:-:: Lu ccT,t;nuc:ub 
frequency domain analysis and discrete time-domain 
analysis for which the operating duty cycle is as- 
sumed to be either fixed or step-changed, the dis- 
crete time-domain simulation capable of dealing 
with a time-varying duty cycle must be regarded as 
an important tool in the PAS. The basic modeling 
approach, the needed analysis background, and the 
merits and limitations associated with the frequency- 
domain analysis and time-domain analysis/simulation 
are summarized in Table 4 . 

Techniques for all four approaches given in 
Table 4 are well established in MAPPS. The most 


Table 4 Modeling Approach Descriptions 


MODELING 

^^PPROACH 

DESCRIPTION^X^ 

AVERAGE FREQUENCY DOMAIN 

EXACT FREQUENCY DOMAIN 

DISCRETE TIME DOMAIN 
ANALYSIS 

DISCRETE TIME DOMAIN 
SIMULATOR 

BASIC 

MODELING 

Take advantage of the much 
lower output-filter reso- 
nant frequency in relation 
to the equipment switching 
frequency, the nonlinear 
switching power stage is 
approximated by a continu- 
ous small-signal average 
model. 

Represent the power stage 
with a linearized discrete 
impulse response function. 
The discrete time model is 
then transferred into the 
frequency domain. 

Exact formulation of state 
equations, and use itera- 
tion method (Newton's) to 
solve for the exact equi- 
librium state. Linearized 
about the equilibrium state 
to become linear and time- 
invariant. Z-transformation 
to frequency domain When 
needed. 

Base on recurrent discrete 
time-domain analytical ex- 
pressions, and propagate 
recurrent equations through 
Fortran computation. 

background 

NEEDED 

Linear control theory 
and/or linear state space 
model . 

State space techniques. 

State space techniques and 
Fortran programming. 

State space techniques and 
Fortran programming. . 

MERITS 

• Gain more insight on 
equipment parameter 
design. 

Analytical skill resides 
in many design engineers. 

• Readily applicable to 
high-order circuits and 
equipment. 

• More accurate power 
stage model at higher 
signal frequencies, up 
to one-half Of the 
switching frequency. 

• Most accurate stability 
analysis through eigen- 
values, 

• No heed to separate a 
converter into functional 
blocks. Most straight- 
forward analysis, 

• Directly lead to cost- 
effectivb performance 
simulation, 

• Most suitable for a 
Standardized design. 

■ Handle large-signal 
disturbance analysis 
such as sudden output 
short and regulator 
starting. 

• much faster than general 
purpose simulation pro- 
grams such as ECAP, 
SCEPTRE,: etc. 

MAJOR 

LIMITATIONS 

Diminishing accuracy be- 
yond 10-15^ of switching 
frequency. Not suitable 
for high bandwidth 
regulators. 

Difficult to incorporate 
input filter and pulse 
modulation. 

Basically a numerical, 
approach. No closed- 
form insight can be 
gained. 

None other than loss of 
insight generally asso- 
ciated with simulation 
. efforts when not supported 
by analyses. 
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applicable PAS for a given design depends on the 
analysis objective, the accuracy desired, the type 
of control circuit used, whether the circuit topo- 
logy is standardized, the nature of the disturbance, 
and, perhaps most influential, the user's analysis 
background.. Consequently, the PAS's implemented 
to date are not limited to any single approach. 

Two PASexamples are given here for illustra- 
tion purposes. They are all based on switching 
regulators employing a standardized multiple-loop 
control circuit. The first example analyzes the 
switching regulator. shown in Figure 4 using the 
discrete-time domain analysis. The options the 
user can take include the following: 


EHTEI?"STDP"Tn nrSCDNTttIUE PfiS, OTHERWISE "HO" 
: 7 N 

BO YOU WANT TO CHflHGE "PHRftM"? (Y DR N) 

? N 

DO YOU WANT TO CHAHGE “COMP“7 CV DR Hi 
? N 

BD YOU WANT NAMELIST? (.Y DR N> 

? N .. 

DD YDU WANT STABlUTY ANALYSIS? «Y DR N^ 

? N 

DD YDU WANT RDDT LOCUS ANALYSIS? <Y DP N) 

- N 

DD YDU WANT AUDIO ANALYSIS’- CYiN> 

? N . 

DD YOU WANl TRANSIENT ANALYSIS? ?Y,N) 


In this example, subsequent to data input, the user 
indicates his interest in performing the stability 
analysis under various line and load conditions. 

The computer first calculated the three eigenvalues 
of the regulator corresponding to a 40V input: 

Lfir')BIiFl= REAL IMBGIMRRY 

?. 56 iya 4 E-ot rj. 

5 . 3 eD‘ 56 i.lE- 0 l 0 . 

“1 . 35 1 EfBE+OO 0, 

It is found that one of the eigenvalues is outside 
the unity circle, the converter is thus unstable in 
this line condition. Next, the three eigenvalues . 
of the regulator corresponding to a 50 V input are 
calculated as: 

PERL IMRGIHRRY 

3 . 56 £?g 0 E -01 a. 

5 . 074947 E-DI 0 . 

-r. 3054 £ 5 E -01 0 . 

Here, all three eigenvalues are inside the unity 
circle, .signifying a stable system. The load 
resistance is then increased from 10 ohms to 30 
ohms, and the three eigenvalues become: 

LRMBDR= PERL IMRSIHRRY 

4 . 3 S 3347 E -01 0 . 

9 . 559716 E -01 . 0 . 

0- Cl, 

Notice one eigenvalue vanishes. The zero eigen- 
value corresponds to the status of inductor MMF, 
which enters discontinuous-current operation (i.e., 
zero current at the beginning of on time) under 
Tight load conditions Again, the regulator is 
found to be stahle. 



figure 4. A Buck. Regulator 


The second PAS example demonstrates the dis- 
crete time-domain simulation as applied to the 
boost regulator shown in Figure 5. Figure 6 shows 
the simulated inductor current during regulator 
start-up. The simulation includes the circuit 
feature of peak-current limiting during severe 
transients, as is evident from the flat-top envelop 
at the beginning of the start-up. The measured 
start-up transient from the flight hardware is in 
good agreement with the simulation. The total 
computer cost for this run is $2.04. 



Figure 5, A Boost Regulator 


7. SYSTEM ANALYSIS SUBPROGRAMS (SAS) 

The SAS 's represent an extension of the afore- 
described DOS's and PAS's from equipment to system 
level. The SAS ‘s rely on DOS's as the basic tool 
for identifying the optimum system configuration, 
and on PAS's to address the dynamic system perfor- 
mances under large-signal disturbances. 

An example of optimum system configuration is 
conveniently found in Figure 1 used in the dis- 
cussion of DOS, in which the total converter weight 
was optimized under constraints that include a 
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fixed total loss. The example Is readily extended 
to Include the source supplying pcvjer to the con- 
verter. Since the loss In the converter Is ulti- 
mately derived from the source, what the system 
designers really want Is: for a given source power 
density (watts/kllogram) , how should the converter 
efficiency be specified so that the combined source 
and equipment weight can be minimized? 

The new objective function thus becomes the 
sum of power converter weight, the heat-sink weight, 
and the source weight. Since both the heat-sink 
weight and the source weight are decreasing func- 
tions of converter efficiency while the converter 
component weight Increases with the efficiency, 
obviously there exists an efficiency at which the 
combined source and converter weloht Is at Its 
minimum. Efficiency "e" thus disappears as a 
design constraint. Instead, 1t becomes an unknown 
parameter to be designed by SUMT routine In order 
to optimize the new objective function. 

Without elaboration of programming details, the 
computer output of optimum design of the circuit 
of Mgure 1 to achieve a minimum combined source- 
converter weight is shown here. The design Includes 
all circuit and magnetics parameters. It Identifies 
an optimum switching frequency of 22.1 KHz, a tar- 
get efficiency of 94. U for the converter, and a 
minimum combined weight of 7.56 Kg. The total cost 
for the run is $22.18. 
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8. THE DATA MANAGEMENT PROGRAM 

The normal use of the MAPPS Involves inter- 
active conversation between the MAPPS system and 
the user. The user begins by signing on to the 
computer operating system. The user requests that 
the MAPPS system be loaded and executed in the 
conventional program load and execute manner. A 
conversation then begins between the user and an 
executive routine through which the user Instructs 



figure 6. Boost Regulator Inductor . 

Current Simulation 


the system to attach certain external files and to 
perform specific analytic and/or data base manipu- 
lation functions. The MAPPS System will be suffi- 
ciently flexible to allow a sophisticated user to 
shortcut steps that are not needed because of the 
user's In-depth knowledge of the system. The new 
user win be presented with Informative messages 
as processing goes forward and will also be able 
to retrieve some instructional text to clarify 
options at decision points. Upon completion of 
the Input cycle, the MAPPS System will proceed to 
execute and satisfy the user's requests. The user 
will be able to invoke various subprograms which 
will aid In the equipment /system design, modeling 
analysis, and optimization. If intermediate results 
require a decision by the user, interactive con- 
versation win again take place. During the course 
of an Interactive session the user may display 
results, permanently or temporarily store results, 
or retrieve previously stored results from the 
data base. 

The fusion of the various modules into a coor- 
dinated processing system is accomplished by devel- 
oping appropriate control and communication routines. 
An Executive User Interface (EUI) routine affords 
the user with the means for selecting specific 
processes for execution. An Executive module car- 
ries out subprogram load requests and memory space 
allocation as well as input/output file linkage 
requests. Subprogram User Interface (SUI) routines 
provide the means for user Interaction with the 
system. One SUI exists for each analytic subpro- 
gram integrated into the MAPPS System. Each SUI is 
capable of handling all of the communications rela- 
tive to Its respective subprogram. In addition to 
several analytic subprograms there will be a Data 
Base Manager subprograt.. under control of the MAPPS 
Executive. The Data Ba^e Manager (DBM) will res- 
pond to, and perform all. Data Base access requests 
generated during any and all execution of MAPPS 
System analytic routines. 
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In the initial Phase II, a working prototype of 
the Data Management Program has been 
facilitate expansion and enhancement as the MAPPS 
^ower processing subprogram capabilities increase. 

9. CONCLUSIONS 

To anyone working with nondissipati vely 
ted converters. Inverters, and syste«.s c«pnsed 
nf these equipment, certain design and analysis 
?ntriSdS inevitably make themselves felt through- 
out the equipment and system design and development 
Tuar Spirical and intuitive reliances often 
intercede with the designer's desire to be 
scientific" and his commitment of being^ on schedule . 
Handicapped by a general lack of established 
design .^modeling, analysis, and optimization tools , 
ifha? not been unusual for a power processing de- 
llgtlfr to facc the perplexing situation of emerging 
from the intercession practically empty-handed. 

Other than cost, the Plight that most equip- 
monf anrt svstem designers find themselves in has 
rSo'uf rtUall Sne of following Po»=r pro- 
cessing ""IS '"„;er5ro«K?ng 

rr;Shn“SgriIfrtoSedthe.le5elofsopM 

tablished, a survey of existing documents and liter- 
ature has proven the contrary. 

The primary content of thispaper focuses the 
affontinn on the developed modeling and analysis _ 

niuon hpre the subprograms are entirely orienteu 
tSd tK’use?. pSur diversified subprograms in- 

rhi,v“«„s?™e/j::™o;™i^r:iir:nrouStediyiead 

to the following: 

• Fully automated design for basic ^°"^®^ter 
power and control circuits 

srce specifications. Possible elimination 
of breadboard development stage. 

• Fully automated switching-regulator perfor- 
mance analysis. 

• Computer-aided power system configuration 

design and dynamic system simulation 

• Significant cost saving, weigh^efficiency 

optimization, and reliability impr^^^^^ 

for power processing equipment or system 
development programs. 
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